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ABSTRACT

A (p, ) graph G is called edge trimagic total if there exists a bijection f: V(G) v E(G) —» {1, 2, 3, ..., p+q} such that
for each edge xy in E(G) the value of f(x) + f(xy) + f(y) = Kyor K, or K. G is called edge trimagic graceful if there
exists a bijection f : V(G) UE(G) —»{1, 2, 3, ..., p+q} such that for each edge xy in E(G), | f(x) — f(xy) + f(y) /= C, or
C, or Cs, where C;, C, and Csare constants. In this paper, we proved that the Umbrella graph U,, n, circular ladder
graph CL(n) and the Dumbbell graph Db, are edge trimagic graceful graphs.
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1. INTRODUCTION

Let G be a simple undirected graph with n vertices. Let V(G) and E(G) denote the vertex set and the edge set of the
graph G, respectively. Labeling of a graph G is an assignment f of labels to either the vertices or the edges or both
subject to certain conditions. Graph labeling is an increasingly useful and important method of Mathematical models
from a broad range of applications such as coding theory, X-ray crystallography, radar, astronomy, circuit design,
communication networks and data base management etc. Graph labeling was first introduced in1960’s. In 1970, Kotzig
and Rosa [1] defined, a magic labeling of graph G is a bijection f: VUE — {1, 2, ...,p+q} such that for each edge
uveE(G), f(u) + f(uv) + f(v) is a magic constant.

Rosa [1] introduced the B - valuations of a graph G with g edges is an injection f from the vertices of G to the set {0, 1,
2, ..., q } such that, when each edge xy is assigned the label [f(X) — f(y)|, the resulting edge labels are distinct. Golomb
[6] called such labeling as graceful. G. Marimuthu and M. Balakrishnan [4] introduced, super edge magic graceful
labeling of graphs. In 2013, C. Jayasekaran, M. Regees and C. Davidraj introduced the edge trimagic total labeling of
graphs [2]. A (p, q) graph G is called an edge magic graceful if there exists a bijection f: V (G) U E (G) — {1, 2, ...,
p+qg} such that for each edge xy in E(G) the value of [f(x) + f(y) —f(xy)| = k, a constant. The graph G is said to be
super edge magic graceful if V(G) = {1, 2, ..., p}. An edge trimagic total labeling of a (p, q) graph G is a bijective
function f: V(G) U E(G) — {1, 2, ..., p+q} such that for each edge xy € E(G), the value of f(x) + f(xy) + f(y) is equal
to any of the distinct constants k; or k, or ks. A graph G is said to be edge trimagic total if it admits an edge trimagic
total labeling [2]. An edge trimagic total labeling is called a super edge trimagic total labeling if G has the additional
property that the vertices are labeled with smallest positive integers. The useful survey on graph labeling by J. A.
Gallian (2017) can be found in [6].

The graph F,= P,+K; is called a fan [7] where P: u;u,...u, be a path and V(K;) = u. The Umbrella graph [7] U, m, m >1
is obtained from a fan F, by passing the end vertex of the path P.,; vivs... v, to the vertex of K, of the fan F,.. A Circular
ladder [3, 5] CL(n) is the union of an outer cycle C,: uiU, Us... uugand an inner cycle Cy: viV, Vs... Vvy with additional
edges (uvy), i =1, 2, 3, ..., n called spokes. The graph obtained by joining two disjoint cycles u,u, Us... uyus and ViV, Va...
Vv, with an edge uyv; is called dumbbell [7] graph Db,
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In this paper, we introduced edge trimagic graceful labelling of graphs and proved that the Umbrella U, q, circular
ladder CL(n) and the Dumbbell Db, are edge trimagic graceful graphs.

2. MAIN RESULTS
Theorem 2.1: The Umbrella U, , admits an edge trimagic graceful labeling for all n.

Proof: Let V(Uy, m) = {ui, vi 1 <i < n} be the vertex set and E (U, 1) = {Uiljs1, ViVie 1 <1< n=1} U {uvy, /1 <i<n}
be the edge set of the graph U;, . Then U, ,, has n + m vertices and 2n + 2m -2 edges.

Case-1: nis odd and m is even
f(UiUi+1) =3n+m+i-2,1 <i < n-1

Define a bijection f: V U E — {1, 2, 3, ..., 3n + 2m — 2} such that

+1
m+17, 1 <i<n,iisodd
fu) = m+ . .
n+T, 1 <i < n,iiseven
i+1 . ..
17,1 < i < n,iisodd
f(vi) =
+ . .
E ,1 <1 < n,iiseven
f(Vivi+1)—2n+m+1 1<i<n-1
+1 .
n+m+l— 1 <i<niisodd
f(vily) =
+ .
+E ,1<1i < n,iiseven

Now we prove this labeling is an edge trimagic graceful.

Consider the edges viu;, 1 < i < n.

For odd i, | f(vy) — f(vauy) + f(u)) | = |1—(n+m+—)+ +ﬂ|—|1—n|—c1
For even i, | f(vy) - f(vyu;) + f(u)) | = |1—(2n+‘“—+‘)+ +“‘—+‘|7|1—n|fcl
Consider the edges Ui+, 1 < i < n.

For odd i, | f(u;) — f(Uiuisa) + f(Uis) | =] m + ﬂ— @Gn+m+i-2)+n+22 < 6“’;—4“ |=cC
For even i, | f(u;) — f(Uitis1) + f(ui1) |=|n +m—+l—(3n+ m+,_2)+m+ﬂ|,|M|,
Consider the edges vivis, 1 < i < n.

For odd i, | f(vi) = f(viviss) + f(Viss) | = | M @n+m+i)+ 2= 2R ¢

For even i, | f(vi) — f(ViVisz) + f(Visy) |—|m—+l—(2n+m+|)+ ﬂ|—|ﬂ|—

Hence for each edge uv € E(U, ), | f(u) - f(uv) + f(v) | yields any one of the constants C; =| 1 —n |,

C2:| 6+m-— 4n| Ilng— |
oddnand even m.

2—m-—4n

| Therefore, the Umbrella graph U, ,admits an edge trimagic graceful labeling for

Case-2: nis even and m is odd
Define a bijection f: V U E — {1, 2, 3, ..., 3n + 2m — 2} such that

i+1

m+7 , 1 <1i<njiisodd
fu) = n+i . .

m T,lSlSn,llseven

i+1 . ..

17 , 1 <1i< n,iisodd
fV) = 4 mein

, 1 <1i < n,iiseven

f(uiui+1)=2n+2m+i—1,1 <i<n-1
f(vivis) =2n+m+i, 1 <i < n-1

n+m+i+71, 1

IN
A\

i < n,iisodd

f(vau) = nti . .
m+n+7, 1 <i < n,iiseven
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Now we prove this labeling is an edge trimagic graceful.

Consider the edges viui, 1 < i < n.
i+1 i+1

Foroddi,|f(v1)—f(v1ui)+f(ui)|:|1—(n+m+—)+ +—|—|1—n|—c:1
Foreveni,|f(v1)—f(v1ui)+f(ui)|:|1—(m+n+7)+ +“+‘|—|1—n|—cl
Consider the edges uiuis;, 1 < i < n.

For odd i, | f(w) - f(uu,+1)+f(u,+1)|f|m+£—(2n+2m+|—1)+n+ﬂ|—|2 m-n|C,
For even i, | f(u;) - f(uu.+1)+f(u.+1)|—|2"+1—(2n+2m+|— )+m+ﬁ|—|2 m-n|=C,
Consider the edges vivis;, 1 < i < n.

For odd i, | f(vi) — f(vivis) + f(v)) | = |ﬂ-(2n+m+|) +‘“+‘“| |22 = ¢,

2
i+2 | | 3-m—4n | _

For even i, | f(vi) — f(vivis1) + f(v) |—|m+l+1

(2n+m+i) +—
Hence for each edge uv € E(U, ), | f(u) —f(uv) + f(v) | yields any one of the constantsC; = | 1—n | ,
C;=|2-m —n|and C3=|
even n and odd m.

3—-m-—4n

| . Therefore, the Umbrella graph U, , admits an edge trimagic graceful labeling for

Case-3: both n and m are odd

Define a bijection f: V U E — {1, 2, 3, ..., 3n + 2m — 2} such that

i+1

m+—_ 1 <i<niisodd
f(uw) =
+i+1 . .
m+L, 1 <i < n,iiseven
i+1 . ..
17 , 1 <i<n,iisodd
f(vi) = m+i+1

. ,1 < i < n,iiseven

f(uliz) =2n+2m+i—-1,1 <i < n-1
f(vis) =2n+m+i, 1 <i < n-1
n+m+? ,1 <1 < n,iisodd

n+i+1 . ..
n+m+T,1 < i < n,iiseven

f(viu) =

Now we prove this labeling is an edge trimagic graceful.

Consider the edges uivy, 1 < i < n.
For odd i, | f(vy) — f(vyuy) + f(u)) | = |m+ﬂ—(n+m+ﬂ)+1|—|1—n|—c1

For even i, | f(v) — f(viu;) + f(u) |= | m nJ”H—(n +m+ n+1+1) +1|=|1-n|=C,

Consider the edges UUj+, 1 < i < n.

For odd i, | f(w) — f(Uilis1) + f(Uiws) | = |m+ﬁ—(2n+2m+|—1)+ +"+‘+2|=|5‘3“|c2
n+1+1

For even i, | f(u;) — f(Uilis1) + f(Uis1) |=|m
Consider the edges vivis, 1 < i < n.

For odd i, | f(v) — f(vivis) + f(vi) | = |E—(2n+m+.)+ r’“““|:|3—m—4“|:

2
For even i, | f(vi) — f(Vivis1) + f(vi) | =| b |7|3 mean

—(2n+2m+i-1)+m +£|7|5 3n|_

m+1+1

—(2n+m+|)+

Hence for each edge uv € E (U, m), | f(u) — f(uv) + f(v) | ylelds any one ofthe constants C; = | 1-—n | ,

C2—|5 3n| |andC3—|
both nand m are odd.

3—m-—4n

| Therefore, the Umbrella graph U,  admits an edge trimagic graceful labeling for

Case-4: both n and m are even
Define a bijection f: V U E — {1, 2, 3, ..., 3n + 2m — 2} such that

+ﬂ 1 <1< niisodd
f(u) =
nTH, 1 <i < n,iiseven
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i+1
fov)=4 2~
ﬂ,l < i < n,iiseven

2

f (Uiliz)=3m+n+i+1,1 < i < n-1

f(vivii) =2n+m+i,1 <i < n-1
n+m+E 1 <i<niisodd

< i < n,iisodd

f(vily) = o
n+m+— 1 <i < n,iiseven

Now we prove this Iabellng is an edge trimagic graceful.

Consider the edges uivy, 1 < i < n.

For odd i, | f(vy) — f(vyu;) + f(u) | = |1—(n+m+ﬂ)+ +ﬂ|—|1—n|—c1
n+i

For even i, | f(u;) — f(vauy) + f(w) |= | 1- (n+m+—)+ +—|—|1—n|—Cl
Consider the edges Ui+, 1 < i < n.

For odd i, | f(u;) — f(Uitis1) + f(Uis | = |m+——(n+3m+|+1)+m+n+1+1|7| =G
For even i, | f(w) — f(Uilis1) + f(Uisa) |—|m+“—+‘—(n+3m+ +1)+m+ﬂ|—| 2r’“"|—
Consider the edges vivis, 1 < i < n.

For odd i, | f(vi) — f(viviss) + f(v)) | = |E-(2n+m+|)+ m+‘+1| | ===

For even i, | f(v)) - f(vv.+1)+f(v)|—|m—+1—(2n+m+|)+1+2| | 22| =

Hence for each edge uv € E(U,), | f(u) —f(uv) +f(v) | yields any one of the constants C; = |1 —n |,

Cz—l_zm nl |andC3—|
both n and m are even.

2—-m-—4n

| Therefore, the Umbrella graph U, , admits an edge trimagic graceful labeling for

Corollary 2.2: The Umbrella graph U, , admits a super edge trimagic graceful labeling.

Proof: We proved that the Umbrella graph U, ,, admits an edge trimagic graceful labeling. The labeling given in the
proof of theorem 2.1, the vertices get labels 1, 2, .., n+m. Since the Umbrella graph U, , has n+m vertices and these
n+m vertices have labels 1, 2, ..., n+m for both odd and even n and m, U, ,is a super edge trimagic graceful.

Example 2.3: An edge trimagic graceful labeling of Us 4, Ug 3, Us sand Us 4 are given in figure 1, 2, 3 and figure 4

respectively.
Vi

10, 2

u; 7U5

17

Vack
4

Figure-l: U514With Ci=4,C,=5 and C;=11

V11

10,
16
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u 20 Ug
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~
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o

®3
17

Vi@?2

FigUre-Z: UG, 3W|th C;=50C,=7 and C;=12
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V3 1L2

Figure-3: Us 3with C; =4, C, =5 and C3 = 10

11,
17| 15

Uy Ug

Vi@ 4
Figure-4: UG, 4W|th C;=50C,=7 and C;=13
Theorem 2.4: The circular ladder CL(n) admits an edge graceful trimagic labeling for all n.

Proof: Let V (CL(n) ) = {u;, vi / 1 < i < n} be the vertex set and E (CL(n)) = {UiUi+1, ViVis1 / 1 <i<n=1}0{uv;, / L <i
< n } be the edge set of the graph CL(n). Then CL(n) has 2n vertices and 3n edges.

Case-1: nis odd

Define a bijection f: V U E — {1, 2, 3, ..., 5n} such that

+i+2
n+n; ,1 <i<n-—1,iisodd
fu)= 42 . .
n+7 ,1 <i<n-1,iiseven
+1 ..
17 1 <i < niisodd
f(vi) =
+i+1 . ..
= , 1 <1i< n,iiseven
f(u,) = n+1

f(Ulis) =4n+i+2,1<i<n-2
f (UpUp_1) = 4n+1

f (uyup) = 4n+2

f(vivis) =3n+i+1,1<i<n-1
f(vivp) =3n+1
fluv)=2n+i+1,1<i<n-1
and f(u,v,) = 2n +1.

Now we prove this labeling is an edge trimagic graceful.
Consider the edges UiUi+, 1 < i < n—2.

For odd i, | f(u) = f(Uitisg) + F(Uis) | = [0+ 22— (4n+i+2)+n +£ == 1S

For even i, | f(u;) = f(Uiisr) + f(Uis1) | = |n+£—(4n+|+2)+ +“+‘+3|,|1 3n|_

For the edge Uy, | fuy) — f(uun) + f(u) | = | n +%—(4n+2)+n+ 1|_|1 3n|_
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For the edge Un 1, | f(un-1) = f(UpaU) + f(Up) | = | n+ 22— (4n+2) +n+1| == =c

Consider the edgesuiv; 1 < i < n-1

For odd i, | f(w) — f(uiv;) + f(vyy | = | n+ “+‘+2-(2n+|+1)+ EHT =C,

For even i, | f(w) — f(uv;) + f(v)) |—|n+——(2n+|+1)+“+‘+2 |—|— —c2

For the edge UnVy, | f(un) — f(uve) +f(vy) |= | n+1-(2n+ 1)+ 22 |f | —|=c;

Consider the edges vivis, 1 < i < n—1.

For odd i, | f(vi) — f(viviss) + f(v)) | = |E—(3n +i+1) 4+ M= | ===

For even i, | f(v)) — f(viviss) + f(vi) |—|“+‘+1 —(3n+i+ 1)+ﬂ|—|1 5“|—03

For the edge ViVy, | f(va) — f(vave) + f(ve) [ = | 1-(3n+1) + = i1 === 5 |=Cs

Hence for each edge uv €E ( CL(n)), | f(u) - f(uv) + f(v) | ylelds any one of the constants C; = | L

| *| and C; =

|1 5n

| . Therefore, the circular ladder CL(n) admits an edge trimagic graceful labeling for odd n.
Case-2: nis even

Define a bijection f: V U E — {1, 2, 3, ..., 5n} such that

n H—l, 1 <i<n-—1iisodd
fu)= nri

n+7, 1 <i<n-1,iiseven
f ) i+71,1S1Sn,iisodd
Vi) =

I n—+l ,1 < i < n,iiseven

f(u,) = 2n
f(uui) =4n+i,1<i<n-1
f (uu,) =5n
f(vivi+1)=2n+i,1SiSn—l
f(vivy) = 3n

fluv) =3n+i1<i<n-1

and f(u,v,) = 4n
Now we prove this labeling is an edge trimagic graceful.
Consider the edges UiUi+, 1 < i < n—2.

For odd i, | f(u) — F(Uiliss) + F(Uisr) | = |n+ﬂ—(4n+|)+ +"+‘“|—|2 22| =c

For even i, | f(u;) — f(Uitis1) + f(Uisr) | = |n+"—+l—(4n+|)+n+£|f|2 3"|—

Consider the edges vivis, 1 < i < n—1.

For odd i, | f(v;) — f(vivisy) + f(v)) | = |E_(2n+|)+ n+‘“|_|2 3ﬂ|_

For even i, | f(vi) — f(Vivis1) + (V) |—|"—+l— (2n+i)+ £|,|2 3"|—

Consider the edges uiv;, 1 < i < n,

For odd i, | f(w) - f(uv;) + f(vy, |= |n +E—(3n+|)+ﬂ|—|1—2n|—c2

For even i, | flu;) — f(uvi) + f(v;) |*|n+n—+l—(3n+|)+n—+l [=]-n|=Cs

For the edge Vyvy, | f(vy) — f(vavy) + f(vy) |= | 1-3n+2 |— |1-2n|=C,

For the edge Uy, | f(uy) — f(uyu,) + f(uy) |= | 222 —( 5n )+2n|=|1-2n|=C,

For the edge UyVy, | f(Us) = f(UVe) + f(Vo) |= |2n=(4n)+n |=|-n|=C;

Hence for each edge uv € E (CL(n)), | f(u) - f(uv) + f(v) | yields any one of the constants C; = | 22,
C, =|1 -2n|and C3 =|- n|. Therefore, the circular ladder CL(n) admits an edge trimagic graceful labeling for

even n.
Corollary 2.5: The circular ladder CL(n) admits a super edge trimagic graceful labeling.

Proof: We proved that the circular ladder CL(n) admits an edge trimagic graceful labeling. The labeling given in the
proof of theorem 2.4, the vertices get labels 1, 2, ..., 2n. Since the circular ladder, CL(n) has 2n vertices and these 2n
vertices have labels 1, 2, ..., 2n for both odd and even n, CL(n) is a super edge trimagic graceful.
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Example 2.6: An edge trimagic graceful labeling of CL(5), CL(6) are given in figure 5, and figure 6 respectively.

Figure-5: CL(5) withC; =7,C,=2and C3 =12

u, 7

Figure-6: CL(6) withC,;=8,C,=11and C3=6
Theorem 2.7: The Dumbbell Dbn admits an edge trimagic graceful labeling for all n.

Proof: Let V(Db,) = {u;, vi / 1 <i < n} be the vertex set and E(Db,)) = {UjUis1, ViVisr / 1 <1< n=1} U {uu,, vivie}
w {uyvy} be the edge set of the graph Db,,. Then Db, has 2n vertices and 2n+1 edges.

Case-1: nis odd

Define a bijection f: V U E —{1, 2, ..., 4n+1} such that

i+1 . ..
- , 1 <1i<n,iisodd
f(u) = n+i+1 . ..
2 , 1 <1i<njiiseven
2n+i+1 ..
. , 1 <1i<niisodd
f(v) = )
3n+i+1 . .
——, 1 < i < n,iiseven

)

2
f (UiUi+1) =2n+i+1
f(ViVi+1) =3n+i+1
f(uu)=2n+1
and f (vivp)) =3n+1

Now we prove this labeling is an edge trimagic graceful.
Consider the edges UiUi«, 1 <i< n—1
i+1 n+i

For odd i, | f(u;) — f(Uitiiss) + f(Uis) |= |——(2n—|—1)+—+1|—| =C,

n+;+1_(2n_|_1)+ 1+2|7|1 3n |:C1

13n|

For even i, | f(u;) — f(Uiis1) + f(Uiss) | = |
Consider the edges vivi,, 1 <i< n—1
Forodd i, | f(vi) = f(ViVis1) + f(Visa) | = |

2n+1+1_(3n+i+1)+ 3n+1+2|_|_ _Cz

R _(Bn+i+l)+n+ 2= 22 =G

13n|_

For even i, | f(vi) = f(Viviss) + f(Vier) |= |
Consider the edge uyu, | f(us) —f(u;up,) + f(un) |=]1-(2n-1)+22 | =|
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3n+1

Consider the edge viv,, | f(vi) = f(vivp) + f(vi) |= |[n+1-(3n+1)+ | = |— =C,

Consider the edge uyvy, | f(us) = f(upve) + f(va) |= | 1-(4n-1)+n+1 | =|1-3n |=Cs

Hence for each edge uv € E(Dby), | f(u) - f(uv) + f(v) | yields any one of the constants C, = | LY

C,= | = |and C3= |1 — 3n |. Therefore, the Dumbbell graph Db, admits an edge trimagic graceful labeling for odd

n.
Case-2: n is even

Define a bijection f: V U E —{1, 2, ..., 4n+1} such that

n+-— , 1 <1i< n,iisodd
flu)=19; . .
3 , 1 <1i < n,iiseven
n+i+1 . .
P < i < niisodd
f(Vi)_ 3n+i o
, 1 <1i<niiseven

f(Uili) =2n +i
f(vivis) =3n+i
f (uuy) =3n

and f (vyv,) = 4n.

Now we prove this labeling is an edge trimagic graceful.
Consider the edges uuj«;, 1 <i< n—1

For odd i, | f(u) — f(Uiliss) + F(Us) | = |n+ﬁ—(2n+|)+i1|—|1—n | =C, (say)
Foreveni, | f(u;) —f (Uili1) + f(Uis) | = |5—(2n+ i)+n+ E|f|1—n |=C..
Consider the edges vivi,, 1 <i< n—1

Forodd i, | £(v)) - f (Viviss) + f (Viss) |—|“+‘+1 @Bn+i)+ ""‘*2—‘“| |1-n|=¢,
Foreveni, | f(v))—f (ViVies) + f (Vis) | = |3“+‘ @Bn+i)+ n+‘+2|—|1—n|—c1
Consider the edges uyuy, | £ (us) =f (Ugun) + F (Uy) |= |n+1- 3n+—|f|2 | =c,
Consider the edges ViV, | £ (v1) = f (Vavi) + F (Vo) | = |—+ 1-4n+2n |= |2 o =c,

2-5n | _

Consider the edges v, | f(uy) - f (Uyvy) + f(v)) |= |n—1-(@4n-1) +22 =5

Hence for each edge uv € E(Dby), | fu) - f(uv) + f(v) | yields any one of the constants C.= | 1-n],
2-3n

C,= | | and C; = | z_zﬂ . Therefore, the Dumbbell graph Db, admits an edge trimagic graceful labeling for

evenn.

Corollary 2.8: The Dumbbell graph Db, admits a super edge trimagic graceful labeling.

Proof: We proved that the graph Db, admits an edge trimagic graceful labeling. The labeling given in the proof of
theorem 2.7, the vertices get labels 1, 2, .., 3n+3. Since the Dumbbell graph Db, has 2n vertices and these 2n vertices

have labels 1, 2, ..., 2n for both odd and even n, Db, is a super edge trimagic graceful.

Example 2.9: An edge trimagic graceful labeling of Dbs and Dbgare given in figure 7 and figure 8 respectively.

Figure-7: Dbs with C;=7 C, =2 and C3= 14.
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Figure-8: Dbg with C;=5 C, =8 and C;= 14.
3. CONCLUSION
In this paper, we proved that the Umbrella graph U, n, circular ladder graph CL(n) and the Dumbbell graph Db, are
edge trimagic graceful and super edge trimagic graceful. In future, we can construct many trimagic graceful graphs

using these ideas.
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