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ABSTRACT

The main aim of this paper is to consider the t-best simultaneous approximation in fuzzy anti-2-normed linear spaces.
We develop the theory of t-best simultaneous approximation in its quotient spaces. Then we discuss the relationship in
t-proximinality and t-Chebyshevity of a given space and its quotient space.
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1. INTRODUCTION:

Fuzzy set theory is a useful tool to describe situations in which the data are imprecise or vague. Fuzzy sets handle such
situation by attributing a degree to which a certain object belongs to a set. The theory of fuzzy sets was introduced by
Zadeh [22] in 1963, since then many mathematicians have studied from several angles [15,5]. The idea of fuzzy norm
was initiated by Katsaras in [13]. Felbin [6] defined a fuzzy norm on a linear space whose associated fuzzy metric is of
Kaleva and Seikkala type [12]. Cheng and Mordeson [4] introduced an idea of a fuzzy norm on a linear space whose
associated metric is Kramosil and Michalek type [14].

Bag and Samanta in [1] gave a definition of a fuzzy norm in such a manner that the corresponding fuzzy metric is of
Kramosil and Michalek type [14]. They also studied some properties of the fuzzy norm in [2] and [3]. Bag and
Samanta discussed the notion of convergent sequence and Cauchy sequence in fuzzy normed linear space in [1]. They
also made in [3] a comparative study of the fuzzy norms defined by Katsaras [13], Felbin [6], and Bag and Samanta [1].
Veeramani [21] introduced the concept of 7-best approximations in fuzzy metric spaces. The concept of 2-norm on a
linear space has been introduced and developed by Gahler in [7,8] and Gunawan and Mashadi [10]. Recently, Vaezpour
and Karimi [20], studied on the set of all -best approximations on fuzzy normed spaces and proved several theorems
pertaining to this set.

In [11] Igbal H. Jebril and Samanta introduced fuzzy anti-norm on a linear space depending on the idea of fuzzy anti-
norm was introduced by Bag and Samanta [3] and investigated their important properties. In [16] Surender Reddy
introduced the notion of convergent sequence and Cauchy sequence in fuzzy anti-2-normed linear space. In [17]
Surender Reddy introduced the set of all t-best approximations on fuzzy anti-normed linear spaces. In [18] Surender
Reddy introduced the set of all #-best approximations on fuzzy anti-2-normed linear spaces. Recently Goudarzi and
Vaezpour [9] considered the set of all #-best simultaneous approximation in fuzzy normed spaces and used the concept
of simultaneous #-proximinality and simultaneous 7-Chebyshevity to introduce the theory of f-best simultaneous
approximation in quotient spaces.

In [19] Surender Reddy considered the set of all #-best simultaneous approximation in fuzzy anti-normed linear spaces
and used the concept of simultaneous #-proximinality and simultaneous #-Chebyshevity to introduce the theory of #-best
simultaneous approximation in quotient spaces.

In this paper, we consider the set of all -best simultaneous approximation in fuzzy anti-2-normed linear spaces and use
the concept of simultaneous f¢-proximinality and simultaneous 7-Chebyshevity to introduce the theory of #-best
simultaneous approximation in quotient spaces.

*Corresponding author: B. Surender Reddy*, *E-mail: bsrmathou@yahoo.com

International Journal of Mathematical Archive- 2 (9), Sept. — 2011 1747



B. Surender Reddy*/ Best simultaneous approximation in fuzzy anti-2-normed linear spaces / IJMA- 2(9), Sept.-2011,
Page: 1747-1757

2. PRELIMINARIES:

Definition 2.1: Let X be a real linear space of dimension greater than one and let ”','” be a real valued function on

X X X satisfying the following conditions

2N;: |x, y” =0 if and only if x and y are linearly dependent,
2N e v =]y 4]
2N;: "006, y” = |a| |x, y”, forevery ¢ € R,

2N,: ||x,y+z||$||x,y||+|x,z

then the function is called a 2-norm on X and the pair (X, ”',‘”) is called a 2-normed linear space.

LN J
)

Example 2.2: Let X = R’ be a real linear space. Define "','” : XXX >R by

[, = max{sy, .,

Then (X, "0,0”) is a 2-normed linear space.

x2y3—x3y2|,|x3y1—x1y3|}, where x = (X, X,,%;), y=(y,,,,Y;) arein R’.

B

Definition 2.3: Let X be a linear space over a real field F. A fuzzy subset N of X X X X R is called a fuzzy 2-norm
on X if the following conditions are satisfied for all x, y,z€ X .

(2= N,) Forall t€ R with t <0, N(x,y,t)=0,

(2= N,):Forall te R with t >0, N(x,y,t) =1 if and only if X,y are linearly dependent
(2= N,): N(x,y,t) is invariant under any permutation of X, y

t
d
(2—Ng):Forall s,te R, N(x,y+z,5+1)2= min{N(x,y,s),N(x,z,t)},
(2=Ng): N(x,y,t) is anon-decreasing function of € R and }IHIE N(x,y,t)=1.

(2= N,):Forall te R with t >0, N(x,cy,t)=N(x,y,—).if c#0,ce F,

Then the pair (X, N) is called a fuzzy 2-normed linear space (briefly F-2-NLS).

Example 2.4: Let (X, ”‘,'”) be a 2-normed linear space. Define
t
N(x,y,t)=——,
t+x. 5]
=0,ifr<0,te R, x,ye X .
Then (X, N) is a fuzzy 2-normed linear space.

if t>0, teR, x,ye X

Definition 2.5: Let X be a linear space over a real field F. A fuzzy subset N of X XX X R is called a fuzzy anti-2-
norm on X if the following conditions are satisfied for all X, y,z€ X .
(a—2—N,) Forall te R with t <0, N(x,y,t) =1,
(a—2-N,):Forall te R with t >0, N(x,y,t) =0 if and only if X,y are linearly dependent
(a—2-N,): N(x,y,t) isinvariant under any permutation of X,y

t
(@a—2—N,):Forall te R with t >0, N(x,cy,t):N(x,y,H), ifc#0,ceF,

C
(@a—2—Ny):Foral s,te R, N(x,y+z,s+1)< max{N(x,y,s),N(x,z,t)},
(a—2-Ng): N(x,y,t) is a non-increasing function of 7€ R and imN(x,y,t) =0.

t—o0

Then the pair (X, N) is called a fuzzy anti-2-normed linear space (briefly Fa-2-NLS).

Remark 2.6: From (a —2 — N,), it follows that in Fa-2-NLS,
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(a—2-N,):Forall te R with t >0, N(cx,y,t)zN(x,y,ﬁ),ifc;tO, ceF,
c

(a—2—Ny):Foralls,tfe R, N(x+2z,y,s+1) Smax{N(x,y,s),N(z,y,t)}.

Example 2.7: Let (X, ".,.”) be a 2-normed linear space. Define

kx5
kt" +m||x, y||
=1,ift<0,te R, x,ye X .

N(x,y,t) = if t>0, teR, kymine R™, x,ye X

Then (X, N) is a fuzzy anti-2-normed linear space. In particular if Kk =m =n=1 we have

e ol
LV, 1) = if t>0, reR, x,ye X

t+]x,y|
=1,ift<0,te R, x,ye X,

which is called the standard fuzzy anti-2-norm induced by the 2-norm "’,'” .

Definition 2.8: A sequence {x, } in a fuzzy anti-2-normed linear space (X, N) is said to be converges to x€ X if

givent > 0,0 <r <1, there exists an integer n, € N such that N(x,,x, —x,1)<r, ¥V k =n,.

Theorem 2.9: In a fuzzy anti-2-normed linear space (X, N), a sequence {x, }converges to x&€ X if and only

limN(xl,xk -x,1)=0,V t>0.

Definition 2.10: Let (X, N) be a fuzzy anti-2-normed linear space. Let {x, } be a sequence in X then {x, } is said to

be a Cauchy sequence if limN(xl,xk+p -x,,t)=0,V t>0and p=123,....
k—o0

Definition 2.11: A fuzzy anti-2-normed linear space (X, N) is said to be complete if every Cauchy sequence in X is

convergent.

Definition 2.12: A complete fuzzy anti-2-normed linear space (X, N) is called a fuzzy anti-2-Banach space.

Definition 2.13: Let (X, /N) be a fuzzy anti-2-normed linear space. The open ball B(x,r,t) and the closed ball
Bl[x,r,t] with the center x€ X andradius 0 <r <1, t >0 are defined as follows:

B(x,r,t)={ye X :N(x,,x—y,t)<r}
Blx,r,t]={ye X : N(x,,x—y,t)<r}

Definition 2.14: Let (X, N) be a fuzzy anti-2-normed linear space. A subset A of X is said to be open if there exists
re (0,1) such that B(x,r,t) C A forall x€ A and t > 0.

Definition 2.15: Let (X, N) be a fuzzy anti-2-normed linear space. A subset A of X is said to be closed if for any

sequence {X, } in A convergesto x€ A.
ie, ImN(x,,x, —x,2)=0,forall >0 implies that x€ A.
k—o0
Corollary 2.16: Let (X, N) be a fuzzy anti-2-normed linear space. Then N is a continuous function on X X X X R .
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3.t-BEST SIMULTANEOUS APPROXIMATION:

Definition 3.1: Let (X, N) be a fuzzy anti-2-normed linear space. A subset A of X is called F-bounded if there exists
t>0and O<r<lsuchthat N(x,x,t)<r,V xe€A.

Definition 3.2: Let (X, N) be a fuzzy anti-2-normed linear space, W be a subset of X and M be a F-bounded subset
in X. For t > 0, we define
d(M ,W,t)=inf sup N(x,,m—w,t).

weW oy

An element w, € W is called a r-best simultaneous approximation to M from W if for ¢ > 0,

d(M ,W,t)=sup N(x,,m—w,,t).

meM

The set of all #-best simultaneous approximations to M from W will be denoted by S vtv (M) and we have,

Sy M)={we W :supN(x,,m—w,t)=d(M,W,1)}

meM

Definition 3.3: Let W be a subset of a fuzzy anti-2-normed linear space (X,N) then W is called a simultaneous -

proximinal subset of X if for each F-bounded set M in X, there exists at least one 7-best simultaneous approximation
from Wto M. Also W is called a simultaneous ~-Chebyshev subset of X if for each F-bounded set M in X, there exists a
unique 7-best simultaneous approximation from W to M.

Definition 3.4: Let (X,N) be a fuzzy anti-2-normed linear space. A subset E of X is said to be convex if
(1-A)x+Aye E whenever x,y€ E and 0< A<1.

Lemma 3.5: Every open ball in a fuzzy anti-2-normed linear space (X, N) is convex.

Theorem 3.6: Suppose that W is a subset of a fuzzy anti-2-normed linear space (X,/N) and M is F-bounded in X.
Then Sy, (M) is a F-bounded subset of X and if W is convex and is a closed subset of X then Sy, (M) is closed and

is convex for each F-bounded subspace M of X.

Proof: Since M is F-bounded, there exists >0 and 0<r <1 such that N(x,x,t)<r, foral xe M .If
we Sy, (M), then sup N(x,,m—w,t)=d(M,W,t).

meM
Now, forall me M and we SV[V(M),

N(x;,w,2t)= N(x,,w—m+m,2t)
<max{N(x,w—m,t),N(x,m,t)}

<supmax{N(x,,w—m,t),N(x,,m,t)}
meM

< max{sup N(x;,w—m,t),sup N(x,,m,t)}
meM meM

<max{d(M,W,t),r} <r,, forsome 0 <r, <1.

Then Sy, (M) is F-bounded. Suppose that W is convex and is a closed subset of X. We show that Sy, (M) is convex
and closed. Let x,y€ S, (M) and O0<A<I1. Since W is convex, there exists z,€ W such that
72, =Ax+(1—-A)y, foreach 0 <A <1.Now for >0 we have,

sup N (x,,(Ax+(1—=A)y)—m,t) =supN(x,,z, —m,t) 2d(M ,W,1).

meM meM

On the other hand, for a given # > 0, take the natural number # such that ¢ > %, we have

sup N (x,,(Ax+(1—=A)y)—m,t) =sup N(x,, A(x—y)+ y—m,t)

meM meM
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1 1
< supmax{N(xl,x—y,E),N(xl,y—m,t—;)}

meM

Smax{N(xl,x—y,i),supN(xl,y—m,t—l)}
n

meM

< limmax(supN(xl,y—m,t—l j =dM,W,t).

e meM n
So Sy, (M) is convex. Finally let {w,} C S}, (M) and suppose {w, } converges to some w in X. Since {w,} cW

and W is closed so we W . Therefore by Corollary 2.16, for ¢ > 0 we have

sup N(x,,m—w,t) =sup N(x,,limw, —m,t)
me M meM n—ee

=limsup N(x,,w, —m,t)=d(M ,W,t).

=% e M

Theorem 3.7: The following assertions are hold for 7 > 0,
@ dM+x,W+x,t)=dM,W,t), ¥V xe X,
(i) d(ﬂM,/iW,t):d(M,W,ﬁ), Vv decC,

(i) Sy, (M +x)=8,(M)+x, V xe X,

(v) SSAM)=AS!,(M)+x. Y AeC,

Proof: (i) d(M +x,W +x,t) =inf sup N(x,,(m+x)—(w+x),1)

weW e m

=inf sup N(x,,m—w,t)=d(M ,W 1)

weW e m

(ii) Clearly equality holds for A =0, so suppose that A # 0. Then,
d(AM , AW ,t) = inf sup N (x,, A(m—w),1)

weW e
. t t
= inf iEEN(xl’m_W’m) = d(M,W,m)

t

(i) x+We S, (M +Xx) if and only if,
sup N(x,,m+x—w-—x,t)=d(M + x,W + x,t) and by (i), the above equality holds if and only if,

m+xeM +x

sup N(x,,m—w,t)=d(M,W,t) forall we W and this shows that we S, (M).So x+we S, (M )+ x.
meM

@) y,€ S (AM) if and only if y, € AW and,

d(/lW,/lM,|/1|t) = sup N(x,,y, —Am, /l|t) = sup N(xl,ﬁ —-m,t)
Ame AM A

meM

But by (ii), we have d(AM , AW,

Ay = d(W,M,1). So we have % e W and d(M,W,t)=supN(x1,L/§—m,t)
neM

or equivalently % € Sy, (M) and the proof is completed.

Corollary 3.8: Let A be a nonempty subset of a fuzzy anti-2-normed linear space (X,N) then the following

statements are hold.
(i) A is simultaneous #-proximinal (respectively simultaneous t-Chebyshev) if and only if A+y is simultaneous ¢-

proximinal (respectively simultaneous ¢-Chebyshev), for each ye X ,
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(i) A is simultaneous -proximinal (respectively simultaneous -Chebyshev) if and only if QA is simultaneous |6¥|t -

proximinal (respectively simultaneous |0{|t -Chebyshev), foreach a € C .

Corollary 3.9: Let A be a nonempty subspace of a fuzzy anti-2-normed linear space X and M be a F-bounded subset
of X. Then for £ >0,

Q) d(ALM+y,t)y=d(A,M,t), ¥V ye A,

(i) S' (M +y)=S'"(M)+y.V ye A,

i) d(A,aM |aft)=d(A,M 1) for 0+ e C,

@) S (aM)=aS (M), for 0 ae C.

4. SIMULTANEOUS t-PROXIMINALITY AND SIMULTANEOUS t-CHEBYSHEVITY IN QUOTIENT
SPACES:

In this section we give characterization of simultaneous z-proximinality and simultaneous 7-Chebyshevity in quotient
spaces.

Definition 4.1: Let (X, N) be a fuzzy anti-2-normed linear space, M be a linear manifold in X and let Q: X —X/M
be the natural map Qx = x+ M . We define
N(x,x+M,t)=mnf{N(x,x+y,t):ye M}, t>0

Theorem 4.2: If M is a closed subspace of a fuzzy anti-2-normed linear space (X,N) and N(x,x+M,t) is
defined as above then
(a) N is a fuzzy anti-2-norm on X / M .

(®) N(x,,0x,t) < N(x,,x,1).
() If (X, N) is a fuzzy anti-2-Banach space then sois (X/M ,N) .

Proof: (a) It is clear that N(x,,x+M ,t)=1 for t<0. Let N(x,,x+M ,t)=0 for t > 0. By definition there is
a sequence {x, } in M such that N(x;,x+x,,1) = 0.So x+x, = 0 or equivalently x, — (—X) and since M is
closedso x€ M and x+ M = M , the zero element of X / M . On the other hand we have,
N, (x+M)+(y+M),t) = N(x,(x+y)+M,t)
SN(x,(x+m)+(y+n),t)
<max{N(x,x+m,t),N(x,y+n,t,)}

for mneM, x,x,yeX and f +¢,=t. Now if we take infimum on both sides, we have,
N(x,(x+M)+(y+M),t) <max{N(x,x+M,t,),N(x,y+M,t,)}.

Alsowehave, N(x,a(x+M),t)=N(x,ax+M,t)
=inf{N(x,ax+ay,t): ye M}
t t

=inf{N(x,x+ y,—|) ye M} ZN(xl,x+M,—|) and the remaining
(94 (94

properties are obviously true. Therefore N is a fuzzy anti-2-norm on X / M .
(b) We have, N(x,,0x,t)=N(x,,x+M,t) =inf{N(x,,x+ y,t): ye M} < N(x,,x,t)

(c) Let {y, + M} be a Cauchy sequence in X /M . Then there exists £, >0 such that £ — 0 and,
N, (y, +M)—=(y,,, +M),t) <€, .Letz;, =0.Wechoose z, € M such that,
N(xl,yl —()’2 _Zz)’t) < maX{N(xp(yl - y2)+M7t)781} .

© 2011, IJMA. All Rights Reserved 1752



B. Surender Reddy*/ Best simultaneous approximation in fuzzy anti-2-normed linear spaces / IJMA- 2(9), Sept.-2011,
Page: 1747-1757

But N(x,,(y, —y,)+M,t) < €, . Therefore, N(x,,y, —(y, — 2,),t) Smax{g, &} =€, .
Now suppose Z,_; has been chosen, 7, € M can be chosen such that

N, (v 20— (v +2),t) <max{N(x,,(y,_, — y.) + M ,t),€,_, } and therefore,
N, (Yo +2,) =y, +2,).0) <max{e, |, €1 =&, .

Thus, {y, +2,} is Cauchy sequence in X. Since X is complete, there is an y,, in X such that y, +z, — ¥, in X. On
the other hand y, +M =Q(y, +2,) = Q(y,) =y, +M . Therefore every Cauchy sequence {y, +M} is
convergentin X/M andso X/M iscomplete and (X /M ,N) is a fuzzy anti-2-Banach space.

Definition 4.3: Let A be a nonempty set in a fuzzy anti-2-normed linear space (X, N) . For x€ X and >0, we
shall denote the set of all elements of #-best approximation to x from A by Pf{ (x);

ie., Py(x)={ye A:d(A,x,t)=N(x,,y—x,1)}.
where, d(A,x,t)=inf{N(x,,y—x,t):ye A} = 1‘r€1£ N(x,,y—x,t).

If each x€ X has at least (respectively exactly) one t-best approximation in A then A is called a z-proximinal
(respectively 7-chebyshev) set.

Lemma 4.4: Let (X, N) be a fuzzy anti-2-normed linear space and M be a t-proximinal subspace of X. For each
nonempty F-bounded set S in X and ¢ >0,
d(S,M,t)=supinf N(x,,s —m,t)
M

ses ME

Proof: Since M is r-proximinal it follows that for each s€ S there exists m, € Py, (S) such that for >0,

N(x,,s—m_,t)= in}EN(xl,s—m,t).

So, d(S,M,t)= in£ sup N(x,,s —m,t) <supN(x,,s —m_,t) Ssupinﬁfl N(x,,s —m,t)

seS seS ses§ me
<inf supN(x,,s —m,t) =d(S,M,t)
meM o g
This implies that, d(S,M ,t) =supinf N(x,,s—m,t).
ses meM

Example 4.5: Let (X =R 2,".,‘”) be a anti-2-normed linear space and consider (X, /N) as its standard induced

fuzzy anti-2-normed linear space (Example 2.7). A nonempty subset S of X is F-bounded if and only if S is bounded in
(X,

LN J
s

). If we take M = R we can easily prove that M is proximinal in (X, ”','”) :

Lemma 4.6: Let (X,N) be a fuzzy anti-2-normed linear space, M be a t-proximinal subspace of X and S be an

arbitrary subset of X then the following assertions are equivalent:
(i) S is a F-bounded subset of X.

(ii) S/M is a F-bounded subset of X/M .

Proof: Suppose that S be a F-bounded subset of X. Then there exist £ >0, 0<r <1 such that, N(x,,x,1) <r,
forall x€ S . But,

N(x,x+M,t)= {2,5 N(x,x+y,t) S N(x,x,t)<r.
So, (i) = (ii) is proved. Now to prove that (i) = (i). Let S/M be a F-bounded subset of X /M . Since M is -
proximinal, then for each s € S there exists m, € M such that m_€ PA; (S).Soforeach s€ S,

N(xl,s—ms,t):in[t;IN(xl,s—m,t) (1)
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Now from Lemma 4.4, we conclude that for ¢ >0,
sup N (x,,s —m,t) =supinf N(x,,s —m,t)=1inf sup N(x,,s —m,t)
M

seS ses Me meM e g

Then for O < 7 <1 such that Sup N(x,,s —m_,t) <r and t > 0 there exists m, € M such that,

seS

supN(x,,s—m,,t) <supN(x,,s—m,t)—r<0.

ses seS

Soby (1), forall s€ S we have,
N(x,,s,t)=N(x,,s—m, +m,_,t)

< max{N(xl,s—m,,%),N(xl,m,é)}

< supmax{N(xl,s—mr,é),N(xl,m,,é)}

se§

S max{(supN(x]’s_mly’%)_r)5N(x17mrsé)}

se§

. t t
= max {(sup 1r61Af4 N(x,,s— m,E) -r),N(x, ,m,,E)}

ses ™M
t t
N(x,,s,t) <max{(supN(x,,s+M,—-)—r),N(x,,m, ,—)}. )
seS 2 2
Since S/M is F-bounded, by its definition we can find 0 < 1, <1 such that in the right hand side of (2) be less than

or equal to 7, and this completes the proof.

Lemma 4.7: Let M be a t-proximinal subspace of a fuzzy anti-2-normed linear space (X,N) and W 2 M a
subspace of X. Let K be F-bounded in X. If w, € S}, (K), thenw, + M € S‘iV/M (K/M) .

Proof: Since K is F-bounded by Lemma 4.6, K/M is F-bounded in X/M . Assume that w, € Sy, (K) and
w,+M ¢ S‘[V/M (K/M) . Thus there exists w'e M such that for t >0,
sup N (x,,k— (W' +M),t) <sup N (x,,k —(w, +M),t)

ke K ke K
SsupN(x,,k—w,,t)=d(K,W,1) 3)
ke K

On the other hand for each k € K and for t > 0,
N(x,,k—(W+M),t)=inf N(x,,k— (W +m),t)
meM

Then for each 0 < € <1 and k€ K there exists m, € M such that for >0,
N(x,k—(wW+m),0) SN(x,k—(W+M),1)+€.

Since w’+mk € M we conclude that
d(K,W,t)<sup N(x,k—(W +m,),t) <supN(x,,k—(W+M),t)+&

ke K ke K

Thus, d(K,W,t)<sup N(x,,k— (W +M),t) 4)

ke K
By (3) and (4) we get, d(K,W,t)<supN(x,,k—(wW+M),t)<d(K,W,t), and this is a contradiction.
ke K

Therefore w, + M € S, m (K /M) and the proof is completed.
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Corollary 4.8: Let M be a t-proximinal subspace of a fuzzy anti-2-normed linear space (X,N) and W 2 M a

subspace X. If W is simultaneous #-proximinal then W / M is a simultaneous #-proximinal subspace of X / M .

Corollary 4.9: Let M be a t-proximinal subspace of a fuzzy anti-2-normed linear space (X,N) and W 2 M a
subspace X. If W is simultaneous 7-proximinal then then for each F-bounded set K in X,

O(Sy, (K)) = Sy (K/M).

Theorem 4.10: Let M be a t-proximinal subspace of a fuzzy anti-2-normed linear space (X,N) and W D M
subspace of X. If K is F-bounded set in X such that w, + M € Sv’V/M (K/M) and m, € S,,(K—w,), then

w, +m, € Sy, (K).

Proof: In view of Lemma 4.4, for ¢ > 0 we have,

sup N (x,,(k—w,)—m,,t) :;relﬁg sup N (x,,(k—w,)—m,t)

ke K ke K
=supinf N(x,,k—(w,+m),t)
ke K meM
=supN(x,k—(w, +M),1)
ke K
SsupN(x,k—(w+M),t) VweW
ke K
SsupN(x,,k—w,t) VYVweW.
ke K
Hence, sup N (x,,k —(w, +m,),t) <sup N(x,k—w,t) ¥V weW.
ke K keK

But w, +m, € W . Then w, +m, € S;,(K) and so the proof is completed.

Theorem 4.11: Let M be a t-proximinal subspace of a fuzzy anti-2-normed linear space (X,N) and W 2D M a
simultaneous #-proximinal subspace of X. Then for each F-bounded set K in X,

O(Syy (K)) = S0y (K/M)

Proof: By Corollary 4.9, we obtain Q(Sy, (K)) C Svtv/M (K/M). Also by Lemma 4.6, W/M is simultaneous ¢-
proximinal in X /M . Now let, w, + M € S‘[V/M (K/M), where w,€ W . By simultaneous -proximinality of M
there exists m,€ M such thatm, € S, (K—w,). Then in view of Theorem 4.10, we conclude

that w, +my, € S}, (K) . Therefore w, +M € Q(S,, (K)) and the proof is completed.

Corollary 4.12: Let W and M be subspaces of a fuzzy anti-2-normed linear space (X, N).If M is simultaneous -
proximinal then the following assertions are equivalent:

1) W/ M is simultaneous z-proximinal in X / M .

(ii)) W + M is simultaneous z-proximinal in X.

Proof: (i) = (ii) . Let K be an arbitrary F-bounded set in X. Then by Lemma 4.6, K/M is a F-bounded set in
X/M . Since W+M)/M=W/M and M are simultaneous t-proximinal it follows that there exists
wo,+MeW+M)/M and m,e M such that w, +M € SZW+M)/M(K/M) and m, € S,,(K—w,). By

Theorem 4.10, we have w, + m,, € Sy,.,, (K) . This shows that W + M is simultaneous #-proximinal in X.
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(if) = (i) . Since W + M is simultaneous ¢-proximinal and W + M D M , by Corollary 4.8, we have
W+M) / M=W / M is simultaneous ¢-proximinal.

Theorem 4.13: Let W and M be subspaces of a fuzzy anti-2-normed linear space (X, N).If M is simultaneous -
Chebyshev then the following assertions are equivalent:
(i) W/M is simultaneous ¢-Chebyshev in X /M .

(ii) W + M is simultaneous ¢-Chebyshev in X.

Proof: (i) = (ii), By hypothesis (W +M)/M =W /M is simultaneous r-Chebyshev. Assume that (ii) is false.

Then some F-bounded subset K of X has two distinct simultaneous #-best approximations such as lo and l1 in W+M.

Thus we have,
Ly, 1,€ Sy, (K). ()
Since W+M DM bylemma4.6, [,+M , [ +Me S(tw+M)/M(K/M)=SVtV/M (K/M) .

Since W/M is simultaneous r-Chebyshev, [, + M =1, + M . So there exists 0 # m, € M suchthat [, =1, +m,.

By (5) forall £ >0,
supN(x,,(k—1,)—m,,t) =sup N(x,,k—1,,t)

ke K keK
=supN(x,,k—1,,1)
ke K
=d(K,2W+M,1)

=d(K—1,,W+M,)<d(K—1,,M,1)

This shows that both m and zero are simultaneous -best approximations to S —/, from M and this is a contradiction.

(if) = (i). Assume that (i) does not hold. Then for some F-bounded subset K of X, K/M has two distinct
simultaneous 7-best approximations such as w+M andw' +M in W/M . Thus w—w'¢ M . Since M is

simultaneous #-proximinal there exists simultaneous f-best approximations m and m to K—w and K—w from M
respectively. Therefore me S,, (K —w) and m’e S,,(K—-w’). Since W+M 2>2M, w+M and w+M

are in Svtv/M (K/M)= S(’K+M)/M (K/M), by Theorem 4.10, w+m and w+m'e S;,,,,(K). But W+M is
simultaneous ~-Chebyshev. Thus w+m = w+m andso w—w'e M , which is a contradiction.

Corollary 4.14: Let M be simultaneous -Chebyshev subspace of a fuzzy anti-2-normed linear space (X, N) . If

W 2 M is a simultaneous -Chebyshev subspace in X, then the following assertions are equivalent:
(i) W is simultaneous t-Chebyshev in X.
(i) W/M is simultaneous -Chebyshev in X /M .
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