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ABSTRACT

The evolution of linearized disturbances in a two-layered stratified shear flow is studied by making use of the initial
value problem approach. The resulting equation in time posed by using Squire transform and Fourier transform is
solved for the Fourier amplitudes. The initial distributions that are considered are a point source of the field of
transverse velocity and density. For small values of Brunt Vaisala frequency, the perturbation solutions are obtained.
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1. INTRODUCTION

Atmosphere and ocean are stably stratified, i.e. their density increases in the direction of gravity. A direct consequence
of such density stratification is that, beyond a certain threshold stratification, internal gravity waves can be supported in
the medium. If there is a sheaflow in this environment, the interaction of stable stratification and background shear
leads to a range of phenomena. This interaction plays a crucial role in a wide range of situations of engineering and
geophysical interest. The destabilization of stratified layer occurs when the pressure gradients in the flow can overcome
gravity and overturn the fluid.

The stability of stratified shear flow has been investigated by many researchers. [5] made a first attempt to solve an
initial-value problem for a stratified shear flow. They considered the flow between two parallel walls, by solving it as
an initial-value problem they showed that a disturbance originating from an arbitrary initial conditions would behave

-1 L
asymptotically like t%( ),7/ = (1— 4] )4 for —% < JO <% but would be exponentially unstable for Richardson

number, JO < —%, for the semi-infinite case. [3] gave a rather complete stability analysis for the problem of a semi —

infinite exponential atmosphere. [9] established the conjecture that a sufficient condition for stability in a parallel
1
stratified, inviscid flow is that the local Richardson number ‘]O should everywhere exceed Z [8] has studied small

perturbations of plane Couette flow in stably and unstably stratified fluids. He found that the system to be more
unstable when it is bounded both above and below than when its depth is infinite.[4] studied the stability of stratified

shear flow and concluded that the flow will be unstable if the local Richardson number falls below % anywhere in the

flow. [2] have resolved the controversy surrounding the decay rate in favour of original results of [5]. [1] studied
numerical simulations of stratified shear flow instabilities in 2-dimensions in the Boussinesq limit and concluded that
although mixing is suppressed at large Richardson numbers it is not negligible and turbulent mixing processes in
strongly stratified environments cannot be excluded. [7] studied density stratification and suggested that the total
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perturbation energy, the sum of kinetic and potential energies is the relevant measure. [6] investigated analytically the
short-time response of disturbances in a density-varying Couetteflow without viscous and diffusive effects. The
complete inviscid problem is also solved as an initial value problem with a density perturbation. They showed that the
kinetic energy of the disturbances grows algebraically at early times, contrary to the wellknown algebraic decay at time
tending to infinity.

In this paper, we have investigated two-layered stratified shear flow, with unit pulse of velocity and density as initial
conditions. The essence of the approach is as follows: Taking a multilayered basic flow with piecewise linear velocity
profile, complete general solutions to the linearized equations of motion are obtained as functions of all space variables
and time, when posed as initial-value problems. The distributions are resolved into two components, rotational and
irrotational. The solution for the hypothetical initial-value problem for which the basic flow is unbounded but coincides
with the actual flow in the layer is the rotational solution. The irrotational solution in each layer is specified uniquely
by satisfying the interfacial conditions and boundary conditions.

2. MATHEMATICAL FORMULATION

We consider an inviscid, incompressible fluid of density p moving with velocity ¢ under the influence of gravity g

directed in the negative y-direction. The fluid is assumed to be inviscid, incompressible, stratified and is Boussinesq for
which motion is governed by the equations
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where p is the pressure.

In the basic unperturbed equilibrium state,
Gg = (U(y)=0y.,0,0).p=pq(y). p=pg(y) (26)

where o, the intensity of the shear is constant.

For linear stability analysis, we superimpose a small perturbation upon the mean flow i.e.,
d=0d,+d. p=py(y)+p" . p=pyy)+p . (27)

where G, p" and p’ are the perturbed quantities of velocity, pressure and density respectively.

To study the evolution of linearized perturbations in a stratified shear flow, we linearize equations (2.1)-(2.5) using
(2.7). The linearized differential equations of motion (neglecting the primes) by employing (i) moving co-ordinates
transformation by defining the transformation of co-ordinates of the form

T=t&=Xx-oyt,n=y,(=2 (2.8)

(ii) three - dimensional Fourier transformation of the form
R 00 00 00 i(
(aiB;viT)= | [ [ul&migiT)e
—00 —00 —00

and with similar expressions for ¥, W, P and p,

aé+Bﬂ+Yc)dadnd§, 29)

(i) Squire transformation by defining the velocity components in the o and ¢ directions as

(2.10)
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and eliminating f) , the resulting differential equation is of the form

2
‘ s 9% k29) + N252%7 =0 211)
dT
dp
where K2 :62 +(B—GOLT)2 and @2 :(az +y2), N2 = —id—o P s the equilibrium density, N is
Pop &Y

the Brunt Vaisdla frequency.

Equation (2.11) is solved with appropriate initial conditions for V and f) , The pressure P is obtained by taking
divergence of the momentum equations. and it is found that

—i (20 o pOQ (i caT)ﬁ)
K2

Two sets of solutions exist for equation (2.11), when K2 #0, the disturbance is rotational and for K2 =0, the

p= for K2 %0

disturbance is irrotational. The vanishing of the product K2\7 corresponds to Laplace equation V2\7 =0 in real

space. We denote V as \A/R when K2 # 0 which is called the rotational solution and V as \7|When K2 =0 and is

called the irrotational solution. Therefore V can be resolved into two components and thus V = \7R + \7| .

Now considering the case K2 # 0, we assume the regular perturbation expansion of V in terms of the parameter N2
in the form

O (@.8.7.T) = ¥ (0.7, T)+ N20 (o By, T 2)2V2 (B, T)+ (212)
where \7R is the rotational component of V.
We find that,
. Toy(apr)+Q, (ap,y)
Vo = 5 > (2.13)
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From the linearized equations using (2.8)-(2.10), we obtain the expression for [3 .

The solution for K~ =0 which corresponds to irrotational motion is obtained by considering the two—dimensional
Fourier transform of the perturbation equations instead of the full three—dimensional decomposition. Using moving co-

ordinate transformation given by equation (2.8), K2

2 _
oV ov
—2|+ 2ic oT— I (az + 02(12T2)
an o

V =0 corresponds to

Vi = 0, (2.16)

Where

\7| = \7|(0‘,‘1,YQT) = _O.EO_OJ:O V|(§’nag9T)ei(a§+’YC]

is the irrotational part of V. The solution of equation (2.16) is found to be
VI _ A(T) o—0n-io aTn N B(T) en-ic aTn'

dé d¢ 2.17)

(2.18)
where A(T) and B(T) are constants of integration .

In order to combine \7R and \7| to obtain the complete the solution and satisfy the matching condition \7R must be

inverted once to obtain \7R ((x, n,v; T)i,e ,

Ve (nv:T) =— | Un (aBoy:T)e P1 dp @.19)
R aT]:Ya - 27[ % R o )Ya . .

With initial velocity and initial density as unit pulse, the initial conditions are expressed as

v(x,y,2,0)= Vy S(X-xo)S(y-yo)Skz-zo). (2.20)

p(x,y,2,0)= Po S(X - x0)8(y - y0)5(z - ZO) (2.21)
In terms of moving co-ordinates and three-dimensional Fourier transform , equations (2.20) and (2.21) becomes

~ I ox A +Pyn+7Z

VoleB.y) = Qg (0.B.v) =V, e[ 070 OJ- (222)

N i oX A +ByA+Y2Z

pO((XaBa Y) = Ql(aaﬁa Y) = € ( 0 O Oj (223)

VR is found to be
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Here 1 =mn- Yo Now the complete solution will be
V=Vg +V,|. (2.25)

\7R and \7| given by equations (2.24) and (2.18).

3. TWO LAYERED STRATIFIED SHEAR FLOW

Here we consider two shear layers with constant density PO and shears o1 and o 2 respectively which are separated

by an interface at 1 = O (Fig. 1) The solutions for the perturbation in the regions | (n > O) are given by

)= o1y for y>0
GoY for y<0
— -\
p=pge

=
Nl
L)

£\ %
e

Figure-1: Sketch of two-layered unbounded stratified shear flow.

—an—io, aTn

vy = A(T)e 1 +\7R1(a;n;y;T) (3.1)
—on—io,aT i| x5 +yza—0,0TT =

v, = A(T)e ey n+e[ 0770 "1 j(Tv0+50)e an (32)

186

© 2018, IJMA. All Rights Reserved



S. S. Bellad" and Vijayalakshmi A.R.*2/
The Evolution of Linearized Perturbations in a Two Layered Stratified Shear Flow / IIMA- 9(5), May-2018.

The solution in region 11 i,e., for 1 < O the solutions for the perturbations are

aTn

an-ic
e 2 +\7R (a>n9Y9T)! (33)
2

Vo = B(T)

Gn—iozaTn ei(aonryzO—cszaTﬁ](
+

v, = B(T)e TVO+50)eaﬁ. (3.4)

The solutions for \71 and \72 given by (3.1) and (3.3) satisfy the required boundary condition at m = too.

Using the first matching condition i,e., the continuity of \71and \72 at the interface i,e., \71: \72 at =0 yields
A-B = sz (0,0,,T) - VRl(a,O,y,T), (3.5)

i[ox+YZ N i, aTy,—o io, 0Ty, —
A-B=e[ 0 OJ(TVO+pO)[e 270 yo —e 1 Y0 yO}. (3.6)

The pressure matching condition is that the pressure is continuous across the interface which means that the difference
in pressure across the interface is zero. The continuity of the pressure can be obtained by considering the Fourier

transforms of the linearized equations, Solving for P (OL, y,n,T) we obtain

0%y 0%y

1 . 8\71 . 2 . 5\72 . -
+|01(1T—+2101(xvl= +|02aT—+210 ov,, 3.7
noT oT noT oT 272
for py=p, at n=0.
Using (3.1) and (3.3) in (3.7) we obtain
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—a(A+B)+1a(clA—02B): - +ia T o, —01
onoT onoT T oT
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{ 2 R2 1 Rl}n=0
Let
2, 2 _ _
0 vR2 0 le asz ale
G0 = - +iaTio -0 +2ia 02\7R —(51\7R (3.9)
omoT  onaT 2 o1 1T 2 1
F.=<Vg, -V : (3.10)
0 { Ry Rl}n:()
Equations (3.6)-(3.10) yields
26A —ialo; —o,)A = —G +iac,Fy +aF, (3.11)
268 —ialo; —0,)B = —G +iac,Fy —aF,. (3.12)
with
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From equations (3.10), (3.11), (3.12) and (3.13), A and B are found to be
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Using A(0) = B(0) =0, it is found that
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4. RESULTS AND DISCUSSIONS

In this problem, we have studied the evolution of linearized perturbations of a basic flow of a two layered inviscid
stratified shear flow using piecewise linear velocity profiles. The initial disturbances used are unit pulse for velocity
and density. In these broken line (piecewise linear) profiles, we have resolved the perturbations into rotational and

irrotational components. Figs. 2(a)—(b) are plots of \7R versus T for different values of Brunt Vaisala frequency
N(N=0,0.2,05)and ¢ (¢ = 00,450,1800) - Itis observed that as the value of N increases V, decays at a faster
rate for large time. It is seen that that for ¢ =1800, \7R decays early. Figs. 3(a)-(b) are plots of [) versus T for

different values of Brunt Vaisala frequency N (N =0, 0.2, 0.5) and ¢ (¢ = 00,450,1800) . As time increases there

is growth in p for ¢ = 00,450. But for ¢=1800, p is constant. Hence we can conclude that stratification
stabilizes the flow velocity but there is growth in the perturbation density.
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Figure-2: Plots of VR versus T for (3) ¢ =0° and (b) ¢ =45° (c) ¢ =180° for different values of N.
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Figure-3: Curves of | p | versus T for (a) ¢ =0°, (b) @ =45° (c) @ =180° for different values of N.
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