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ABSTRACT

We study locally rotationally symmetric Bianchi type-1 space-time model in f (T) gravity, where T is the torsion scalar.
The field equations are solved by using some physical assumptions. Some important cosmological physical quantities
such as expansion scalar @, shear scalar o2, average Hubble parameter are evaluated and studied the physical
behaviour of the dark energy dominated model. These parameters are infinite at the initial epoch and tend to zero at
t — o showing thereby that there is a point type singularity in the model. It is observed that the equation of state
parameter w is negative under certain condition which gives the negative deceleration parameter. We find our results
to be in agreement with the current observations.
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1. INTRODUCTION

The observational data of distant type la Supernovae [1, 2] suggest that our universe entered a phase of accelerated
expansion in the recent past. A number of cosmological observations such as Wilkinson Microwave Anisotropy Probe
(WMAP), Cosmic Microwave Background Anisotropy, Large Scale Structure etc. support this cosmic acceleration
which is supposed to be due to some hitherto unknown physical entity, dubbed dark energy (DE), with negative
pressure. The simplest candidate for dark energy is the cosmological constant A which fits the observation well, but is
plagued with the fine-tuning and cosmic coincidence problem [3, 4, 5]. For these reasons the cosmological constant
with dynamical character is preferred over the constant one.

According to the latest observations [6], nearly 68.3% of our universe consists of the dark energy and nearly 26.8%
consists of another dark component of the universe, called Dark Matter. So, the dark energy becomes the greatest
puzzle in Modern Cosmology. In order to investigate the true nature of dark energy, many dynamical dark energy
models have been proposed in the literature such as quintessence [7], k-essence [8,9], Chaplygin gas [10], tachyon [11],
phantom [12], quintom[13], holographic dark energy [14], agegraphic dark energy [15] etc. But, it is seen that many
DE models get into trouble when tested by some old red-shift objects [16, 17] posing a fundamental theoretical
challenge to theories of gravitation. One possibility in explaining the recent observations is by assuming that at large
scales the gravity model of the General Theory of Relativity breaks down. To describe the accelerated expansion of the
universe, another approach is adopted in the literature by modifying the standard theories of gravity, viz. the General
Theory of Relativity or the Teleparallel Equivalent of General Relativity. Among the various modifications of the
General Theory of Relativity, Brans-Dicke (BD) theory[18], f(R) gravity [19,20,21,22,23], f (R, T) gravity [24] where
R is the Ricci scalar and T is the trace of energy momentum tensor, Gauss-Bonnett gravity or f(G) gravity
[25,26,27,28,29], f (R, G) gravity [30], f(G,T) gravity[31] etc. are discussed in the literature. Most of the works in the
modified theory of gravity starts from the usual curvature based formulation. However, there is also a reason to start
from the Teleparallel Equivalent of General Relativity to build a gravitational modification. The simplest such
modification is the f(T) theory of gravity where T is the torsion scalar [32,33]. In f(T) theory of gravity, the
Lagrangian is taken to be a non-linear function of Teleparallel Equivalent of General Relativity Lagrangian.

Recently many researchers have studied the f(T) theory of gravity [34,35,36,37,38,39,40,41,42,43] in different
aspects. Motivated by these we study the anisotropic homogeneous model in f(T) theory of gravity.
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This paper is organized as follows: In Sec.2 we present some basics of f(T) theory of gravity. We present the field
equations for a homogeneous and anisotropic LRS Bianchi type-l metric in Sec.3. The Sec.4 is devoted to the solutions
of the field equations. We conclude the paper with a brief discussion in Sec.5.

2. SOME BASICS OF f(T) THEORY OF GRAVITY

The f(T) theory of gravity [44] is defined in the Weitzenbock’s space time in which the line element is described by,

ds? = g, dxtdx’ =1,;;,60'6/ (1)
where g,,,, are the metric tensors and n;; = diag (+1,—1,—1,-1).

dxt =¢ " 6", ' =e', dxt 2)
and efel, =6}, ¢ e, =6]. (3)

The square root of the metric determinant is given by \/—g = det[e"u] = e and the matrix e“, are called tetrads and
represent the dynamic fields of the theory.

By using these fields, Weitzenbock’s connection can be defined as
Iy, =e®de', =—e'o,e" (4)

The main geometrical objects of the space time are constructed from this connection and the components of the torsion
tensor are defined by the anti-symmetric part of this connection

T, =Ty, — T, = ¢,%(9,e", — d,€",) (5)

The components of the contorsion tensor are defined as
1
Kuvoc =73 (Tuva - TW‘-“ - Tauv (6)

In order to make the definition of the scalar equivalent to the curvature scalar of General Theory of Relativity more
clear, a new tensor S,*” constructed from the components of the torsion and contorsion tensors is defined as

SH = %(K”Va +okThY — S;Tﬁ”ﬁ) @)

The torsion scalar is then defined by the following contraction
T=T%,5"" (8)

The action of the theory is defined by generalizing the Teleparallel Theory of Gravity [34] as

S = [elf(T) + Limatrer] d*x (9)
where f (T) is an algebraic function of the torsion scalar T.

Making the functional variation of the action (9) with respect to the tetrads, the field equations are derived [38, 39, 45]
in the following form

— i 1
Sy 0, Tfrr + [e " ejd,(eef'Se”) + T Sut|fr + L 6 f = 4nTy (10)
2
where T, is the energy momentum tensor, fr = Z—’; and for = % .

The contribution of the interaction with the matter fields is given by the energy momentum tensor which, in this case, is
defined as

T; = diag (1, —Wy, —Wy, —wz)p (11)
where the w; (i = x,y, z) are the parameters of equations of state related to the pressures p,, p,,p, respectively.

3. METRIC AND FIELD EQUATIONS

The line element for a flat, homogeneous and anisotropic LRS Bianchi type-1 space time is
ds? = dt? — A?(t)dx? — B2(¢t)[dy? + dz?] (12)

Using Egs. (2), (3) and (12), we then obtain the tetrad components as follows
e', = diag (1,A,B,B)

e,' =diag (1, AL, B4, B™) (13)
The components of the torsion tensor (5) for the tetrads (13) are
A B
Tl01 =4 Tzoz = T303 =3 (14)
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and the components of the corresponding contorsion tensor are
i B B
K011=21K022_=51K0_33=E o (15)
where a dot denotes derivative with respect to cosmic time t.

The components of the tensor S, *" in (7) are

51 = gv 5% = %G * %)' §;% = %G + %) (10)
Using the components (14) and (16), the torsion scalar (8) is given by

T=-2(222+5) (17)
The field equations corresponding to the metric (12) are obtained by

f+4fr [§—§+2%§] = lémp (18)

f+afe B+ S+ 20 4 a2t f = —16mp, (19)

frefefaie D432 1 2(2 4 0) Ty = —16mp, 20)

Py =Pz (21)

The physical quantities which are important in cosmological observations are the average scale factor a, the average
Hubble’s parameter H, the scalar expansioné, deceleration parameter g, shear scalar ¢ and the average anisotropy
parameter A,,,. For the metric (12), these are given by

a=(4B?)5 22)
R e e
o="1+22 (24)
q=—2—§=%2(%)‘1 29)
o etfif e
An=5(-7) @)

4. COSMOLOGICAL SOLUTION

To solve the field equations (18) to (20), we need some additional constraints. One of the commonly used additional
constraints is that the expansion scalar 6 is proportional to shear scalar o which gives [46,47,48,49,50,51]

A=Bm" (28)

Using this condition, Egs. (18) to (20) give
52
f +4fr(1+2m) = = 16mp (29)
B B2 B.;
fHaf[o+Q+ms]|+ 42T = —16mp (30)
o . -

fH2f|@+mPE+ @ +m)E]+ 201+ m) 2 Tfrr = —16mp (31)
where we have assumed for simplicity that p, = p, =p, =pand EOSp = wp .
Now,

d ‘ TF-f1
fr=2%=Land frr =L (32)

Subtracting (31) from (30) and using (32), we get

B B2 BF
E+§(1+m)+5;—0 (33)
where F = fr.

Here F = f1 = § and the scale factor B both are functions of the cosmic time t, so it is reasonable to take a relation

between F and B as
F = kBt*m (34)
where k is the constant of proportionality.
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Using thls in Eq. (33), |t foIIows that
= + 2+ 2m) (35)

Put B = h(B) in this equation, we get
2
dh 4+4-m hz =0 (36)

dB

which leads to the solution
c

hz = w (37)
where c is constant of integration.

Solving (37), we get

B(t) = {(3 + 2m)(cyt + c,)}iom (38)
Using Eq.(38), Egs. (17), (28), (29), (31);n(34) give

A(t) ={(B + 2m)(c it + ¢,) Js+am (39)

T=—200 0 2(cit + cz)—2 (40)

f=—-4k (1+2m) — (3 +2m) 5zm clz(clt + CZ)_% (41)

o= % 2{(3 +2m)(c,t + cp)) om 42)

p= ﬁ ;ﬁm G+ Zm) srzm ¢ 2 (it + ¢p)” :22 (43)

The expressions for the Hubble parameter H, scalar of expansion @, shear scalar o and the average anisotropy
parameter A,, are obtained as

0 =3H = c1 (clt +c;)7? (44)
1 1 -
o = 5(3":2171) ai(at+6)™ (45)
_ 2(m-1)?
Am = (m+2)2 (46)

The value of the deceleration parameter is found to be
6m+9

q= -1 47)

m+2

which is constant. The sign of g indicates whether the model inflates or not. The current observations of SNe la and
CMBR favors accelerating model. Our model is in agreement with the current observation for < —1.4 .

Using (42) and (43), the EOS parameter w is obtained as
2m+3

W=7 (48)
This shows that the EOS parameter is dependent on m and w < 0 for —2 < m < —1.5. It supports the accelerated
expanding universe. From Eqs. (44) to (46), it is seen that all the kinematical parameter H, 8 and o diverge at the initial

singularity. There is also a Point Type singularity [52] at t = —Z—z in the model. The mean anisotropic parameter is
1

2
constant and it depends on m. Since Z—Z = constant, the model does not approach isotropy throughout the whole
evolution of the universe.

5. CONCLUSION

In this paper, we study Bianchi type-I space-time in f (T) gravity theory where T denotes the torsion scalar. The model
is derived by using some assumptions. The first assumption is that the expansion scalar 6 is proportional to shear scalar
o. It gives A = B™, where A, B are the metric co-efficient and m is a real constant. Second assumption is that, p, =
py =Dp, =p and an EoS p = wp. A power law relation between F and the scale factor B is also used to find the
solution. Some important cosmological physical parameters such as expansion scalar 6, shear scalar o2, average

Hubble parameter H are evaluated. These parameters are infinite at the initial epoch when t = _z_z and tend to zero at
1

t — oo. It means that there is a point type singularity at t = _z_z in the model. It is observed that the EOS parameter w
1

is negative when m lies between (—2,—1.5) and these values of m give the negative deceleration parameter. It is
supported by current observations namely SNe la and CMBR.
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