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ABSTRACT 
For a connected graph G, let c: V(G) → ℤk (k ≥ 2) be a vertex coloring of G. The color sum (v) of a vertex v of G is 
defined as the sum in ℤk of the colors of the vertices in N(v), that is 𝜎(v) = ∑ 𝑐(𝑢)𝑢∈𝑁(𝑣)  (mod k). The coloring c is 
called a modular k-coloring of G if 𝜎(x) ≠ 𝜎(y) in ℤkfor all pairs of adjacent vertices x, y ∈ G. The modular chromatic 
number or simply the mc-number of G is the minimum k for which G has a modular k-coloring. 
 
For a connected graph G, let c: V(G) → ℤk (k ≥ 2) be a proper vertex coloring of G. The color sum (v) of a vertex v of 
G is defined as the sum in ℤk of the colors of the vertices in N(v), that is 𝜎(v) = ∑ 𝑐(𝑢)𝑢∈𝑁(𝑣)  (mod k). The coloring c is 
called a proper modular k-coloring of G if 𝜎(x) ≠  𝜎(y) in ℤk for all pairs of adjacent vertices x, y ∈ G. The proper 
modular chromatic number or simply the pmc-number of G is the minimum k for which G has a proper modular k-
coloring. 
 
In this paper we determine the pmc-number of Circular Halin graphs of level two.  
 
Keywords: pmc-number, Circular Halin graphs. 
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1. INTRODUCTION                                                                                              
 
For a connected graph G, let c: V(G) →𝕫k (k ≥ 2) be a vertex coloring of G where adjacent vertices may be colored the 
same. The color sum  𝜎(v) of a vertex v of G is  defined as the sum in  𝕫k  of the colors of the vertices in  N(v), that is 
𝜎(v) =∑ c(u)(mod k)uϵN(v) . The coloring c is called a modular sum k-coloring or simply a modular k-coloring of G, if 
𝜎( x) ≠ 𝜎(y) in 𝕫k for all pairs x, y of adjacent vertices of G. A coloring c is called modular coloring if c is a modular k-
coloring for some integar k ≥ 2. The modular chromatic number mc(G) is the minimum k for which G has a modular k-
coloring. This concept was introduced by Okamoto, Salehi and Zhang [1, 2, 3]. 
 
Okamoto, Salehi and Zhang proved in [1]  that: every nontrivial connected graph G has a modular k-coloring for some  
integar k ≥ 2 and mc(G) ≥  𝜒(𝐺), where 𝜒(𝐺) denotes the chromatic number of G; for the cycle Cn of length n, mc(Cn) 
is 2 if n ≡ 0 (mod 4) and it is 3 otherwise; every nontrivial tree has modular chromatic number 2 or 3; for the complete 
multipartite graph G, mc(G) =  𝜒(𝐺); for the wheel Wn = Cn v  K1, n ≥ 3, mc(Wn) = 𝜒(Wn), where v denotes the join 
of two graphs that: for m, n ≥ 2, mc(Pm x Pn) = 2. M.Paramaguru and R.Sampath kumar proved in [4] that :every two 
vertex-disjoint nonempty bipartite graphs G and H,  mc(G v H) = 4; for m ≥ 2 and n ≥ 2,  mc(Pm v Pn) =  4; for m ≥ 2 
and n ≥ 2, mc(Pm v C2n) = 4; for n ≥ 2 , r, s  ≥ 1, mc(Pm v Kr,s) = 4. 
 
For a connected graph G, let c: V(G) → ℤk (k ≥ 2) be a proper vertex coloring of G. The color sum (v) of a vertex v of 
G is defined as the sum in ℤk of the colors of the vertices in N(v), that is 𝜎(v) = ∑ c(u)u∈N(v)  (mod k). The coloring c is 
called a proper modular k-coloring of G if 𝜎(x) ≠ 𝜎(y) in ℤkfor all pairs of adjacent vertices x, y ∈ G. A coloring c is a 
proper modular coloring if c is a modular k-coloring for some integer k ≥ 2. The proper modular chromatic number or  
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simply the pmc-number of G is the minimum k for which G has a proper modular k-coloring. In [5], Ryan Jones dealt 
with modular and graceful edge coloring of graphs. He mentioned in his thesis that the results can be extended to 
proper modular vertex coloring. This chapter deal with certain results of pmc-number of circular halin graphs of level 
two. [6, 7] 
 
We reproduce certain observations given in [1] which would be used in this article. 
 
Observation 1.1: For every non trivial graph G, pmc(G) ≥ mc(G) ≥ 𝜒(G).  
 
Observation 1.2: If G has a clique of order k, then mc(G) ≥ k. 
 
For circular halin graphs let ℓ1 denote the vertices of the Halin graph at ith level where  i = 0, 1 2, . . . . Let the vertex at 
level ℓ0 be x. The vertices in ℓ1 be v1, v2 , . . . , vD taken in the clockwise direction. Let the vertices emerging from vi to 
level ℓ2 be wi,1, wi,2 , . . . , wi,D-1 consecutively in the clockwise direction. We repeat a description of H1(2 , 6) 

 
Figure-1.1: H1(2 , 6) 

 
2. MAIN RESULTS 
 
Theorem 2.1: For a graph G = H1(2, D), pmc(G) = 4.    
 
Proof: Consider the graph H1(2, D) where D > 2.For a graph G = H1(2, D), mc(G) = 3. Hence by Observation I. 
1.pmc(G) ≥ 3. 
 
We observe from Fig. 2. 1 when we take integer modulo 3 in H1(2, 3), the color sum of all the vertices at level ℓ  = 1 is 
2. Similarly the color sum for the vertices at wi2 for all i is 2. Hence H1(2, 3) does not follow a proper modular 
coloring. Therefore pmc(G) ≥ 4.                                                                                                                                       (1) 
 
Case-1: H1(2, D) where D = 3, 11, 19, 27, . . .   
 

Consider the coloring c: V(G) → 𝕫4 defined byc(v) = �
0,   if v =  vi, i = 1, 2, 3, . . . , D,                                          
1,   if  v =  wij, i = 1, 2, 3, . . . , D and j is odd,               
2, if v =  x, v =  wij, i = 1, 2, 3, . . . , D and j is even.

� 

 
For v = vi, the neighboring vertices are colored as 12 2 or 1212 1212 12 2 or 1212 1212 1212 1212 12 2 and so on 
depending on D = 3, 11, 19, 27,  . .  . Here, the color sum of v under modulo 4 is 1. Hence (v) = 1.  
 
For v = wij, i = 1, 2, 3, . . . , D and j is odd, the neighboring vertices are colored as 022 where the color sum is 4. since 
coloring is defined on ℤ4,𝜎(v) = 0.  For v = x, the neighboring vertices are colored as 0 and hence the color sum         
𝜎(v) = 0. For v = wij, i = 1, 2, 3, . . . , D and j is even  the color sum of the neighboring vertices is 2 where the colors 
assigned to the vertices are 110. Hence (v) = 2.  
 

Therefore  (v) = � 
 0, for v = x, v =  wij, i = 1, 2, 3, . . , D and j is odd,

  1, for vi,   i = 1, 2, . . . , D,                                                
2, for wij,   i = 1, 2, . . . , D and j is even.                  

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y  in H1(2, D).Then pmc(G)  ≤  4                                                   (2) 



T. Nicholas1 and Sanma.G.R2 /  
Proper Modular Chromatic Number of Circular Halin Graphs of Level Two / IJMA- 9(4), April-2018, (Special Issue) 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                         72 

CONFERENCE PAPER  
National Conference January 11-13, 2018, on Discrete & Computational Mathematics (NCDCM - 2018), 

Organized by Department of Mathematics, University of Kerala, Kariavattom Thiruvanathapuram-695581. 

 
From (1) and (2), pmc(G) = 4.     
 
Example: 

 
Figure-2.1: Proper modular coloring in H1(2, 3). 

 
Case-2: H1(2, D) where D = 4, 12, 20, 28, . . .   
 
Subcase 2.1: D = 4. 

Consider the coloring c: V(G) → 𝕫4 defined byc(v) = 

⎩
⎪
⎨

⎪
⎧0,   if v =  vi, i = 1, 2, 3, . . . , D,                                               

1, if  v =  wij both i, j  is odd and i, j is even,                    
2, if v =  x, v =  wij, i is even  and j is odd,                      
3, if  v =  wij, i is  odd and j is even.                                   

� 

 
For v = vi, the neighboring vertices are colored as 1312 or 2122. Here, the color sum of v under modulo 4 is 3. Hence 
(v) = 3. For v = x, all the neighboring vertices are colored as 0 where the color sum is 0. since coloring is defined on 
ℤ4,𝜎(v) = 0.  For v = wij, both i and j are odd  the neighboring vertices are colored as 203 and hence the color sum     
𝜎(v) = 1. For v = wij, both i and j are even  the color sum of the neighboring vertices is 0 where the colors assigned to 
the vertices are 220. Hence (v) = 0.For v = wij, i is even and j is odd, the neighboring vertices are colored as 101 and 
hence the color sum 𝜎(v) = 2. 
 

 Therefore (v) = 

⎩
⎪
⎨

⎪
⎧ 0,                    for v = x, v =  wij, i and j are even,

 1,                                  for wij,   both i and j are odd,
   2,             for wij,   i is odd, j is even and vice versa,

3,                                      for all vi, i = 1, 2, 3, . . . , D.

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D).Then pmc(G)  ≤  4                                                    (3) 
 
From (1) and (3), pmc(G) = 4.    
 
Subcase-2.2: D = 12, 28, 44,  . . . 
 
Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = 

⎩
⎪
⎨

⎪
⎧

0,   if v =  vi, i = 1, 2, 3, . . . , D,                                                                                               
1, if  v =  wij for odd i and j = 4k, k = 1, 2, . . . and wi,D−1 for i is even,                    
2,    if  v =  wij, i is odd and j = 2 + 4k, k = 0, 1, 2, . ..                                                   

 v =  wijfor i even and j odd, j ≠ D − 1,                                                     
3, if v = x, v =  wij, both i, j are  odd and i, j are even.                                                 

� 

 
For v = vi, i is odd, the neighboring vertices are colored as 3231 3231 323 3 or 3231 3231 3231 3231 3231 3231 323 3 
and so on. Here, the color sum of v under modulo 4 is 1. Hence (v) = 1. For v = vi, i is even, the neighboring vertices 
are colored as 2323 2323 231 3 or 2323 2323 2323 2323 2323 2323 231 3 and so on. Here, the color sum of v under 
modulo 4 is 1. Hence (v) = 1. For v = x, all the neighboring vertices are colored as 0 where the color sum is 0. since 
coloring is defined on ℤ4,𝜎(v) = 0. For v = wij, i is odd, j = D-1, the neighboring vertices are colored as 202 and hence 
the color sum 𝜎(v) = 0. 
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For v = wij, both i and j are even, j ≠ D-2, the neighboring vertices are colored as 202 and hence the color sum 𝜎(v) = 0. 
For v = wij, both i and j are odd, j ≠ D -1, the neighboring vertices are colored as 201 and hence the color sum          
𝜎(v) = 3.For v = wij, i is even, j = D-2, the neighboring vertices are colored as 201 and hence the color sum 𝜎(v) = 3. 
 
For v = wij, i is odd and j is even the color sum of the neighboring vertices is 2 where the colors assigned to the vertices 
are 303. Hence (v) = 2. For v = wij, i is even and j is odd, the neighboring vertices are colored as 303 and hence the 
color sum 𝜎(v) = 2. 
  

Therefore (v) = 

⎩
⎪⎪
⎨

⎪⎪
⎧

0,     for v = x, v =  wij, i and j are even, j ≠ D − 2 ;        
v =  wiD−1 where i is odd,

1, for v =  vi,   i = 1, 2, 3, . . . . D,                                                
2, for wij,   odd i and even j and vice versa,                          

3, v =  wij, i and j are odd, j ≠ D − 1;
v =  wiD−2 where i is even.

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D).Then pmc(G)  ≤  4                                                   (4) 
 
From (1) and (4), pmc(G) = 4.      
 
Subcase-2.3: D = 20, 36, 52,  . . . 
 
Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = 

⎩
⎪⎪
⎨

⎪⎪
⎧

0, if v =  vi, i = 1, 2, 3, . . . , D,                                                                                                                                  
1,   if  v = x, v =  wij for odd i and j = 4k, k = 1, 2, . . . ;                                                                                  

           v =  wij for even i and j = 5 + 4k, k = 1, 2, , , . , j ≠ D − 3,
2,   if  v =  wij, i is odd and j = 2 + 4k, k = 0, 1, 2, . ..                                                                                      

v =  wijfor i even, j = 3 + 4k, k = 1, 2, .  .  . and  j = 1, j = D − 3                                    
3,    v =  wij, both i, j are  odd and i, j are even.                                                                                                 

� 

 
For v = vi, i is odd, the neighboring vertices are colored as 3231 3231 3231 3231 323 1 or 3231 3231 3231 3231 3231 
3231 3231 3231 3231 and so on. Here, the color sum of v under modulo 4 is 1. Hence (v) = 1. For v = vi, i is even, the 
neighboring vertices are colored as 2323 1323 1323 1323 232 1 or 2323 1323 1323 1323 1323 1323 1323 1323 232 1 
and so on. Here, the color sum of v under modulo 4 is 1. Hence (v) = 1. For v = x, all the neighboring vertices are 
colored as 0 where the color sum is 0. since coloring is defined on ℤ4,𝜎(v) = 0. For v = wij, i is odd, j = 1,  D-1, the 
neighboring vertices are colored as 202 and hence the color sum 𝜎(v) = 0.For v = wij, i is even, j =2,  D-4, D-2, the 
neighboring vertices are colored as 202 and hence the color sum 𝜎(v) = 0. 
 
For v = wij, both i and j are odd, j ≠ 1, D -1, the neighboring vertices are colored as 201 and hence the color sum        
𝜎(v) = 3.For v = wij, i, j are even, j ≠ 2,  D-2, D-4, the neighboring vertices are colored as 201 and hence the color sum 
𝜎(v) = 3.For v = wij, i is odd and j is even the color sum of the neighboring vertices is 2 where the colors assigned to 
the vertices are 303. Hence (v) = 2. For v = wij, i is even and j is odd, the neighboring vertices are colored as 303 and 
hence the color sum 𝜎(v) = 2. 
 

 Therefore (v) = 

⎩
⎪⎪
⎨

⎪⎪
⎧

0,     for v = x, v =  wij, i and j are even, j ≠ D − 2 ;        
v =  wiD−1 where i is odd,

1, for v =  vi,   i = 1, 2, 3, . . . . D,                                                
2, for wij,   odd i and even j and vice versa,                          

3, v =  wij, i and j are odd, j ≠ D − 1;
v =  wiD−2 where i is even.

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y  in H1(2, D). Then pmc(G)  ≤  4                                                  (5) 
 
From (1) and (5),pmc(G) = 4.      
 
Case-3:.H1(2, D) where D = 5, 13, 21, 29, . . .. 
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Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = �
0,   if v =  vi, i = 1, 2, 3, . . . , D,                                          
2,   if  v =  wij, i = 1, 2, 3, . . . , D and j is even,               

1, if v =  x, v =  wij, i = 1, 2, 3, . . . , D and j is odd.
� 

 
For v = vi, the neighboring vertices are colored as 1212 1 or 1212 1212 1212  1 or 1212 1212 1212 1212 1212 1 and so 
on depending on D = 5, 13, 21, 29,  . .  . Here, the color sum of v under modulo 4 is 1. Hence (v) = 3. For v = wij,  
i = 1, 2, 3, . . . , D and j is odd, the neighboring vertices are colored as 022 where the color sum is 4. since coloring is 
defined on ℤ4,𝜎(v) = 0. For v = x, the neighboring vertices are colored as 0 and hence the color sum (v) = 0. For              
v = wij, i = 1, 2, 3, . . . , D and j is even  the color sum of the neighboring vertices is 2 where the colors assigned to the 
vertices are 110. Hence (v) = 2.  
 

Therefore (v) = �
0, for v = x, v =  wij, i = 1, 2, 3, . . , D and j is odd,

3, for vi,   i = 1, 2, . . . , D,                                                
2, for wij,   i = 1, 2, . . . , D and j is even.                  

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D).Then pmc(G)  ≤  4                                                   (6) 
 
From (1) and (6), pmc(G) = 4.    
 
Case-4: H1(2, D) where D = 6, 14, 22, 30, 38, . . . .  
 
Subcase-4.1: D = 6, 22, 38, . . . 
 
Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = 

⎩
⎪
⎨

⎪
⎧

3, if v =  vi, i = 1, 2, 3, . . . , D,                                                                               
2, if  v =  wij, i is odd and j = 2 + 4k, k = 0, 1, 2, 3. . . ,,                               
1,   if v =  x, v =  wij, i is odd and j = 4k, k = 1, 2, . . . . , ;                               

 v =  wij, i is even and j is odd,                                                 
0,   if v =  wij, both i, j is odd and i, j is even                                                  

� 

 
For v = vi, i is even, the neighboring vertices are colored as 1 0101 1 or 1 0101 0101 0101 0101 0101 1 or  1 0101 0101 
0101 0101 0101 0101 0101 0101 0101 1 and so on depending on D is 6 or 22 or 38 or . . . ..Here, the color sum of v 
under modulo 4 is 0. Hence (v) = 0. For v = vi, i is odd, the neighboring vertices are colored as 0 2010 1 or 0 2010 2010 
2010 2010 2010 1 or  0 2010 2010 2010 2010 2010 2010 2010 2010 2010 1 and so on depending on D is 6 or 22 or 38 
or . . . ..Here, the color sum of v under modulo 4 is 0. Hence (v) = 0. For v = x,all  the neighboring vertices are colored 
as 3 and hence the color sum 𝜎(v) = 2 which is taken under modulo 4. 
 
For v = wij, i is odd and j is even and vice versa, the color sum of the neighboring vertices is 3 where the colors 
assigned to the vertices are 030. Hence (v) = 3. For v = wij, i, j is odd, j ≠ D-1, the color sum of the neighboring 
vertices is 2 where the colors assigned to the vertices are 123. Hence(v) = 2. For v = wij, i, j is even and i is odd and 
j = D − 1, the color sum of the neighboring vertices is 1 where the colors assigned to the vertices are 113. Hence  
(v) = 1. 
 

Therefore  (v) = 

⎩
⎪
⎨

⎪
⎧ 0,    for v =  vi, i = 1, 2, 3, . . , D,                                    

2, for v = x, v =  wij, i, j odd and j ≠ D − 1,            
1, for v =  wiD−1, i is odd and v =  wij, i, j are even,
3, for v = wij, i is  odd, j is even and vice versa.      

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y  in H1(2, D).Then pmc(G)  ≤  4                                                   (7) 
 
From (1) and (7), pmc(G) = 4.    
 
Subcase-4.2: D = 14, 30, 46, . . . . 
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Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = 

⎩
⎪
⎨

⎪
⎧

3, if v =  vi, i = 1, 2, 3, . . . , D,                                                                                             
2,   if  v =  wij, i is odd, j = 2 + 4k, k = 0, 1, 2, 3. . . , ; v =  wi1, i is even,                
1, if  v =  wij, i is odd and j = 4k, k = 1, 2, . . . . , ;                                                         

       v =  wij, i is even and j is odd, j ≠ 1,                                                                 
0,   if  v = x, v =  wij, both i, j is odd and i, j is even                                                  

� 

 
For v = vi, i is even, the neighboring vertices are colored as 2 0101 0101 0101 0 or 2 0101 0101 0101 0101 0101 0101 
0101 0 or  2 0101 0101 0101 0101 0101 0101 0101 0101 0101 0101 0101 0 and so on depending on D is 14 or 30 or 46 
or . . . ..Here, the color sum of v under modulo 4 is 0. Hence (v) = 0. For v = vi, i is odd, the neighboring vertices are 
colored as 0 2010 2010 2010 0 or 0 2010 2010 2010 2010 2010 2010 2010 0 or  0 2010 2010 2010 2010 2010 2010 
2010 2010 2010 2010 2010 0 and so on depending on D is 14 or 30 or 46 or . . . ..Here, the color sum of v under 
modulo 4 is 1. Hence (v) = 1.  
 
For v = x, all the neighboring vertices are colored as 3 and hence the color sum (v) = 2 which is taken under modulo 4.  
 
For v = wij, i is odd and j is even and vice versa, the color sum of the neighboring vertices is 3 where the colors 
assigned to the vertices are 030. Hence (v) = 3.  For v = wij, i, j is odd, the color sum of the neighboring vertices is 2 
where the colors assigned to the vertices are 123. Hence (v) = 2. The same in the case of v= wi2 for i is even. For            
v = wij, i, j is even  where j = 4+2k, k= 0, 1, 2, . . .the color sum of the neighboring vertices is 1 where the colors 
assigned to the vertices are 113. Hence (v) = 1. 
 

Therefore  (v) = 

⎩
⎪
⎨

⎪
⎧ 0,    for v =  vi, i is even,                                                                     

2, for v = x, v =  wij, i, j odd and v =  wi2 for i is even,            
1, for  v =  wij, i, j are even where j ≠ 2,                                         
3,    for v = wij, i is odd, j is  even and vice versa.                         

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y  in H1(2, D). Then pmc(G)  ≤  4                                                  (8) 
 
From (1) and (8), pmc(G) = 4.    
 
Case-5:.H1(2, D) where D = 7, 15, 23, 31, . . .  
 

Consider the coloring c: V(G) → 𝕫4 defined by c(v) = �
0,   if v =  vi, i = 1, 2, 3, . . . , D,                                          
1,   if  v =  wij, i = 1, 2, 3, . . . , D and j is odd,               
2, if v =  x, v =  wij, i = 1, 2, 3, . . . , D and j is even.

� 

 
For v = vi, the neighboring vertices are colored as 1212 12 2 or 1212 1212 1212 12 2 or 1212 1212 1212 1212 1212 12 
2 and so on depending on D = 7, 15, 23, 31,  . .  . Here, the color sum of v under modulo 4 is 3. Hence (v) = 3. For         
v = wij, i = 1, 2, 3, . . . , D and j is odd, the neighboring vertices are colored as 022 where the color sum is 4. since 
coloring is defined on ℤ4,𝜎(v) = 0.  For v = x, the neighboring vertices are colored as 0 and hence the color sum (v) = 0. 
For v = wij, i = 1, 2, 3, . . . , D and j is even  the color sum of the neighboring vertices is 2 where the colors assigned to 
the vertices are 110. Hence (v) = 2.  
 

Therefore  (v) = �
0,   for v = x, v =  wij, i = 1, 2, 3, . . , D and j is odd,       
3, for v = vi,   i = 1, 2, . . . , D,                                                
2,     for v = wij,   i = 1, 2, . . . , D and j is even.                  

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y  in H1(2, D). Then pmc(G)  ≤  4                                                  (9) 
 
From (1) and (9), pmc(G) = 4.    
 
Case-6: H1(2, D) where D = 8, 16, 24, 32, . . .  
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Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = 

⎩
⎪
⎨

⎪
⎧0,   if v =  vi, i is odd; v =   wij, i, j are even,                                  

2,    if  v =  wij, i is odd and j is even,                                             
1,    if v =  x, v =  wij, i, j  are odd,                                                    

3,   if   v =  wij, i is even and j is odd,

� 

 
For v = vi, i is odd, the neighboring vertices are colored as 1212 121 1 or 1212 1212 1212 121 1 or 1212 1212 1212 
1212 1212 121 1 and so on depending on D =8, 16, 24, 32,  . .  . Here, the color sum of v under modulo 4 is 3. Hence 
(v) = 3. For v = vi, i is even, the neighboring vertices are colored as 3030 303 1 or 3030 3030 3030 303 1 or 3030 3030 
3030 3030 3030 303 1 and so on depending on D =8, 16, 24, 32,  . .  . Here, the color sum of v under modulo 4 is 1. 
Hence (v) = 1.For v = wij, i is odd, j = 1, j = D-1, the neighboring vertices are colored as 023 where the color sum is 5. 
since coloring is defined on ℤ4,𝜎(v) = 1.  
 
For v = wij, i, j is odd,j ≠ 1, j ≠ D-1, the neighboring vertices are colored as 022 where the color sum is 4. since coloring 
is defined on ℤ4,𝜎(v) = 0. For v = wij, i, j is even, the neighboring vertices are colored as 323 where the color sum is 8. 
since coloring is defined on ℤ4,𝜎(v) = 0. For v = x, the neighboring vertices are colored as 0202 0202 or 0202 0202 
0202 0202 or 0202 0202 0202 0202 0202 0202 and hence the color sum (v) = 0. For v = wij, i is odd and j is even  the 
color sum of the neighboring vertices is 2 where the colors assigned to the vertices are 110. Hence (v) = 2. For              
v = wij, i is even and j is odd  the color sum of the neighboring vertices is 3 where the colors assigned to the vertices 
are 210. Hence (v) = 3. 
 

That is, 𝜎(v) = 

⎩
⎪⎪
⎨

⎪⎪
⎧

0,   for v = x, v =  wij, i, j are odd,   j ≠  1, j ≠  D − 1;                                           
  v =  wij, i, j are even,                                                                          

1, for  v = vi, i is even,   v =  wi1 = wiD−1 where i is odd,                                   
3, for v = vi,   i is odd, v =  wi1 , v =  wi7, i is even,                                                
2,   for v = wij,   i is odd and j is even;                                                                         

 v = wij,   i is even and j is odd, j ≠ 1, 7.                                         

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D). Then pmc(G)  ≤  4                                                 (10) 
 
From (1) and (10), pmc(G) = 4.    
 
Case-7: H1(2, D) where D = 9, 17, 25, 33, . . .  
 

Consider the coloring c: V(G) → 𝕫4 defined by c(v) = 

⎩
⎨

⎧
0,   if v =  vi, i = 1, 2, 3, . . . , D,                                          
1,   if  v =  wij, i = 1, 2, 3, . . . , D and j is odd,               
2, if  v =  wij, i = 1, 2, 3, . . . , D and j is even,               
3, if v = x.                                                                            

� 

 

Therefore (v) = �
0,   for v = x, v =  wij, i = 1, 2, 3, . . , D and j is odd,       
3, for v = vi,   i = 1, 2, . . . , D,                                                
2,     for v = wij,   i = 1, 2, . . . , D and j is even.                  

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D).Then pmc(G)  ≤  4                                                 (11) 
 
From (1) and (11), pmc(G) =  4.    
 
Case-8: H1(2, D) where D = 10, 18, 26, 34, 42, 50, . . .  
 
Subcase-8.1: D = 10, 26, 42, . .. 
 
Consider the coloring c: V(G) → 𝕫4 defined by 
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c(v) = 

⎩
⎪
⎨

⎪
⎧

1, if v =  vi, i = 1, 2, 3, . . . , D,                                                                               
2, if  v =  wij, i is odd and j = 1 + 4k, k = 0, 1, 2, 3. . . ,,                               
1, if v =  x, v =  wij, i is odd and j is even;                                                      

 v =  wij, i is even and j is odd,                                                 
0,   if v =  wij, both i, j is odd and i, j is even.                                                  

� 

 

Therefore  (v) = 

⎩
⎪
⎨

⎪
⎧

0,    for v =  vi, i = 1, 2, 3, . . , D,                                    
2,   for v = x, v =  wij, i is odd and j is even;           

 v =  wi1, v =  wiD−1 for i is even,          
1, for v =  wij, both i, j are odd and  i, j are even,
3, for v = wij, i is  even, j is odd , j ≠ 1, D − 1.      

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D). Then pmc(G)  ≤  4                                               (12).  
 
From (1) and (12), pmc(G) = 4.  
 
Subcase-8.2: D = 18, 34, 50, . . . . 
 
Consider the coloring c: V(G) → 𝕫4 defined by 

c(v) = 

⎩
⎪⎪
⎨

⎪⎪
⎧

1, if v =  vi, i = 1, 2, 3, . . . , D,                                                                                             
2, if  v =  wij, i is odd, j = 2 + 4k, k = 0, 1, 2, 3. . . , ;                                                    

v =  wi4, wiD−4where i is even, and v = x,               
0,   if   v =  wij, i is odd and j is even and vice versa,                                                        
3, if   v =  wij, i is odd and j = 3 + 4k, k = 0, 1, 2, . .,                                                    

                 v = wij, both i and j are even, j ≠ 4 and j ≠ D − 4.                                               

� 

 
 

Therefore  𝜎(v) =

⎩
⎪
⎨

⎪
⎧

0, for v =  vi,                                                                                                                       
2, for v = x, v =  wij, i is odd, j is even ;                                                                      

 v =  wij for i is even, j =  1, 3, 5, D − 1, D − 3, D − 5,           
1, for  v =  wij, i, j are even and ij are odd,                                                                  

3,    for v = wij, i is even, j is odd , j ≠  1, 3, 5, D − 1, D − 3, D − 5.  

� 

 
Hence  σ(x) ≠ σ(y) for all  adjacent vertices x and y in H1(2, D).  Then pmc(G)  ≤  4                                                (13) 
 
From (1) and (13), pmc(G) = 4.                                                                                   
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