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ABSTRACT
The purpose of this paper is to present a common fixed theorem for compatible mapping of type (R) in complete metric
space satisfying a generalized inequality. we also present a example that shows the applicability and validity of our
result.
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1. INTRODUCTION AND PRELIMINARIES

Initially Jungck in 1976 [2] proved a common fixed point theorem for commuting maps, this result was extended and
generalized in various ways by many authors. Recently Jungck in 1986 [3] introduced the generalized concept of weak
commutativity which is called compatibility. In 1994 Pathak, Chang and Cho [5] gave the idea of compatible mapping
of type (P). Rohen, Singh and Shambu [9] in 2004 gave the idea of compatible mapping of type (R) by combining the
definition of compatible mapping and compatible mapping type (P).

The aim of this paper is to present a common fixed point theorem of compatible mapping type (R) in complete metric
space by in view of four maps. This result revise the result of Bijendra and Chauhan [1] and others.

Before starting our main result following definitions and propositions are required in the sequel.

Definition 1.1: Let P and Q be self maps of a complete metric space (X, d) are said to be compatible on X if [imn—ood
(PQxn, QPx,) = 0 when {x,} is a sequence in X such that limn—oo Px, =t = limn—o Qx, for somete X.

Definition 1.2: Let P and Q be self maps of a complete metric space (X, d) are said to be compatible of type (P) on X if
limn—ood (PPx,, QQX,) = 0 when when {x,} is a sequence in X such that limn—w Px, =1t = limn—w Qx, for some
te X

Definition 1.3: Let P and Q be self maps of a complete metric space (X, d) are said to be compatible of type (R) on X if
limn—ood (PQx,, QPX,) = 0 when when {x,} is a sequence in X such that limn—w Px, =t = limn—w Qx, for some
te X

2. MAIN RESULT

We need the following proposition for our main result.
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Proposition 2.1: Let P and Q be self maps of a complete metric space (X, d). if a pair (P,Q) is compatible type R on X
and Pt = Qt for t ¢ X. then PQt =QPt = PPt = QQt.

Proposition 2.2: P and Q be self maps of a complete metric space (X, d). if a pair (P,Q) is compatible type R on X and
and limn—oo Px, =t = limn—oo Qx, for some t ¢ X. then

(i) limn—oo d (PQx,, Q)=0 if Q is continuous

(ii) limn—oo d (QPx,, Pt)=0 if P is continuous

(iii) PQt = QPt and Pt = Qt If P and Q are continuous at t.

Theorem 2.3: Let P, Q, R, S be self maps of a complete metric space (X, d) satisfying the following conditions .

(DP(X) & S(X) and Q(X) & R(X)

(2) [d(Px, Qy)]’< ky[d(Rx, Qy)d(Rx, Sy) + d(Rx, Sy)d(Px, Rx)] + ko[d(Px, Qy)d(Px, Rx) + d(Px, Qy)d(Px, Sy]
Where 0 < k;+ 3k, < 1and ky k >0

(3) One of P, Q, R, S is continuous

(4) [P, R] and [Q, S] are compatible type (R) on X.

Then P, Q, R, S have a unique common fixed point in X.

Proof: let xoe X then by (1) d x;e X such that Sx; = Pxo and for x; € X 3 X, € X Such that Rx, = Qx; and so on.
Continuing this way we can define a sequence {y,} in X such that
Yons1 = SXone1= PXoq and Yo, = RXon =QXaq1
d[(Yzn+1,Y2n)]° = [A(PX2n, QX2n-1)1> < Ki[d(RXzn, QXzn.1)d (RXzn, SX2n-1) + A(RX2n, SXan-1)d(PXan, RX2n)]
+ K[d(PXzn, QX2n-1)d (PXan, RXan) + d(PXzn, QXon1)d(PXan, SXon1)]
= Ka[d(YznY2n)d (YanY2n-1)+d(Y2n,Y2n-1)d(Yane1,Y2n)]
+ Ka[d(Yans1s Yan)d (Yane1, Yon) + d(Yanes, Y2n)d(Yansas Yon1)]
= Ka[d(Yan, Yan-1)d(Yan+1, Yon)] +Ko[d(Y2n+1, yzn)2 +d(Yan, Yons1)d(Yanets Yon1)]
(1-k2)d[(Yane1,Yom)* < d[(Yane1,Yon)] [ KiG(Yan,Y2n-1)+Ko0(Yoner,Yon-1)]
(1-k2)d[(Yzn+1,Y20)] < Kad(Yan,Yan-1)+Ka0d(Y2n+1,Y2n1)]
(L-ka)d[(Yzn,Y2n+1)] < Kid(Yan,Yon-1)+Kaod(Y2n+1,Y201)]
(1-k2)d[(YanY2n+1)] < Kad(Yan,Yon-1)+Ko[A(Y2n+1,Y2n) +A(YanYan-1)]
(1-2k)d[(Yan, Yan+1)] < (Ki+K2) d(Yan,Yon-1)]
d[(yZnay2n+1)] < Pd(Y2man-1)]
k, +Kk,

1- 2k,

{yn} is a Cauchy sequence.

<1

where P =

Since {y,} is a Cauchy sequence and since X is a complete metric thdnapoint z € X such that lim y, = z as row
consequently subsequences PX,,, RXzn, QXon.1 and Sxp,.1 CONverges to z .

Let R be a continuous, since P and R are compatible type (R) on X, then by proposition (2.2) we have R? x,,—Rz and
PRX,,—Rz as n—-co.

Now by condition (2) of theorem, we have

[d(PRXZnyQXZn—l)]25 Kl[d(RZXZny QXzn-1)d (R2X2na SX%n-l) + d(RZXZny SX2n.1)d(PRXzn, RZin)]
+K2[d(PRX2ny QXZn—l)d (PRXZny R X2n) + d(PRin, BXZn—l)d(PRXZna SXZn—l)]
as n—oo we have

[d(Rz, 2)]*< K4[d(Rz, z)d (Rz, z) + d(Rz, z)d(Rz, Rz)] + K,[d(Rz, z)d(Rz, Rz) + d(Rz, z)d(Rz, z)]
[d(Rz, 2))’ < Ki[d(Rz, 2)°] + K,[d(Rz, 2)*)]

[d(Rz, )]’ < (Ky+K;)[d(Rz, 2)°)]

This is a contradiction.

Thand(Rz,z) =0

hence Rz =z

Now
[d(PZ,Q%en.1)]* < K1[d(RZ, QXan.1)d (RZ, SXzn.1) + d(RZ, SXzn.1)d(PZ, R2)]
+ Ko[d(Pz,QX2n1)d (Pz, RZ) + d(Pz, QX2n.1)d(PZ, SXzn1)]
Taking limas n—oo we have
[d(Pz, 2)*< K4[d(z, 2)d (z, 2) + d(z,, 2)d(Pz, 2)] +K,[d(Pz, 2)d (Pz, Z) + d(Pz, z)d(Pz, z)]
= 2k,[d(Pz, 2)I°
[d(Pz, 2)]?< 2k[ d(Pz, )]
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Which is a contradiction.

Thend(Pz,z) =0
Hence Pz =z

Since by condition (1) ze S( X) also S is a self map of X so d a point ue X such that z = P(z) = S(u) more over by

condition (2), we have

[d(z, Qu)]* = [d(Pz, Qu)]*< K;[d(Rz, Qu)d (Rz, Su) + d(Rz,, Su)d(Pz, Rz)] + K,[d(Pz, Qu)d (Pz, Rz)
+ d(Pz, Qu)d(Pz, Su)]

Taking lim as n—oo0.

[d(z, Qu)I*< Ki[d(z, Qu)d (z, 2)+d(z, 2)d(z, 2)] +K,[d(z, Qu)d (z, 2)+ d(z, Qu)d(z, 2)]

[dz Qu)J*< 0

[d(z, Qu)] =0

ieQu=z

by condition (4) we have

[d(SQu, QSu)] =0

Hence [ d(Sz, Q2)]=0
Sz=Qz

I[\tlj(z\zl\,I’Sz)]2 = [d(Pz, Sz)]*< K4[d(Rz,Qz)d (Rz,Sz) + d(Rz, Sz)d(Pz, Rz)] + K,[d(Pz, Qz)d (Pz, Rz)
+d(Pz, Qz)d(Pz, 2)]

Taking lima sn—o.

[d(z, S2)]° = < Ky[d(z, Q2)d (z, 2) + d(z, 2)d(z, 2)] +K,[d(z, Qz)d (z, z) + d(z, Qz)d(z, Z)]

[d(z, S2)I’< 0

d(z,Sz)=0
z2=Sz

Hence Qz=Sz=z
Hence z is a common fixed of P, Q, R, S.
Uniqueness of z: let w is another common fixed point of P, Q, R, S, then we have
[d(z, W)]* = [d(Pz, QW)]*< K;[d(Rz, Qw)d (Rz, Sw) + d(Rz,, Sw)d(Pz,Rz)] + K;[d(Pz, Qw)d (Pz, Rz)
+d(Pz, Qw)d(Pz, Sw)]

<Ky[d(z, w)d (z, w) + d(z,, w)d(z, z)] + K,[d(z, w)d (z, 2) + d(z, w)d(z, w)]

< (ke+ko) [d(z, W)T?
[d(z, W))* < (ka+ ko) [d(z, W)
Hence z = S(w) = w

Z=w

Example 2.4: Let X=[0,:0) be endowed with a complete metric space (X, d) with metric
d(x,y) = ‘x -y ‘2 = (x—Y)? ,define P, Q, R, Son X by P(x) = log (1+§j ,Q(x) =log (1+gj
R(x) =e* -1, S(x) =e** —1.
Obviously P(x) = Q(x) = R(X) = S(X) = [0, ) .
We show that the pair (P, R) is compatible

Let {x,} be a sequence in X such that for some teX lim n—oo d (PX,, t) =0 and teX
sslim n—oo d (R, 1) =0
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i.e lim n—oo |PXn —t| =0, lim n—oo |RXn —t| =0. Since P and R are continuous, we have

2
lim n—oo d(PRX,, RPX;)= limn—wo |PRx, —RPx, | |Pt - Rt|2 =0t=0

Iog(l+%)—(e3t ~1)

then (P, R) are compatible .

Similarly {Q, S} are compatible.
for each x, y e X

2 2 2 2
[d (Px, Qy)I* = [(Px- Qy)’)’ = {Iog(1+§j—'°9(1+%j} {(Llj} - [3x-2y)T

4 6)| @1°
1
12)°
- I [dRx sy
12
10
12)

[e?»x _ eZy)Z]Z

<

<

=[d(Rx, Sy)d (Rx, Sy) +d (Rx, Sy)d (Rx, Rx)]

2

+
(12)°

[d(Rx, Sy)d(Rx, Rx) + d (Rx, Sy)d (Rx, Sy]

10 2
12 22)
Thus P, Q, R, S satisfy all condition of theorem (2.3) .moreover 0 is the unique common fixed point of P, Q, R, S.

Where k1:%20 and K, :ﬁzo and k; +3k, =

This complete the proof.
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