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ABSTRACT

In this paper, we introduce the concept geodetic global domination number of a graph. Also, geodetic global
domination number of certain classes of graphs are determined and some of its general properties are studied. It is
shown that for any two integers a and b, where 2 <a <b, there exists a connected graph G with y(G) = a and

Y4(G)=b.
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1. INTRODUCTION

We consider only finite simple connected graphs with at least two vertices. For any graph G, the vertex set is denoted
by V(G) and the edge set by E(G). The order and size of G are denoted by p and q, respectively. For a vertex v eV (G),
the open neighbourhood N(v) is the set of all vertices adjacent to v, and N[v] = N(v) u {v} is the closed neighborhood
of v. The degree deg(v) of a vertex v is defined by deg(v) = |[N(v)|. The minimum and maximum degrees of a graph G
are denoted by & = 5(G) and A=A(G), respectively. For XeV(G), let G[X] be the subgraph of G induced by X,

N(X) = U, N(x) and N[X] = U _, N[x]. If G is a connected graph, then the distance d(x, y) is the length of a shortest
X —Yy path in G. The diameter of a connected graph G is defined by diam (G) = max,y<vg)d(X, ).

The complement G of G is the graph with vertex set V and two vertices are adjacent in G if and only if they are not
adjacent in G. A full vertex of G is a vertex that is adjacent to all other vertices of G. The set of all full vertices is
denoted by F,(G).A vertex v in a connected graph G is a cut vertex of G, if G- v is disconnected. The girth of a graph G
is the length of a shortest cycle contained in the graph and is denoted by c(G). An acyclic connected graph is called a
tree. For the basic graph theoretic notations and terminology we refer to Buckley and Harary [2]. A vertex of G is said
to be an extreme vertex if the subgraph induced by its neighborhood is complete. An x- y path of length d(x, y) is called
and x—y geodesic. A vertex v is said to lie on an x- y geodesic P if v is an internal vertex of P. The closed interval I[Xx, y]

consists of x, y and all vertices lying on some x-y geodesic of G, and for a nonempty set S < V (G), I[S] = U I[x, y].

X,yeS

The concept of geodetic number of a graph was introduced in [2, 3]. A set S < V(G) is a geodetic set of G if
I[S] = V(G). The minimum cardinality of a geodetic set of G is the geodetic number g(G) of G. For any integer k > 1, a
geodesic in a connected graph G of length k is called a k— geodesic. A set S < V(G) is called a k- geodetic set of G if
each vertex V\S lies on a k- geodesic of vertices in S. The minimum cardinality of a k— geodetic set of G is the
k— geodetic number g«(G) of G. The k— geodetic number of a graph was referred to as k- geo domination number and
studies in [1].
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The concept of domination number and global domination number of a graph was introduced in [6, 8]. A set of vertices
S in a graph G is a dominating set if N[S] = V(G). A dominating set S of G is a global dominating set of G if

N[S] = V(G). The domination number y(G) of G and global domination number Y (G) of G is the minimum

cardinality of a dominating set and global dominating set of G. The concept of geodetic domination number of a graph
was introduced in [4]. A set ScV(G) is a geodetic dominating set of G if S is both geodetic and dominating set of G.
The minimum cardinality of a geodetic dominating set of a graph G is its geodetic domination number y4(G).

It is easily seen that a global dominating set is not in general is a geodetic set in a graph G. Also the converse is not a
valid in general. This has motivated us to study the new domination conception of geodetic global domination. We
investigate those subsets of vertices of a graph that are both a geodetic set and a global dominating set. We call these
sets geodetic global dominating sets. We call the minimum cardinality of a geodetic global dominating set of G, the
geodetic global domination number of G.

2. PRELIMINARY NOTES

In this section we cite some results to be used in the sequel.

Theorem 2.1[3]: Each extreme vertex of a connected graph G belongs to every geodetic set of G.
Theorem 2.2[4]: If G is a connected graph of order p > 2, then 2 < max {y(G), g(G)}< y4(G) < p.

Theorem 2.3[2]: A vertex v of a connected graph G is a cut vertex of G if and only if there exists vertices u and w
distinct from v lies on every u- w path of G.

3. GEODETIC GLOBAL DOMINATION NUMBER OF A GRAPH.

Definition 3.1: Let G = (V, E) be a connected graph. A Set S < V is said to be a geodetic global dominating set if S is
both geodetic set and global dominating set of G. The minimum cardinality of geodetic global dominating set of G is

the geodetic global domination number of G and is denoted by 79 (G). A geodetic global dominating set of cardinality

Vg (G)is called ay,, - set of G.

Example 3.2: For the graph G given in figure 3.1, S = {vy, v,} is a minimum geodetic and minimum geodetic

dominating set of G. So g(G) = 2 and y¢(G) = 2. Here S is not a dominating set of G, and So S is not a geodetic global
dominating set of G.

vy V2

vy Vs

G
Figure-3.1

Now, it is clear that S;={vi, Vo,Vu}, So = {V1, V3, Va}, S3 = {v1, Vo, V3} and Sy = {v», Vs, v, }are four different y g Sets of G.

There is no geodetic global dominating set with two vertices and so Yq (G) = 3. Thus geodetic global domination
number is different from geodetic number as well as geodetic domination number of G.

Observation 3.3: Let G be a connected graph of order p > 2. Then, max {Y(G), g(G)} <7,(G)< g(G) +7(G).

Observation 3.4:

p+2
i) Path P, of p vertices, ¥, (Py) = pz4
3
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p
ii) Cycle C, of p vertices, 7, (Cy) = {——‘ ,p=6
3

iii) Complete graph K, of p vertices, Yq (Kp)=p
iv) Star graph K, of p vertices, Yq (Ky,p1) =p
v) Peterson graph G, Yq (G) =4.

p+2
vi) Fan graph F, of p vertices, ?g (Fp) = { —| ,p=5.
2

p+1
vii) Wheel graph W, of p vertices, v, (W) = { —' ,p=6.
2
viii) Middle graph M(G) of a connected graph G of p vertices, Yy (M(G)) =p.
Observation 3.5: Let G be a connected graph of order p > 2, then 2 < g(G) < Yy (G)<p.

Proof: Any geodetic set has at least two vertices. Therefore 2 < g(G). Since every geodetic global dominating set is a
geodetic set, so g(G)< Yy (G). Clearly, Yy (G)<p.

Observation 3.6: For any connected graph G of order p, 2 <y4(G) < Vg G)<p

Proof: Since every geodetic dominating set contain atleast two vertices and so y4(G) > 2. Since every geodetic global
dominating set is also a geodetic dominating set, it follows that y4(G) < Yg (G) . Also, the set of all vertices of G is a

geodetic global dominating set of G and so Y,(G)< p. Thus 2 <y4(G) <7, (G) < p.

Theorem 3.7: Let G be a connected graph of order p. Then, a) every geodetic global dominating set of G contains its
extreme vertices. b) Every geodetic global dominating set of G contains its full vertices. c) If the set S contains only full
and extreme vertices is a geodetic global dominating set of G, then S is the unique minimum geodetic global

dominating set of G and YQ (G) =19

Proof: a) Let u be an extreme vertex and S be a geodetic global dominating set of a connected graph G. Suppose that
u ¢ S, then by theorem 2.1, S is not a geodetic set of G. Thus S is not a geodetic global dominating set of G, which is a
contradiction. Hence each extreme vertex of G belongs to every geodetic global dominating set of G. b) Let v be a full
vertex and S be a geodetic global dominating set of a connected graph G. Suppose that v ¢ S. Since deg(v) = p-1in G,
v is isolate vertex in G .Hence S is not a dominating set of G. It follows that, S is not a geodetic global dominating set
of G, which is a contradiction. Hence every full vertex of G belong to every geodetic global dominating set of G.

c) Follows directly from (a) and (b).

Theorem 3.8: Let G be a connected graph of order p. 79 (G) = 2 if and only of G = K, or there exists a geodetic set
S={u, v} such that d(u,v) = 3.

Proof: Let G be a connected graph of order p > 2. Suppose G = Ky, then 79 (G) = 2. Assume G = K, and there exists a

geodetic set S = {u, v} such that d(u, v) =3. To prove S is a global dominating set of G. Since d(u, v) =3, every vertex in
V \ S is adjacent to some vertex in S. Therefore S is dominating set of G. Now to prove S is a dominating set of G.
Suppose S is not a dominating set of G. Then there is a vertex w in V \ S is adjacent to every vertex in S and so
d(u, v) < 2, which is a contradiction to be fact that d(u,v) =3. Thus S is a geodetic global dominating set of G and so
Y4 (G| S| = 2. Always 7g (G) = 2 implies that 7g (G) = 2. Conversely, suppose 79 (G)=2. LetS={u, v} bea
minimum geodetic global dominating set of G. Then there are two cases.

Case-i): u and v are adjacent in G. Then the only possibility is G = K.
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Case-ii): u and v are non-adjacent in G. Since S is a global dominating set of G, every vertex in V\S is adjacent to
either u or v not both, It follows that d(u, v) = 3. Therefore there exists a geodetics set S = {u, v} of G such that
d(u,v)=30or G=K,.

Theorem 3.9: Let G be a connected graph of order p > 2. Then 7g (G) = pif and only if G contains only the extreme
and full vertices.

Proof: The result holds for p = 2. Now we consider the case where p > 3. Assume that Yg (G) = p. To prove G contains

only extreme and full vertices. Suppose G contain a vertex v which is neither an extreme vertex nor a full vertex. Since
v is not an extreme vertex, there exists two non-adjacent vertices X, y in N(v) such that v lies on x-y geodesic and so
V(G)\{{v} is a geodetic set of G. Since G is connected, V(G)\{v} is a dominating set of G. Since v is a not a full vertex,

v is non-adjacent to at least one vertex in G which implies that v is adjacent to at least one vertex in G . It follows that
V(G)Y{v} is a global dominating set of G. Therefore V(G)\{v} is a geodetic global dominating set of G, contradicting

the fact that 79 (G) = p. Hence G contains only the extreme and full vertices. Converse follows by theorem. 3.7,
Y4(G) =p.

Theorem3.10: Let G be a connected graph with a cut vertex v and let S be a geodetic global dominating set of G. Then
i) every component of G-v contains atleast one element of S. ii) Every branch of G at v contains element of S.

Proof: (i) Let v be a cut vertex of a connected graph G and S be a geodetic global dominating set of G. Suppose, to the
contrary, that there exists a components H of G — v such that H contains no vertex of S. By theorem3.7, S contain its
extreme vertices and hence it follows that H does not contain any extreme vertex of G. Let u € V(H). Since S is a
geodetic global dominating set of G, there exists a pair of vertices X, ye S such thatue I [x,y] < I [S] . Alsou € N [S]
in G and G. Let the x- y geodesic in G be P: X = U, Uy,...,U, U, = y. Since v is a cut vertex of G, by theorem 2.3, the
X- u sub path of P and the u — y sub path of P both contains v, it follows that P is not a path, which is a contradiction.
Thus every component of G- v contain an element of S. (ii) Since every branch of G at v is a component H of G — v
with the vertex together with all edges joining v to V(H). By (i) we conclude that every branch of G at v contains an
element of S.

Theorem 3.11: If G is a connected graph with §(G) > 2 and ¢(G) = 6, then 79 (G) =v(G)

Proof: Let S be a global dominating set of G such that 'y(G) =|S|. To prove that S is a geodetic set of G. Suppose S is

not a geodetic set of G. Let xe V(G)\I[S]. Since S is a global dominating set of G, x is adjacent to a vertex u in S. Since
8> 2, x is adjacent to a vertex v in G other than u. Since ¢(G) > 6, u and v are non- adjacent in G. If ve S, then x lies on
u — v geodesic, which is a contradiction. Hence v¢ S. Since 8> 2, v is adjacent to a vertex w in G other than x. If we S,

then x, u lies on u-w geodesic, which is a contradiction. Hence wgS. Continuing this process we obtained that N(v)¢ S.
Thus S is not a global dominating set of G, which is a contradiction. Therefore S is a geodetic global dominating set of
G and so 79 (G) < S| =Y(G) . By observation 3.3, we conclude that 79 (G) =Y(G) .

Remark 3.12: The converse of the theorem 3.11 not true. For the cycle Cs, v, (C,) = ¥(C,) but ¢(G) = 5. For the path
Pa, Y, (P,)=7(P,)but 5=1.

Remark 3.13: Theorem 3.11 is not true if ¢(G) < 6 and & = 1. For the cycle C,, 79 (C,)=v(C,) .

For the path Ps, v_(P,) #Y(P).

Theorem 3.14: Let G be a connected graph of order p > 2. If v,(G) # g,(G), then Yq Q)= yg(G)

Proof: Let G be a connected graph of order p. Let S be a minimum geodetic dominating set in G which is not a
2-geodetic set of G. To prove that S is a geodetic global dominating set of G, it is enough to prove that S is a

dominating set in G . Suppose S is not a dominating set in G . Then there exist a vertex v in V\S such that v is adjacent
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to every vertices of S in G, so the distance between any two vertices in S is atmost two. It follows that S is a 2- geodetic
set in G, which is a contradiction. Thus S is a dominating set in G . Therefore S is a geodetic global dominating set of

Gandsov,(G) < |S|= 7, (G) . By observation 3.6 we conclude that ¥, (G) = v, (G).

Remark 3.15: The converse of Theorem 3.14 not true. For the graph G given in Figure3.2, %(G) = yg(G)= 3, but
14(G) = &:(G).

Th i

e Uy by

G
Figure-3.2

Theorem 3.16: Let G be a connected graph with diam(G) > 4. Then every geodetic dominating set in G is a geodetic
global dominating set in G.

Proof: Let G be a connected graph with diam(G) > 4. Let S be a geodetic dominating set in G. We show that S is a
geodetic global dominating set of G. It is enough to prove S is a dominating set of G. Suppose not, then there exists a
vertex v in V\S such that v is adjacent to every vertex of S in G, which implies that for every x, y in S, d(x, y) < 2. Since
S is a geodetic dominating set of G, every vertex in V\S is adjacent to some vertex of S in G. Thus, for every u,v in V\S,
d(u, v) < 4. It follows that diam(G)< 4 which is a contradiction. Therefore S is a geodetic global dominating set of G.

Corollary 3.17: Let G be a connected graph of diam(G) >4. Then g G) = Vg (G).

Proof: Let S be a geodetic dominating set of G. Since diam(G) > 4, by theorem 3.16,S is a geodetic global dominating
set of G. Therefore 79 (G) ¢S] = v,(G) . By observation 3.6, we conclude that v, (G) =y, (G).

Theorem 3.18: For any two integers p, g > 2, the geodetic global domination number of a complete bipartite graph K,
is

_ min{p,q}+1if2$p,qg3
/Yg(prq): -
4 if p,q>4.

Proof: Let G = Ko Let X = {X1, X,..., Xo} and Y = {y1, ¥, ..., Yo} be a bipartition of G. Let 2 < p,q < 3. First we
assume that p < g. Then X = {x4, X} and Y = { y3, y»,ya}.Since y;el[x1,x2] = I[X], we have I[X] = V(G) and hence X
is a geodetic set of G. Since y;eN[x;] = N[X], we have N[X] = V(G) and hence X is a dominating set of G. Since G
is a disconnected component of two complete graph induced by (X) and (Y), we have N[X] = V(G). Therefore, X is
not a global dominating set of G. Now let S = XU {y;}. Since N[S] = V(G), S is a minimum geodetic global

dominating set of G. So that 79 (G) = |S| = p+1. Now, if p = g, then we can prove similarly that S = XU {y;} is a

minimum geodetic global dominating set of G. Thus 79 (G) =S| = p+1. Hence 79 (G) =min{p, q} +1. Letp,q=>4
and S = { xq, X, V1, Y2} Since Xxjel[yy,y.]lc I[S] and y;el[xy,x,] < I[S], we have I[S] = V(G) and hence S is a
geodetic set of G. Since x;eN[y;]c N[S] for all x;e X y;eN[x;]c N[S] for all y;eY, we have N[S]=V(G). Also
N[S] = V(G). Therefore S is a geodetic global dominating set of G. It remains to show that no 3- element subset of V

is a geodetic global dominating set of G. Suppose to the contrary, there exists a 3- element subset Z of V such that Z is
a geodetic global dominating set of G. Now we consider three cases.
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Case-(i): Let Zc=X. Since G is complete bipartite it is clear that I[Z] = ZU Y= V. Also since ZcX, there is a vertex x in
X such that x is not adjacent to any vertex in Z. Therefore, Z is not a geodetic global dominating set of G.

Case-(ii): Let ZcY. Similarly as case (i) we obtained that Z is not a geodetic global dominating set of G.

Case-(iii): Let ZcXu Y. Without loss of generality, we assume that ZnX = {x;, x;} and ZnY={y,}. Then it is clear
that Z is a global dominating set of G. But I[Z]={x;, xj}uY= V. If follows that Z is not a geodetic global
dominating set of G. In all the three cases, we attain a contradiction. Hence S is a minimum geodetic global

dominating set of G and so 79 (G) =S| = 4. Hence the proof is complete.
Theorem 3.19: If G is a connected graph with A(G) = p-1.Then 79 (G) =g(G) if and only if G is complete.

Proof: Let G be a connected graph with A(G) = p-1.Assume G is complete. Then 79 (G) = p = g(G).Conversely,

Assume 79 (G) = g(G). To prove G is complete. Suppose G is non- complete. G =K, and A(G) = p-1 shows that G has

at least two non- adjacent vertices and so diam(G)=2. Let S be a geodetic set such that g(G) = |S|. Let x be a vertex of
degree p-1 (such a vertex exists as A(G) = p-1). Since S is a geodetic set, there exists vertices x;, X,€S such that x
belong to an x;- x, geodesic. But diam(G) = 2 implies that x;-x, geodesic containing x must be the path x;xx,. Thus x&S.
Since diam(G) = 2, S is a dominating set of G. Since in G, deg(v) = p-1, v is an isolate vertex in G . Therefore S is not a

global dominating set of G, it follows that 7g (G) > || = g(G), which is a contradiction. Therefore we conclude that G
is complete.

4. REALIZATION RESULTS

Theorem 4.1: For any two positive integers 3 < a < p there exists a connected graph G with 79 (G) =aand [V(G)| =p.

Proof: It can be verified that the result is true for 3< a <4. Since if p=3, then Ge{P3Ks} while if p = 4, then
Ge{C4K4}. Let us now consider the case thatp > 5. Ifa = p, let G = K, or G = Ky, ,.;.For a < p -1 prove by considering
two cases.

Case-1: a=p -1 Let ps : X1, %, X3 be a path on three vertices. Add new vertices yy, Y5, Y,...., Yp-3and join vertex y; with Xy, X,,
Xs. Also, join each yi( 1< I < p-3) with y; (i + 1 <j < p-3), thereby obtaining the connected graph G given in figure 4.1.
Then the vertex set of G is V(G) = { X1, X2, X3, Y1, Y21 --., Yp-a} and the set S = { X4, X3, Y1, Y2, ..., Ypa} IS @ minimum

geodetic global dominating set of G. Therefore, | V(G)| = p and 79 (G)=|5|=2+p-3=p-l=a.

Case-2: a < p — 2. Consider the star Ky ,, with end vertices x;, X, ...,Xpo. Add a new vertex y and join each
Xi (@ <1< p-2) withy, there by obtaining the connected graph G of order p. Then the set S = {xy, X, ..., Xa.1, Y} IS a

minimum geodetic global dominating set of G. Therefore, [V(G)| = p and 7g (G)=|S|=a-1+1=a.

).'] Xa _‘.3

Figure-4.1
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Theorem 4.2: For any two integers a and b such that 2 < a < b there exists a connected graph G with \ (G)=aand
7,(G)=b
Proof: We prove this theorem by two cases.

Case-1: Let 2 <a=bh. Take G as the complete graph K. Then Yg (G) = 79 (G) =b.

Case-2: Let 2 < a < b. Let P,y : Uy, Uy, ..., Uy, be a path on b- a vertices and join each uj(1 < i < b-a) with
uj (i+ 1<j<b-a). Also, add new vertices vy, V,, ..., Vo and join each v; (1 < i <a) with ui(1 < i < b-a), thereby obtaining
the connected graph of order b given in figure 4.2. Then S; = {vy,V,,...,v,} be the set of extreme vertices of G, so

Yg(G) 2181l = aand S, = {uy, Uy,...,up-a} be the set of full vertices of G, So 7g (G) >|S;u Syl =a+b-a=h. Since,
[V(G)| = b, 7g (G) = b. Also, u;eN[S4], S; is the minimum geodetic dominating set of G and so g (G) = a. Hence
Y¢(G)=aand 79 (G)=h.

Figure-4.2

Theorem 4.3: For any two integers a, b > 2, there is a connected graph G such that y(G) = a, g(G) = b and
79 (G)=a+h.

Proof: Let C : ug, Uy, U3, Uy Us, Ug be a copy of Cq. Let H be a graph obtained from C by adding the new vertices
Vi, Vo, ..., V1 and join each to the vertex u;. Let G be the graph obtained from H by taking a copy of the path on
3(a-2)+1 vertices wq,W1,W,,..., W3-z and joining wy to the vertex ug as shown in figure 4.3.

Let S; = {uy, Us,Wp, Ws, ..., Wa@a2.1}. Then it is clear that S; is the minimum global dominating set of G. Clearly S,
contains a vertices and soy (G) = a. Take S; = {vi, Va, ..., Vb1, Wy} Then S, is a minimum geodetic set of G, so

g(G) = b. Now, let S = S;u S, and clearly S is a minimum geodetic global dominating set of G, it follows that
V,(G)=a+b

Wy Wira-2

Figure-4.3
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