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ABSTRACT

In this Paper for the given fuzzy graph Gg: (o5, 1), Bipolar Neighbourhood fuzzy graph Gg,,: ( 0gn.tgn ) Of Gy is
defined. Some of its properties under the specific nature of G is discussed.
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1. INTRODUCTION

In 1965, Zadeh [1] introduced the notion of a fuzzy subset of a set. Since then, the theory of fuzzy sets has become a
vigorous area of research in different disciplines including medical and life sciences, management sciences, social
sciences, engineering, statistics, graph theory, artificial intelligence, expert systems, decision making and automata
theory. In 1994, Zhang [2] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy sets. A bipolar fuzzy
set is an extension of Zadeh’s fuzzy set theory whose membership degree range in [-1, 1]. In this paper bipolar
neighbourhood fuzzy graph of Gy is defined. Some results related bipolar neighbourhood fuzzy graph is discussed.

2. PRELIMINARIES
In this section, we introduce some basic definitions that are required in the sequel.

Definition 2.1: A fuzzy graph is a pair G: (o, ) with the underlying set V. The pair G,,: (05, 1t,)is the same underlying
set v, it is defined as follows: Two nodes are made as neighbors in G, iff they have a common neighbours in G, where
on(x) = a(x) for all xin V.If x and y are made as neighbours in G,,,
Ma(x,¥) = p(x,y) if (x,y) € W
= WEIif Ly e,
else u,(u,v) =0

From the above definition of p_,

Ua(x,y) < a(x) Ao (y) forall (x,y) € py,
on(x) Ao (y)forall (x,y) € py.

A

Hence p, is a fuzzy relation on the fuzzy set g, and the pair G,: (o5, uy,) is a fuzzy graph, termed as neighbourhood
fuzzy graph of G.

Definition 2.2: A bipolar fuzzy graph is a pair Gg: (05, 1g) With the underlying set V. The pair Gg,,: (0gn, Ugy) iS the
same underlying set V, it is defined as follows: Two nodes are made as neighbours in G, iff they have a common
neighbour in G, where oz, (x) = o5(x) for all x in V. If x and y are made as neighbours in Gg,,,
Mg (6, ¥) = Mg (x, ) if (x,¥)€np
=W ®y) i Gy Er
Mg (%, ¥) = 5 (x, y) if (x,y)€ pp
=Wy i ) Eu
else Hgn(x,y) =0
#gn(xr y)=0
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From the above definition of p

Uen(x,y) < 0 (X) Ao (y) forall (x,y) € up,
< 0gn(x) Aog,(¥) for all (x,y) € pipy,

upn(x, ) < 0g (x) Vg (v) forall (x,y) € ppy,
= ogn(x) V op, (¥) for all (x,y) € up,

Hence . is a bipolar fuzzy relation on the bipolar fuzzy set o, and the pair Gg,: (0, tgn) is a bipolar fuzzy graph,
termed as bipolar neighbourhood fuzzy graph of Gj.

Definition 2.3: Let G, and G, be the bipolar fuzzy graphs. A homomorphism f from G, to G, is a mapping f: V; = V,
which satisfies the following conditions.

a) ph, (x1) < ph,(f ), ud, Ge) =, (f(e))for all x; €V,
b) #gl(xldﬁ) = /«‘gz (f(xl)f(}ﬁ))' ﬂgl(xldﬁ)) 2 /«‘,IXZ (f(x)f n))for all x,y, € Ey

Definition 2.4: Let G, and G, be bipolar fuzzy graphs. An isomorphism f from G, and G, is a bijective mapping
f:V; = V, which satisfies the following conditions.

)y, (1) = pg, (FOcr)), WY, (er) = wit, (F(xy)) for all x, € V3
b) H; (1) = P—gz (f(x1)f(r1)), P-gl (1 y1)= ng (f(x1)f(y1)) for all x,y, € E;

We denote G, = G, if there is an isomorphism from G, to G,.

Definition 2.5: Let G; and G, be the bipolar fuzzy graphs. Then a weak isomorphism f from G; to G, is a bijective
mapping f: V; — V,which satisfies the following conditions.
a) f is homomorphism.

b) #ﬁl(xl) = ﬂﬁz (f (xp), #gl = #1Ay2 (f(x1)) forallx, € Vy

Definition 2.6: A bipolar fuzzy graph G = (A,B) is called strong if u5(xy) = min (uf(x), u5(y)) and
g (xy) = max (u (x), uf () for all xy € E

3. PROPERTIES OF BIPOLAR NEIGHBOURHOOD FUZZY GRAPH

Theorem 3.1: A Strong bipolar fuzzy graph Gg: (03, 1g) need not have its bipolar neighbourhood fuzzy graph Gg, to
be strong bipolar fuzzy graph.

Proof: Consider Gg,, of the strong bipolar fuzzy graph Gg: (o5, ug). Let (x,y) € Wiy

i.e. The nodes ‘X’ and ‘y’ have a common neighbour in Gg.

Case-(i): If (x,y) € up then g, (x,y) = pp(x,y) = 0f (x) Agg ()
and py,(x,y) = Wy (x,y) = a¥ (x) o (v) (as G is a strong bipolar fuzzy graph ).Hence by the definition of Gg,,,

Hign (%,y) = 05 (x) Ao fn (V) forall (x, ) pp and  pgy(x,y) = 0hp () V o, (y) forall (x,y) € pj.

Case-(ii): If (x,y) € up, but (x,y) & up, then uf_(x, y) = uép (%, y) = Strength of the strongest path of length 2
between xand y in Gp. ugn(x, y) = ul%N(x, y) = Strength of the strongest path of length 2 between x and y in Gg.

ie) g (x, ¥) = sup{ug (x,¥:) Aug (i, ¥)/vi € Y, y; are common neighbours of x & y in G}
ul (x,y) = inf {uf (x,y,) v u¥ (v;,v)/y; €Y, y; are common neighbours of x & y in G}

Since Gy is strong
e (xy) = Sup{ag (X)A o (v;)Aog (y) ly;€Y, are common neighbours of x and y in G}
uy,(xy) = inf{ag’ (X) v a5’ (v;)V a&'(y) /y;€Y, are common neighbours of xand y in G} —(1)

Case-(ii) (a): If there is at least one common neighbor y;(say) of x and y, whose weight is greater than a2, (x)a,, (y)
and less than o}, (x)o},(y) then the path connecting x and y through y; is of strength o/, (x)ok, (y), o, (x)a¥, ().
All the other paths of length 2 between x and y have their strength < (o2, (x)ok,(y))and their strength >

(05 ()5, ().

Using (1)  ppn(x,¥) = 05, (x) A g, ()
'ugn(x,y) = O-évn(x) \% O-évn(y)
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Case- (ii) (b): If every common neighbor of x and y have their weights less than o7, (x) A o, (y) and their weights
less than o, (x) v o}, (), then by using (1),

ub. (x,v) = sup{oz(y;) /y; €Y, y; are common neighbours of x & y in G}

ul (x,y) = inf {og(y;) /y; €Y, y; are common neighbours of x & y in Gz}.Hence

Won (%, ¥) < 0gn(X)0g,(¥) and
win (x,¥) = agn () ag, ().

implies G, is not a strong bipolar fuzzy graphs.

Theorem 3.2: If Gg: (03, 1) is a bipolar fuzzy graph with its underlying graph being complete then Gg,, is same as
GB.

Proof: As the underlying bipolar fuzzy graphGj: (o5, uy) being complete every pair of nodes in G; have a common
neighbour in G.So every pair of nodes are made as neighbours in Gg,, and by definition

Uen (X, y) = pup(x,y)
U (x,y) = uh (x, )

Hence Gg,, is same as Gg.

Theorem 3.3: If Gg: (03, ug) is a bipolar fuzzy graph with uk(x,y) = ¢ (a constant) for all (x,y) in u; and
ul (x,y) = c (aconstant) for all (x,y) in pj then Gg, is also a bipolar fuzzy graph with all its edge weight as c.

Proof: Let (x,y) € ug, then x and y are made as neighbours in Gg,,.

Case-(i): If (x,y) € pp then
ten (6, y) = pp(x,y) =c
tgn (e, y) = pg (e, y) =c

Case-(ii): If (x,y) & up then
Hin (x,y) = uéZ(x.y) =c
ugn (6, y) = ug (x,y) = ¢

Since every arc in the path connecting x and y is of constant weight ‘c’. In both cases Gg,, is a bipolar fuzzy graph with
all its edges of constant weight ‘c’.

Theorem 3.4: If Gg: (03, 1) IS a bipolar fuzzy graph such that every edge in Gy lies in a cycle of length 3, then G is
weak isomorphic with Gg,, by the identity map from Gzto Gg,,.

Proof: Considering a cycle of length 3, every pair of nodes on that cycle have the third node as their common
neighbour, hence every cycle of length 3 is also in G, with the edge weight as in Gz. But two nodes which do not lie
on the same cycle of length 3,but having a common neighbour in G are made as neighbours in Gg,, with
P *
Men (X, ¥) = ug (x,y) as (x,y) & up
P *
En (X, ¥) = Wy (x,¥) as (x,y) & uj

Consider the identity map h: G - Gg, Then,
of(x) = ob(h(x))forallx inV.
o (x) = o, (h(x))forall x inV. (1)

For all edges (X, y) on the cycles of length 3
{ p (X, Y) = Upn(X,¥) = ppn(h(), h(Y)) if (x,¥) € pp

g (6, Y) = g (x,y) = upn(h(0), () if (x,¥) € Wp )

wp (%, ¥)
ug (x, y)

From (1), (2) & (3) h is a weak isomorphism from G to Gg,,.

ué;(x.Y) = tpn (R(), RO if (1, ¥) & W3
g (uy) = upn(h(), h() if () & uj ®)

IV A

CONCLUSION
In this paper new concept bipolar neighbourhood fuzzy graph is introduced some of its properties are discussed.
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