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ABSTRACT 
In this paper, we introduce the notion of pseudo fuzzy cosets of a fuzzy HX ring and reviewed its properties. We 
introduce the concept of an image, pre-image of pseudo fuzzy coset of a HX ring and discuss the properties of 
homomorphic and anti homomorphic images and pre images of pseudo fuzzy coset of a fuzzy HX ring of a HX ring ℜ. 
Also, we introduce the notion of pseudo fuzzy cosets of a fuzzy normal HX ring and discuss the concept of an image, 
pre-image of pseudo fuzzy coset of a HX ring and discuss the properties of homomorphic and anti homomorphic 
images and pre images of pseudo fuzzy coset of a fuzzy normal HX ring of a HX ring ℜ. 
 
Keywords- HX ring, fuzzy HX ring, pseudo fuzzy coset of a HX ring. 
 
 
1. INTRODUCTION 
 
In 1965, Lotfi.A.Zadeh [11] introduced the concept of fuzzy set. In 1982 Wang-jin Liu [3] introduced the concept of 
fuzzy subring and fuzzy ideal. In 1988, Professor Li Hong Xing [4] proposed the concept of HX ring and derived some 
of its properties, then Professor Zhong [1, 2] gave the structures of HX ring on a class of ring. W. B. Vasantha 
kandasamy [9] introduced the concept of fuzzy cosets. In this paper we define pseudo fuzzy coset of a fuzzy HX ring 
and investigate some related properties under homomorphism and anti homomorphism. 
 
2. PSEUDO FUZZY COSET OF A FUZZY HX RING 
 
In this section, we introduce the notion of pseudo fuzzy cosets of a fuzzy HX ring and discuss its properties. 
 
2.1 Definition: Let µ be a fuzzy set defined on R. Let ℜ ⊂ 2R – {φ} be a HX ring.  Let λµ  be a fuzzy HX subring of a 
HX ring ℜ and A∈ ℜ. Then the pseudo fuzzy coset of a fuzzy HX ring λµ of a HX ring ℜ determined by the element 
A∈ ℜ is denoted as  (A + λµ)P  and is defined by (A + λµ)P (X) = p(A) λµ (X) for every X∈ ℜ  and for  some p∈P, 
where  P = {p(X) / p(X) ∈ [0, 1] for all X∈ ℜ}. 
 
2.2 Theorem: Let λμ  be  a fuzzy HX subring of a HX ring ℜ, then the pseudo fuzzy coset (A + λµ )P  is a fuzzy HX 
subring λμ of a HX ring ℜ determined by the element A∈ ℜ. 
 
Proof: Let λμ  be a fuzzy HX subring of a HX ring ℜ. 
 
For every X, Y, A∈ ℜ we have 
i. (A + λµ )P  (X–Y) = p(A) λµ (X–Y) 

   ≥ p(A) min { λµ (X), λµ (Y)} 
   = min {p(A)λµ (X), p(A) λµ (Y)} 
   = min{(A + λµ)P(X),(A + λµ )P (Y)} 
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Therefore,  
(A + λµ )P(X–Y)≥min {( A + λµ )P (X), (A + λµ )P (Y)} 
ii. (A + λµ )P  (XY)  = p(A) λµ(XY) 

   ≥ p(A) min{ λµ(X), λµ (Y)} 
   = min {p(A)λµ (X), p(A) λµ (Y)} 
   = min{(A + λµ)P(X),(A + λµ )P(Y)} 
 
Therefore, 
 (A + λµ)P (XY)   ≥ min{(A + λµ )P(X),(A + λµ)P (Y) } 
 
Hence, the  pseudo fuzzy coset (A + λµ)P determined by the element A∈ ℜ is a fuzzy HX subring of a HX ring ℜ. 
 
2.3 Theorem: Let µ and η be any two fuzzy sets defined on R. Let (A + λµ)P and  (A + γη)P be any two pseudo fuzzy 
coset  of a fuzzy HX subrings λμ and γη of a HX ring ℜ determined by the element A∈ ℜ.Then (A + λμ)P ∩ (A + γη)P  is 
a fuzzy HX subring of ℜ. 
 
Proof: Let (A + λμ)P and  (A + γη)P be any two pseudo fuzzy coset of a fuzzy HX subring λμ of a HX ring ℜ determined 
by the element A∈ ℜ. 
 
By Theorem 2.2, (A + λμ)P and  (A+ γη)P are fuzzy HX subrings of a HX ring ℜ determined by the element A∈ ℜ. 
Hence, (A+ λμ)P ∩ (A + γη)P  is a fuzzy HX subring of ℜ determined by the element A∈ ℜ. 
 
2.4 Theorem: Let µ and η be any two fuzzy sets defined on R. Let (A+ λμ)P and (A+γη)P be any two pseudo fuzzy coset  
of a fuzzy HX subrings λμ and γη of a HX ring ℜ determined by the element A∈ ℜ.Then (A + λμ)P ∪ (A + γη)P  is a 
fuzzy HX subring of ℜ. 
 
Proof: Let (A + λμ)P and (A + γη)P be any two pseudo fuzzy coset  of a fuzzy HX subring λμ of a HX ring ℜ determined 
by the element A∈ ℜ. 
 
By Theorem 2.2, (A + λμ)P and  (A + γη)P are fuzzy HX subrings of a HX ring ℜ determined by the element A∈ ℜ. 
Hence, (A + λμ)P ∪ (A + γη)P  is a fuzzy HX subring of ℜ determined by the element A∈ ℜ. 
 
2.5 Theorem: Let µ and η be any two fuzzy sets defined on R. Let (A + λμ)P and  (A + γη)P be any two pseudo fuzzy 
coset  of a fuzzy HX subrings λμ and γη of a HX ring ℜ determined by the element A∈ ℜ.Then (A + λμ)P × (A + γη)P  is 
a fuzzy HX subring of ℜ×ℜ. 
 
Proof: Let (A + λμ)P and  (A + γη)P be any two pseudo fuzzy coset  of a fuzzy HX subring λμ of a HX ring ℜ 
determined by the element A∈ ℜ. 
 
By Theorem 2.2, (A + λμ)P and  (A + γη)P are fuzzy HX subrings of a HX ring ℜ determined by the element A∈ ℜ. 
Hence, (A + λμ)P × (A + γη)P  is a fuzzy HX subring of ℜ×ℜ determined by the element A∈ ℜ. 
 
3. HOMOMORPHISM AND ANTI HOMOMORPHISM OF A PSEUDO FUZZY COSET OF A FUZZY HX 
SUBRING OF A HX RING 
 
In this section, we introduce the concept of an image, pre-image of pseudo fuzzy coset of a HX ring and discuss the 
properties of homomorphic and anti homomorphic images and pre images of pseudo fuzzy coset of a fuzzy HX ring λµ 
of a HX ring ℜ determined by the element A∈ ℜ. 
 
3.1 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f: ℜ1 → ℜ2 be a 
homomorphism onto HX rings. Let (A+λμ)P be the pseudo fuzzy coset of a fuzzy HX ring λµ of a HX ring ℜ1 
determined by the element A∈ ℜ1.Then  f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy HX ring f(λµ) of a HX ring 
ℜ2 determined by the element f(A)∈ ℜ2 and f((A + λμ)P) = (f(A) + f(λµ))p, if  λµ 

  has a supremum property and λµ  is    
f-invariant. 
 
Proof: Let f : ℜ1 → ℜ2  be a homomorphism onto HX rings.  
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Let (A+ λμ)P be the pseudo fuzzy coset of a fuzzy HX ring λµ of a HX ring ℜ1 determined by the element A∈ ℜ1. f(λµ) 
is a fuzzy HX subring of a HX ring ℜ2.Then f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy HX ring f(λµ) of a HX 
ring ℜ2 determined by the element f(A)∈ ℜ2. 
 
Let A, X ∈ ℜ1 , then f(A), f(X)∈ ℜ2. 
 
Now, (f(A) + f(λµ))p f(X) = p(f(A))(f(λµ)(f(X))) 
   = p(A) λµ (X) 
   = (A + λμ)P(X) 
   = f((A + λμ)P)f(X). 
          (f(A) + f(λµ))p f(X) = f((A + λμ)P)f(X), for any f(X)∈ ℜ2. 
 
Hence,  f((A+λμ)P )  = (f(A) + f(λµ))p. 
 
3.2 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f: ℜ1 → ℜ2 be a 
homomorphism on HX rings. Let (B + ηα)P be the pseudo fuzzy coset of a fuzzy HX ring ηα of a HX ring ℜ2 
determined by the element B∈ ℜ2.Then f –1((B + ηα)P ) is the pseudo fuzzy coset of a fuzzy HX ring f –1(ηα) of a HX 
ring ℜ1 determined by the element f –1(B)∈ ℜ1 and f –1((B+ηα)P) = (f –1(B) + f –1(ηα))p . 

 
Proof: Let f : ℜ1 → ℜ2  be a homomorphism on HX rings.  
 
Let (B+ηα)P be the pseudo fuzzy coset of a fuzzy HX ring ηα of a HX ring ℜ2 determined by the element B∈ ℜ2. 
f –1(ηα) is a fuzzy HX subring of a HX ring ℜ1.Then, f –1((B + ηα)P ) is the pseudo fuzzy coset of a fuzzy HX ring           
f –1(ηα) of a HX ring ℜ1 determined by the element f –1(B)∈ ℜ1. 
 
Let X ∈ ℜ1 and B∈ ℜ2. 
 
Now,  (f –1(B) + f –1(ηα))p (X) = p(f –1(B))(f –1(ηα))(X) 
        = p(B)( ηα(f(X)) 
        = (B + ηα)Pf(X) 
        = f –1((B + ηα)P)(X). 
           (f –1(B) + f –1(ηα))p (X) = f –1((B + ηα)P)(X). 
 
Hence, f –1((B + ηα)P )       = (f –1(B) + f –1(ηα))p . 
 
3.3 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f: ℜ1 → ℜ2 be an anti 
homomorphism onto HX rings. Let (A+ λμ)P be the pseudo fuzzy coset of a fuzzy HX ring λµ of a HX ring ℜ1 
determined by the element A∈ ℜ1.Then f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy HX ring f(λµ) of a HX ring ℜ2 
determined by the element f(A)∈ ℜ2 and f((A + λμ)P) = (f(A) + f(λµ))p , if  λµ 

  has a supremum property and λµ  is          
f-invariant. 

 
Proof: Let f : ℜ1 → ℜ2  be an anti homomorphism onto HX rings.  
 
Let (A + λμ)P be the pseudo fuzzy coset of a fuzzy HX ring λµ of a HX ring ℜ1 determined by the element A∈ ℜ1. 
f(λµ) is a fuzzy HX ring of a HX subring ℜ2.Then f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy HX ring f(λµ) of a 
HX ring ℜ2 determined by the element f(A)∈ ℜ2. 
 
Let A, X ∈ ℜ1 , then f(A), f(X)∈ ℜ2. 
 
Now, (f(A) + f(λµ))p f(X) = p(f(A))(f(λµ)(f(X)) 
   = p(A) λµ (X) 
   = (A + λμ)P(X) 
   = f((A + λμ)P)f(X). 
          (f(A) + f(λµ))p f(X) = f((A + λμ)P)f(X), for any f(X)∈ ℜ2. 
 
Hence,  f((A + λμ)P )  =  (f(A) + f(λµ))p. 
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3.4 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f: ℜ1 → ℜ2 be an anti 
homomorphism on HX rings. Let (B+ ηα)P be the pseudo fuzzy coset of a fuzzy HX ring ηα of a HX ring ℜ2 
determined by the element B∈ ℜ2. Then  f –1((B + ηα)P) is the pseudo fuzzy coset of a fuzzy HX ring f –1(ηα) of a HX 
ring ℜ1 determined by the element f –1(B)∈ ℜ1 and f –1((B + ηα)P) = (f –1(B) + f –1(ηα))p . 

 
Proof: Let f: ℜ1 → ℜ2 be an anti homomorphism on HX rings.  
 
Let (B + ηα)P be the pseudo fuzzy coset of a fuzzy HX ring ηα of a HX ring ℜ2 determined by the element B∈ ℜ2. 
f –1(ηα) is a fuzzy HX subring of a HX ring ℜ1.Then f –1((B + ηα)P) is the pseudo fuzzy coset of a fuzzy HX ring            
f –1(ηα) of a HX ring ℜ1 determined by the element f –1(B)∈ ℜ1. 
 
Let X ∈ ℜ1 and B∈ ℜ2. 
 
Now, (f –1(B) + f –1(ηα))p (X) = p(f –1(B))(f –1(ηα))(X) 
       = p(B)(ηα(f(X)) 
       = (B + ηα)Pf(X) 
       = f –1((B + ηα)P)(X). 
         (f –1(B) + f –1(ηα))p (X)  = f –1((B + ηα)P)(X). 
 
Hence, f –1((B + ηα)P )         =  (f –1(B) + f –1(ηα))p . 
 
4. PSEUDO FUZZY COSET OF A FUZZY NORMAL HX SUBRING OF A HX RING 
 
In this section, we introduce the notion of pseudo fuzzy cosets of a fuzzy normal HX ring and discuss its properties. 
 
4.1 Definition: Let µ be a fuzzy set defined on R. Let ℜ ⊂ 2R  – {φ}  be a HX ring. Let λµ  be a fuzzy normal HX 
subring of a HX ring ℜ and A∈ ℜ. Then the pseudo fuzzy coset of a fuzzy normal HX ring λµ of a HX ring ℜ 
determined by the element A∈ ℜ is denoted as  (A + λµ )P  and is defined by (A + λµ)P (X) = p(A) λµ (X) for every     
X∈ ℜ and for  some p∈P, where P ={p(X) / p(X) ∈[0, 1] for all X∈ ℜ}. 
 
4.2 Theorem: Let λμ  be  a fuzzy normal HX subring of a HX ring ℜ, then the pseudo fuzzy coset (A + λµ )P  is a fuzzy 
normal HX subring λμ of a HX ring ℜ determined by the element  A∈ ℜ. 
 
Proof: Let λμ be a fuzzy normal HX subring of a HX ring ℜ. 
 
By Theorem 2.2, (A + λµ )P is a fuzzy HX subring λμ of a HX ring ℜ. 
 
For X, Y∈ ℜ, we have 

 (A + λµ )P  (XY)  = p(A) λµ(XY) 
   = p(A) λµ(YX) 
   = (A+λµ)P (YX). 
Therefore, (A+λµ)P (XY) = (A+λµ )P (YX). 
 
Hence, the  pseudo fuzzy coset (A + λµ)P determined by the element A∈ ℜ is a fuzzy normal HX subring of a HX ring 
ℜ. 
 
4.3 Theorem: Let µ and η be any two fuzzy sets defined on R. Let (A + λμ)P and  (A + γη)P be any two pseudo fuzzy 
coset  of a fuzzy normal HX subrings λμ and γη of a HX ring ℜ determined by the element A∈ ℜ.Then  
(A + λμ)P ∩ (A + γη)P  is a fuzzy normal HX subring of ℜ. 
 
Proof: Let (A + λμ)P and  (A + γη)P be any two pseudo fuzzy coset  of a fuzzy normal HX subrings  of a HX ring ℜ 
determined by the element A∈ ℜ. 
 
By Theorem 4.2,(A + λμ)P and  (A + γη)P are fuzzy normal HX subrings of a HX ring ℜ determined by the element    
A∈ ℜ. 
Hence, (A + λμ)P ∩ (A + γη)P  is a fuzzy normal HX subring of ℜ determined by the element A∈ ℜ. 
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4.4 Theorem: Let µ and η be any two fuzzy sets defined on R. Let (A + λμ)P and  (A + γη)P be any two pseudo fuzzy 
coset  of a fuzzy normal HX subrings λμ and γη of a HX ring ℜ determined by the element A∈ ℜ.Then  
(A + λμ)P ∪ (A + γη)P  is a fuzzy normal HX subring of ℜ. 

 
Proof: Let (A + λμ)P and (A + γη)P be any two pseudo fuzzy coset of a fuzzy normal HX subrings of a HX ring ℜ 
determined by the element A∈ ℜ. 
 
By Theorem 4.2, (A + λμ)P and (A + γη)P are fuzzy normal HX subrings of a HX ring ℜ determined by the element    
A∈ ℜ. 
Hence, (A + λμ)P ∪ (A + γη)P  is a fuzzy normal HX subring of ℜ determined by the element A∈ ℜ. 
 
4.5 Theorem: Let µ and η be any two fuzzy sets defined on R. Let (A+ λμ)P and (A + γη)P be any two pseudo fuzzy 
coset  of a fuzzy normal HX subrings λμ and γη of a HX ring ℜ determined by the element A∈ ℜ. Then  
(A+ λμ)P × (A + γη)P  is a fuzzy normal HX subring of ℜ×ℜ. 

 
Proof: Let (A + λμ)P and (A + γη)P be any two pseudo fuzzy coset  of a fuzzy HX subring λμ of a HX ring ℜ determined 
by the element A∈ ℜ. 
 
By Theorem 4.2, (A + λμ)P and (A + γη)P are fuzzy normal HX subrings of a HX ring ℜ determined by the element   
A∈ ℜ. 
Hence, (A + λμ)P × (A + γη)P  is a fuzzy normal HX subring of ℜ×ℜ determined by the element A∈ ℜ. 
 
5. HOMOMORPHISM AND ANTI HOMOMORPHISM OF A PSEUDO FUZZY COSET OF A FUZZY 
NORMAL HX SUBRING OF A HX RING 
 
In this section, we introduce the concept of an image, pre-image of pseudo fuzzy coset of a HX ring and discuss the 
properties of homomorphic and anti homomorphic images and pre images of pseudo fuzzy coset of a fuzzy normal HX 
ring λµ of a HX ring ℜ determined by the element A∈ ℜ. 
 
5.1 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f : ℜ1 → ℜ2  be a 
homomorphism onto HX rings. Let (A + λμ)P be the pseudo fuzzy coset of a fuzzy normal HX ring λµ of a HX ring ℜ1 
determined by the element A∈ ℜ1.Then f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f(λµ) of a HX 
ring ℜ2 determined by the element f(A)∈ ℜ2 and f((A + λμ)P ) = (f(A) + f(λµ))p , if  λµ 

  has a supremum property and λµ  
is f-invariant. 

 
Proof: Let f: ℜ1 → ℜ2 be a homomorphism onto HX rings.  
 
Let (A + λμ)P be the pseudo fuzzy coset of a fuzzy normal HX subring λµ of a HX ring ℜ1 determined by the element 
A∈ ℜ1. f(λµ) is a fuzzy normal HX ring of a HX ring ℜ2. 
 
By Theorem 3.1, f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f(λµ) of a HX ring ℜ2 determined by 
the element f(A)∈ ℜ2 and f((A + λμ)P) = (f(A) + f(λµ))p. 
 
5.2 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f: ℜ1 → ℜ2 be a 
homomorphism on HX rings. Let (B + ηα)P be the pseudo fuzzy coset of a fuzzy normal HX ring ηα of a HX ring ℜ2 
determined by the element B∈ ℜ2.Then   f –1((B + ηα)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f –1(ηα) of 
a HX ring ℜ1 determined by the element f –1(B)∈ ℜ1 and f –1((B + ηα)P ) = (f –1(B) + f –1(ηα))p . 

 
Proof: Let f : ℜ1 → ℜ2  be a homomorphism on HX rings.  
 
Let (B + ηα)P be the pseudo fuzzy coset of a fuzzy normal HX ring ηα of a HX ring ℜ2 determined by the element     
B∈ ℜ2. f –1(ηα) is a fuzzy normal HX ring of a HX ring ℜ1. 
 
By Theorem 3.2, f –1((B + ηα)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f –1(ηα) of a HX ring ℜ1 
determined by the element f –1(B)∈ ℜ1 and f –1((B + ηα)P) = (f –1(B) + f –1(ηα))p. 
 
 



R. Muthuraj! and N. Ramila Gandhi2 /  
Homomorphism and Anti Homomorphism of Pseudo Fuzzy Coset of a HX Ring / IJMA- 9(5), May-2018, (Special Issue) 

© 2018, IJMA. All Rights Reserved                                                                                                                                                       39 

CONFERENCE PAPER  
National Conference March 1st - 2018, On “Recent Advances in Pure and Applied Mathematics”, Organized 
by Department of Mathematics, Arul Anandar College (Autonomous), Madurai. Tamilnadu, India. 

 
5.3 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f: ℜ1 → ℜ2  be an anti 
homomorphism onto HX rings. Let (A + λμ)P be the pseudo fuzzy coset of a fuzzy normal HX ring λµ of a HX ring ℜ1 
determined by the element A∈ ℜ1.Then  f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f(λµ) of a HX 
ring ℜ2 determined by the element f(A)∈ ℜ2 and f((A + λμ)P) = (f(A) + f(λµ))p , if  λµ 

  has a supremum property and λµ  
is f-invariant. 
 
Proof: Let f : ℜ1 → ℜ2  be an anti homomorphism onto HX rings.  
 
Let (A + λμ)P be the pseudo fuzzy coset of a fuzzy normal HX ring λµ of a HX ring ℜ1 determined by the element      
A∈ ℜ1.f(λµ) is a fuzzy normal HX ring of a HX ring ℜ2. 
 
By Theorem 3.3, f((A + λμ)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f(λµ) of a HX ring ℜ2 determined by 
the element f(A)∈ ℜ2 and f((A + λμ)P ) = (f(A) + f(λµ))p . 
 
5.4 Theorem: Let ℜ1 and ℜ2 be any two HX rings on the rings R1 and R2 respectively. Let f : ℜ1 → ℜ2  be an anti 
homomorphism on HX rings. Let (B + ηα)P be the pseudo fuzzy coset of a fuzzy normal HX ring ηα of a HX ring ℜ2 
determined by the element B∈ ℜ2.Then  f –1((B + ηα)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f –1(ηα) of 
a HX ring ℜ1 determined by the element f –1(B)∈ ℜ1 and f –1((B + ηα)P) = (f –1(B) + f –1(ηα))p . 

 
Proof: Let f : ℜ1 → ℜ2  be an anti homomorphism on HX rings.  
 
Let (B+ ηα)P be the pseudo fuzzy coset of a fuzzy normal HX ring ηα of a HX ring ℜ2 determined by the element B∈ 
ℜ2. f –1(ηα) is a fuzzy normal HX ring of a HX ring ℜ1. 
 
By Theorem 3.4, f–1((B + ηα)P) is the pseudo fuzzy coset of a fuzzy normal HX ring f–1(ηα) of a HX ring ℜ1 determined 
by the element f–1(B)∈ ℜ1 and f –1((B + ηα)P) = (f –1(B) + f –1(ηα))p . 
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