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ABSTRACT

In this paper, we define the notion of intuitionistic anti- fuzzy HX bi-ideal of a HX ring and some of their related
properties are investigated. We define the necessity and possibility operators of an intuitionistic fuzzy subset of an
intuitionistic anti- fuzzy HX bi-ideal of a HX ring and discuss some of its properties. We discuss the concept of an
image, pre-image of an intuitionistic anti-fuzzy HX bi-ideal of a HX ring and homomorphic, anti homomorphic
properties of an intuitionistic anti- fuzzy HX bi-ideal of a HX ring are discussed.

Keywords: intuitionistic fuzzy set, fuzzy HX ring, intuitionistic ant- fuzzy HX bi-ideal, homomorphism and anti
homomorphism of an intuitionistic anti- fuzzy HX bi-ideal, anti-image and pre-image of an intuitionistic anti- fuzzy HX
bi-ideal.

INTRODUCTION

In 1965, Zadeh [13] introduced the concept of fuzzy subset p of a set X as a function from X into the closed unit
interval [0, 1] and studied their properties. Fuzzy set theory is a useful tool to describe situations in which the data or
imprecise or vague and it is applied to logic, set theory, group theory, ring theory, real analysis, measure theory etc. In
1967, Rosenfeld [11] defined the idea of fuzzy subgroups and gave some of its properties. Li Hong Xing [5] introduced
the concept of HX group. In 1982 Wang-jin Liu [7] introduced the concept of fuzzy ring and fuzzy ideal. With the
successful upgrade of algebraic structure of group many researchers considered the algebraic structure of some other
algebraic systems in which ring was considered as first. In 1988, Professor Li Hong Xing [6] proposed the concept of
HX ring and derived some of its properties, then Professor Zhong [2, 3] gave the structures of HX ring on a class of
ring. R.Muthuraj et.al [10]. Introduced the concept of fuzzy HX ring. In this paper we define a new algebraic structure
of an intuitionistic anti fuzzy HX bi-ideal of a HX ring and investigate some related properties. We define the necessity
and possibility operators of an intuitionistic fuzzy subset of an intuitionistic anti-fuzzy HX bi-ideal and discuss some of
its properties. Also we introduce the anti image and pre-image of an intuitionistic anti-fuzzy HX bi-ideal and discuss
some of its properties.

PRELIMINARY

In this section, we site the fundamental definitions that will be used in the sequel. Throughout this paper, R = (R, +, )
is a Ring, e is the additive identity element of R and xy, we mean x.y

2.1 Definition [6]: Let R be a ring. In 2% - {¢}, a non-empty set 9 < 27 - {¢} with two binary operation ‘+’ and *.” is
said to be a HX ring on R if § is a ring with respect to the algebraic operation defined by
i. A+B={a+b/ae Aandb e B}, which its null element is denoted by Q, and the negative element of A is
denoted by — A.
ii. AB={ab/aeAandb e B},
iii. AB+C)=AB+ACand (B+C)A=BA+CA.
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2.2 Definition: Let R be aring. Let H = {{x, u(x), n(x)) / xeR} be an intuitionistic fuzzy set defined on a ring R, where
1 : R—[0,1], n : R—[0,1] such that 0 < p(x) + n(x) < 1. Let R = 27— {¢} be a HX ring. An intuitionistic fuzzy subset
A= A AHA), AV (A)) [ AeR and 0< AM(A) + A" (A) < 1} of R is said to be an intuitionistic fuzzy HX bi-ideal or
intuitionistic fuzzy bi-ideal induced by H of a HX ring R if the following conditions are satisfied. For all A, B, CeR,

i. 2 (A-B) > min {A* (A), \* (B)}
ii.  2"(AB) > min {\* (A), A" (B)}
iii. 2" (ABC) > min {* (A), A* (C)}
iv. A"(A-B) < max {A" (A), A" (B)}
v.  A'(AB) < max {A" (A), A" (B)}
vi. A"(ABC) < max {A" (A), 2" (C)}

where A" (A) = max{ u(x) / for all xe A < R} and 1" (A) = min{n(x) / for all xe A < R}.
3.1 Intuitionistic anti-fuzzy HX bi-ideal of a HX ring

In this section we define the concept of an intuitionistic anti-fuzzy HX bi-ideal of a HX ring and discuss some related
results.

3.1.1 Definition: Let R be a ring. Let H = {{X, u(x), n(X)) / xeR } be an intuitionistic fuzzy set defined on a ring R,
where p: R—[0,1], n : R—>[0,1] such that 0 < p(x) + n(x) < 1. Let R < 2%~ {¢} be a HX ring. An intuitionistic fuzzy
subset Ay = {(A, A (A), Ay (A)) /AeR and 0 < A, (A) + A, (A) <1} of R is called an intuitionistic anti-fuzzy HX bi-
ideal of R or an intuitionistic anti-fuzzy bi-ideal induced by H if the following conditions are satisfied. For all
A, B efR,

i. A (A-B) < max {4, (A), 4, (B)},
ii. 2, (AB) < max {4, (A), 4, (B)},
iii. %, (ABC) < max {4, (A), 4, (C)},
iv. A, (A-B) > min {1, (A), ., (B)},
V. 1, (AB) > min {1, (A), %, (B),
vi. %, (ABC) > min {4, (A), &, (C).

where A, (A) = min{ w(x)/ forallxeA c R} and A, (A) = max{n(x)/ forall xeA c R}.

3.1.2 Theorem: If H is an intuitionistic anti-fuzzy bi-ideal of a ring R then the intuitionistic fuzzy subset Ay is an
intuitionistic anti-fuzzy HX bi-ideal of a HX ring ‘R.

Proof: Let H be an intuitionistic anti-fuzzy bi-ideal of R.
i. max{\, (A), 1, (B)} max {min{u(x) /for all xe A < R}, min{u(y)/ for all ye B < R}}
max{ u(xo), H(yo)}

= 1(Xo— Yo)
> min{u(x-y) / for all x-y e A-B < R}
> Xy (A-B)
Ay (A-B) < max {A,, (A), A, (B)}.
i. max{\, (A), 1, (B)} = max{ min{u(x) /for all xe Ac R},
min{ u(y) / for all yeB < R}}
= max{u(xo), W(yo)}
2 (X0 Yo)
> min{u(xy) / for all xy e AB < R}
> My (AB)
My (AB) < max{, (A), A, (B)}.
iii.  max{i, (A), A, (C)} = max{ min{pu(x) /for all xe Ac R},
min{ p(z) / for all zeC < R}}
= max{u(xo) , 1(zo)}
2 H(Xo YoZo)
> min{p(xyz) / for all xyz e ABC < R}
> Ay (ABC)
Ay (ABC) < max{, (A), A, (C)}.
iv. min{i, (A), A,, (B)} = min{max{n(x)/for all xe AcR},
max{n (y)/for all yeBc R}}
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min{n (Xo), n (Yo)}

N (Xo— Yo)

max{n(x-y) /for all x-y eA-B < R}

7‘71 (A - B)

min{A, (A), 1, (B)}.

min{n(xy)/forallx eAcRandy eBc R}
n (Xoyo) , for Xg €A and Yo eB.

min{n(Xo) , n(Yo) }

min {{n(x) / for all x eA = R}, {n(y) / for all x eB < R}}
min {1, (A), 1, (B)}.

min {1, (A), 1, (B)}.

min{ n(xyz) /forallx eAc R,y eBcRand

o (A-B)
V. A, (AB)

Ay (AB)
vi. A, (ABC)
zeCcR}

NV IV v o IVIAIAIA

N (Xo YoZo), for xq €A, yo €B and z, C.

min{n(xo), n(z0)}

min {{n(x) / for all x eA < R}, {n(2) / for all z eC < R}}
min {1, (A), A, (C)}-

min {1, (A), A, (C)}.

vV IV v

Ay (ABC)
Hence, A4 is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.

3.1.3 Remark
i. If H is not an intuitionistic anti-fuzzy bi-ideal of R then the intuitionistic fuzzy subset Ay of R is an
intuitionistic anti-fuzzy HX bi-ideal of R , provided |X| > 2 for all XeR.
ii. If H is an intuitionistic fuzzy subset of a ring R and Ay be an intuitionistic anti-fuzzy HX bi-ideal on R, such

that A,(A) = max{u(x) / for all xe A < R} and A, (A) = min{n(x) / for all xeA < R}, then H may or may not
be an intuitionistic anti-fuzzy bi-ideal of R.

3.1.4 Theorem: Let H be an intuitionistic fuzzy subset on R. Let R < 2% — {¢} be a HX ring. If A, is an intuitionistic
anti-fuzzy HX right ideal of a HX ring R then Ay is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.

Proof: Let Ay be an intuitionistic anti-fuzzy HX right ideal of a HX ring ‘R.
Then for all A, B € ‘R.

i Ay (A-B) < max {A, (A), A,(B)},
ii. M (AB) < Ay (A)
iii. Ay (A= B) > min {1, (A), A, (B) }
iv. Xy (AB) > Ay (A).
Therefore , . (AB) < max {A, (A), A, (B)}
Ay (AB) > min {1, (A), A, (B)}
LetA,B,Ce R,
M (ABC) = M(A(BC))
< M(A),
< max {A,, (A), A, (C)}.
Ay (ABC) < max {A, (A), A, (C)}.
hn (ABC) = h (A(BC))
> A (A)
> min {1, (A), 2, (C)}
Ay (ABC) > min {&,, (A), A, (C)}.

Hence, A4 is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.

3.1.5 Theorem: Let H be an intuitionistic fuzzy subset on R. Let R < 2% — {¢} be a HX ring. If A4 is an intuitionistic
anti-fuzzy HX left ideal of a HX ring R then Ay is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring ‘R.

Proof: Itis clear.
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3.1.6 Remark: Every intuitionistic anti-fuzzy HX (right or left) ideal of a HX ring R is an intuitionistic anti-fuzzy HX
bi-ideal of a HX ring ‘R.

3.1.7 Theorem: Let G and H be any two intuitionistic fuzzy sets on R. Let yg and A4 be any two intuitionistic anti-
fuzzy HX bi-ideals of a HX ring R then their intersection, yc ™ Ay is also an intuitionistic anti-fuzzy HX bi-ideal of a
HX ring R.

Proof: Let G = {(x, a(X), B(X)) / xeR} and H = {{x, u(x), n(x)) / xeR} be any two intuitionistic fuzzy sets defined
onaring R.

Then, y6 = {(A, 1o(A), vs(A)) / AeR} and Ay = {(A, A, (A), A,(A)) / AR} be any two intuitionistic anti-fuzzy HX bi-
ideals of a HX ring ‘R.

Yo A =LA (o2 )A), (0 M)(A)) [ AeR}

Let AB,C € R.
i (YoM Ay ) (A-B)

min {y,( A-B) , L,(A-B)}

min {max {y.(A), v.(B)}.max{ &,( A), 1, (B)}}
max {min {y.,(A), L,(A)}, min{y,(B), A, (B)}}
max {(va N A)(A), (Ya M Ay )(B)}

max {(Ya N A)(A), (fa ™ Ay )(B)}-

min {y.( AB) , A,( AB)}

min{ max {y.(A), v.(B)},max{i,( A), 1, (B)}}
max {min {y.(A), L.( A)}, min{y.(B), A, (B)}}
max {(v« N A )(A), (ra ™ A)(B)}

max {(Ya M A )(A), (Yo N 4,)(B)}-

min {y,(ABC) , 1,(ABC)}

min{max {y,(A), v.(C)}max{ 1,(A), 1, (C)}}
max {min {y,(A), 2,(A)}, min{y,(C), 1, (C)}}
max { (Yo N A, )(A), (Yo N 2, )(C)}

max { (Yo N A )(A), (Yo N 4, )(C)}-

max {ys( A-B) , A,(A-B)}

max{ min {y(A),vs(B)}, min{L,( A), A, (B)}}
min {max {yg(A), A,(A)}, max{yp(B), 1, (B)}}
min {(ys U A)(A), (vs U 1)(B)}

min {(ys U 11 )(A), (yp L Ay )(B)}.

max {ys(AB) , A,(AB)}

max{ min {y(A),vs(B)}, min{ 1,(A), A, (B)}}
min {max {yg(A), A,(A)}, max{yp(B), 1, (B)}}
min {(ys U A)(A), (vs U 1)(B)}

min {(ys U 11 )(A), (yp L Ay )(B)}.

max {ys(ABC), 1,(ABC)}

max{min {ys(A),y5(C)}, min{L,(A), A, (C)}}
min {max {yp(A), A,(A)}, max{yp(C), A, (C)}}
min {(ys W A)(A), (s A)(C)}

min {(ys Y 1 )(A), (vp Y Ay)(C)}-

1 IA

(rr %) (A-B)
i (un ) (AB)

(raN Ay) (AB)
i (ta 1) (ABC)

(va N %) (ABC)
iv. (15U Ay ) (A-B)

nmoiA mIA A I iIA A

I umn v

(vp Ay ) (A-B)
V. (15U Ay ) (AB)

v

In 1wV

(vpo A ) (AB)
vi. (15U Ay ) (ABC)

v

vV

(vp ) (ABC)
Hence, ys N Ay is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring ‘R.

3.1.8 Theorem: Let G and H be any two intuitionistic fuzzy sets on R. Let yg be an intuitionistic anti-fuzzy HX (right
or left) ideal and Ay be an intuitionistic anti-fuzzy HX (right or left) ideal of a HX ring R then their intersection,
Ye N Ay IS also an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.

Proof: It is clear.

3.1.9 Theorem: Let G and H be any two intuitionistic fuzzy sets on R. Let yg and A4 be any two intuitionistic anti-
fuzzy HX bi-ideals of a HX ring R then their union, yg U Ay is also an intuitionistic anti-fuzzy HX bi-ideal of a HX
ring ‘R.
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Proof: Let G ={{x, a(x), B(X)) / xeR}and H = {{x, w(X), n(X)) / xeR} be any two intuitionistic fuzzy sets defined
onaring R.
Then, v = {(A, 1o(A), 1s(A)) / AeR} and Ay = {(A, A, (A), A (A)) / AR} be any two intuitionistic anti-fuzzy HX bi-
ideal of a HX ring R.Then,

YoU = {(A, (10 1 )(A), (50 A)(A)) [ A }.

Let AB e %,
I (va U Ay ) (A-B)

min {y,( A-B), A,( A-B)}

min {max {ya(A), v(B)}, max{ 1,( A), %, (B)}}
max {min {ya(A), 2,.(A)}, min{ya(B), 1, (B)}}
max {(va Y Ay ) (A), (va U 2y )(B)}

max {(va W Ay )(A), (v 2, )(B)}-

min {y.( AB), A,( AB)}

min {max {ya(A), v(B)}, max{A,( A), A, (B)}}
max {min {yo(A), A, (A)}, min{y.(B), 1, (B)}}
max {(Ya W Ay )(A), (YaV Ay )(B)}

max {(Ya Y Ay J(A), (Yo 2, )(B)}-

min {y.( ABC), A,(ABC)}

min {max {ya(A), 1.(C)}, max{1,(A), %, (C)}}
max {min {ya(A), A.(A)}, min {y,(C), 1, (C)}}
max {(Ya W Au)(A), (Yo 2, )(C)}

max (Yo Ay J(A), (Y Ay J(C)}-

max {ys( A-B) , 1,( A-B)}

max { min {yp(A), vp(B)}.min {1, (A), 1, (B)}}
min {max {ys(A), A,( A)}.max {ys(B), 1, (B)}}
min {(vs N An)(A), (vp A4)(B)}

min {(vs N %0 )(A) , (vp N Ay )(B)}-

max {ys(AB) , L,( AB)}

max {min {ys(A), vp(B)}.min{i,(A), 1, (B)}}
min {max {yp(A), Ay( A)}.max{yp(B), A, (B)}}
min {(vs N An)(A) , (v Ay)(B)}

min {(vs N % )(A) , (vp Ay )(B)}-

max {ys(ABC) , A,( ABC)}

max { min {y(A), vs(C)}.min {i,(A), 1, (C)}}
min {max {y(A), Aq( A)}max{yp(C), A, (C)}}
min { (vs 0 2n)(A) , (v Ay)(C)}

min { (vs 0 2 )(A) , (rp 0 Ay (O}

In 1wV

(Yo Y Ay ) (A-B)
i (YaU Ay ) (AB)

v

(YoYU Ay ) (AB)
i (vaU 4, ) (ABC)

(10 %) (ABC)
iv. (%) (A-B)

WA v I gy v

(vp M %) (A-B)
V. (vs Ay ) (AB)

1IN

1A

(vp N Ay) (AB)
vi. (rs Ay ) (ABC)

T

IA 11 IA

(vp ™ Ay) (AB)
Hence, ys U Ay s an intuitionistic anti-fuzzy HX bi-ideal of a HX ring ‘R.

3.1.10 Theorem: Let p be an intuitionistic fuzzy set defined on R. Let A" is an intuitionistic fuzzy HX bi-ideal of R if
and only if (\*)° is an intuitionistic anti-fuzzy HX bi-ideal of R.

Proof: Let A* be an intuitionistic fuzzy HX bi-ideal of .

LetA,B,Ce®R
i. 2 (A-B) > min{ A" (A), A* (B) }
PN 1-\(A-B) < 1— min {A* (A), \* (B) }
=S (M°(A-B) < max {(1- A*(A)),(1 - M(B))}
< (\)(A-B) < max {(A")°(A), (W)(B)}-
ii. A(AB) > min{ A* (A), A* (B) }
N 1-2"(AB) < 1—min { }* (A), \" (B) }
o (A)°(AB) < max {(1- A*(A)),(1 -A*(B)} o
(\)°(AB) < max { (M")°(A), (W)°(B)}.
iii. A" (ABC) > min{ A* (A), A* (C) }
& 1-2(ABC) < 1 —min {A" (A), A" (C)}
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2= (A")°(ABC) < max {(1- M(A)),(1 -A\"(C))} 2=
(M)(ABC) < max {(A*)°(A), (A")°(C)}-
iv. A" (A-B) < max{A" (A), A" (B) }
= 1-2\"(A-B) > 1- max { A" (A), A1 (B)}
S (\")(A-B) 2 min {(1-2"(A)),(1 - A(B))}
< (A")(A-B) 2 min {(A")*(A), \")°(B)}.
v. A" (AB) < max{A"(A), A" (B) }
& 1-2A"(AB) > 1 —max {A" (A), A" (B)}
= (AM°(AB) > min {(1- A"(A)),(1 -A"(B))} &
(\")(AB) 2 min {(A")°(A), A")(B)}-
vi. A1 (ABC) < max{A"(A), A" (C) }
= 1-A"(ABC) > 1 —max {A" (A), A" (C)}
& (AM°(ABC) > min {(1- A"(A)), (1 -A"(C))} =
(A")*(ABC) > min {(A")%(A), A")*(C}.

Hence, (A\")° is an intuitionistic anti-fuzzy HX bi-ideal on ‘R.

3.1.11 Definition: Let G = {{x, a(x), B(X)) / xeR} and H = {(x, u(X), n(X)) / xeR } be any two intuitionistic fuzzy
sets defined on a ring R. Let R; < 2%, - {¢} and R, < 2%, - {¢} be any two HX rings. Let ys = {(A, 14(A), ve(A)) /
AeR} and Ay = {(A, A(A), L,(A)) /AeR} be any two intuitionistic fuzzy subsets of a HX ring R, then the anti
product of yg and Ay is defined as

(Yo % M) ={((AB), (Yo X )(AB), (vys N Ay (A, B)) I(A, B) € Ry x Ry},
where, (Yo W A0 )(A, B) = min {y(A), 1.(B)}, for all (A, B) € Ry X Ry,

(vp N A)(A, B) = max {yg(A), A,(B)}, for all (A, B) € Ry x R,

3.1.12 Theorem: Let G and H be any two intuitionistic fuzzy sets of R, and R, respectively. Let R, < 2%, — {¢} and
R, < 27, — {¢} be any two HX rings. If ys and Ay are any two intuitionistic anti-fuzzy HX bi-ideals of R, and %R,
respectively then, ys X Ay is also an intuitionistic anti-fuzzy HX bi-ideal of a HX ring Ry x R, .

Proof: Let G = {{x, a(X), B(X)) / xe R} and H={(x, u(X), n(x)) / xe R,} be any two intuitionistic fuzzy sets defined on
aring R; and R, respectively.
Then, yo = {(A, 1u(A), vp(A)) / AcR1} and hy = {(A, L (A), Ay(A)) I AR} be any two intuitionistic anti- fuzzy HX
bi-ideal of a HX ring R, and R, respectively. Then,
(YG x 7\'H) = {<(AvB)! (’Yotm xu)(A! B)! (YB o 7\'T])(’A‘! B» /(A! B) € iR1 x s*RZ}a
where (Yo A)(A, B) = max {y(A), A,(B)}, for all (A, B) € Ry x Ry,

(vp Y A)(A, B) = min {ys(A), A,(B)}, for all (A, B) € Ry x R,.

Let A, B,I € Ry x R, where A= (C,D), B=(E,F)and | = (J, K),

i (van 2,) (A-B) max {y,(C-E), 2,(D-F)}
max {max {y4(C), v«(E)}, max{ A.( D), &, (F)}}
max {max {y,(C), Au(D)},max{ya(D), A, (E)}}
max {(voN A, )(C, D), (va " 2, )(E, F)}
max {(va N A )(A), (Yo A, )(B)}-
(van ) ((C, D) - (E, F))
(ran ) (CE, DF)
max {y,(CE) , 1,( DF)}
max {max {y.(C), va(E)}, max{A,(D), A, (F)}}
max {max {y(C), A.( D)}max{y,(E), A, (F)}}
max {(voN 4, )(C, D), (va " 2, )(E, F)}
max {(ya N 2 )(A), (YoM A )(B)}-
(ran Ay ((C, D) - (E, F)-(0.K))
(f«n 2, ) (CEJ, DFK)
max {y“( CEJ), A\*(DFK)}
max {max {y.(C), va(J)}, max{A.( D), A, (K)}}
max {max {y,(C), A.( D)}max{y,(J), M. (K)}}
max {(voN A,)(C, D), (va " A, ), K)}
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(yan Ay) (ABI)
iv. (1 Uy ) (A-B)

max {(va N Ay )(A) » (raN M) (D}

min {y5(C - E), A(D - F)}

min{min {y(C), vs(E)}, min{A,( D), 1, (F)}}
min {min {y5(C), .,( D)}, min{ys(E), A, (F)}}
min {(vp %,)(C, D) , (vp© An)(E, F)}

min {(vs W %n )(A), (v Ay )(B)}-

(vp %) ((C, D)- (E, F))

(vp Y %) (CE, DF)

min {y( CE), 2,( DF)}

min {min {y5(C), vs(E)}, min{’A.,( D), A, (F)}}
min {min {y5(C), 2n( D)}, min {yy(E), %, (F)}}
min {(vs W A,)(C, D), (vp © An)(E, F)}

min {(vs © A4 )(A), (vp Y A4 )(B)}.

(vp W29 ) ((C, D) (B, F) - U, K))

(yp W Ay ) (CEJ, DFK)

min {ys( CEJ), A,( DFK)}

min{min {y(C), vs(9)}, min{A,( D), A, (K)}}
min {min {y5(C), ,( D)}, min{y(J), A, (K)}}
min {(vs U A,)(C, D), (vp © Ay)(J, K)}

min {(vs U Ay )J(A), (vp © 2y )(D}-

v

1A

(vp U2y ) (A-B)
V. (vs ULy ) (AB)

(vp W Ay ) (AB)
Vi, (vp U &y ) (ABI)

WA I A A I g A

IA

(rp U ) (AB)
Hence, y® x A" is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.
3.1.13 Definition: Let H be an intuitionistic fuzzy set of R. Let ® < 27— {¢} be a HX ring. Let Ay be an intuitionistic
fuzzy set of R. We define the following “necessity” and possibility” operations:
D = (A, M(A), 1-24(A) ) | AeR}
O = {(A, 1- 1, (A), hy(A) ) I AeR}.

3.1.14 Theorem: Let H be an intuitionistic fuzzy set on R. Let A4 be an intuitionistic anti-fuzzy HX bi-ideal of a HX
ring R then [JAy is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.

Proof: Let Ay be an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R. Then,

i. M (A-B) < max {A,, (A), A, (B)},
ii. M (AB) < max {A,, (A), A, (B)},
iii. M (AB) < max {A,, (A), A, (C)},
iv. M(A-B) > min {&,(A), 1,(B)},
V. An(AB) > min {A,(A) , A,(B) },
Vi. An(ABC) > min {A,(A) , A,(C) }.
Now, M (A-B) < max { A, (A), A, (B) }
1-%, (A-B) > 1—max {1, (A), A, (B)}
> min {1 -4, (A), 1-4,(B)}.
That is, 1-%, (A-B) > min {1 -4, (A), 1-2,(B)}.
We have, M (AB) < max { A, (A), A, (B) }
1-A, (AB) > 1-max {A,(A), 1,(B)}
> min {1 -4, (A), 1-4,(B)}.
That is, 1-A, (AB) > min {1 -4, (A), 1-4,(B)}.
We have, Ay (ABC) < max { A, (A), A, (C) }
1-%, (ABC) > 1-max { A, (A), L, (C)}
> min {1 -4, (A), 1-4,(C)}.
That is, 1-1, (ABC) > min {1 -4, (A), 1-4,(C)}.

Hence, [TAy is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring ‘R.
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3.1.15 Theorem: Let H be an intuitionistic fuzzy set on R. Let Ay be an intuitionistic anti-fuzzy HX bi-ideal of a HX
ring R then Oy is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R.

Proof: Let A4 be an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R. Then,

i. M (A-B) < max {A, (A), A, (B)},
ii. M (AB) < max {A,, (A), A, (B)},
iii. M (AB) < max {A,, (A), A, (C)},
iv. M(A-B) > min {&,(A) , A,(B)},
V. A(AB) > min {A,(A) , A,(B) },
Vi. A(ABC) > min {1, (A) , A,(C)}.
Now, M (A-B) > min { A, (A), A, (B) }
1-%,(A-B) < 1—min {A,(A), 1, (B)}
< max { 1 - A,(A), 1 -1, (B)}.
That is, 1-A, (A-B) < max {1 -4, (A), 1-2,(B)}.
We have, Ay (AB) > min { X,(A) , 1,(B)}
1-X, (AB) < 1—min {1,(A), A, (B)}
< max { 1 - A,(A), 1 -1, (B)}.
That is, 1-A, (AB) < max {1 -2, (A), 1 -4, (B)}.
We have, Ay (ABC) > min { A,(A) , 1,(C) }
1-1, (ABC) < 1-min {1,(A), ,(C)}
< max {1 - 2,(A), 1 -2,(C) }.
That is, 1-A, (ABC) < max {1 -4, (A), 1 -1, (C)}.

Hence, OAy is an intuitionistic anti-fuzzy HX bi-ideal of a HX ring ‘R.

4.2 Homomorphism and anti homomorphism
In this section, we introduce the concept of an image, pre-image of an intuitionistic fuzzy HX bi-ideal of a HX ring and
discuss its properties under homomorphism and anti homomorphism.

4.2.1 Definition: Let R, and R, be any two rings. Let R, < 2 %, - {6} and R, = 2 ?,— {¢} be any two HX rings defined
on R; and R, respectively. Let H and G be any two intuitionistic fuzzy subsets in R; and R, respectively. Let A and yg
be any two intuitionistic anti-fuzzy HX bi-ideals of HX rings R; and R, respectively induced by H and G. Let
f: M1 — N, be a mapping then the anti image of Ay denoted as f (Ay) is an intuitionistic fuzzy subset of R, and is
defined as for each UeR,,

inf {1, (X): Xe fHU)}, if fU) # ¢
(F()) (U) = {
, otherwise
sup {L, (X): Xe FHU)}, if F1U) # ¢
(F () (U) =

, otherwise
Also the pre-image of v denoted as f *(ys) under f is an intuitionistic fuzzy subset of R, defined as for each X € Ry,

(F ")) (X) = v (F (X)) and (F *(y))(X) = 1(F (X))

4.2.2 Theorem: Let R, and R, be any two HX rings on the rings R; and R, respectively. Let f: R; — R, be a
homomorphism onto HX rings. Let H be an intuitionistic fuzzy subset of R;. Let Ay be an intuitionistic anti-fuzzy HX
bi-ideal of Ry then f (Ay) is an intuitionistic anti-fuzzy HX bi-ideal of R,, if Ay has an infimum property and Ay is
f-invariant.

Proof: LetH = {{X, u(x), n(x)) / xeR} be an intuitionistic fuzzy sets defined on a ring R;.

Then, A= { (X, L,(X), 1,(X)) / XeR,} be an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R;.

Then, f(h) = {(F(X), f(1,)(FX)), (L) (F(X))) / XeR4}.
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There exist X, Y e R, such that f(X) , f(Y) € R,,
o (F(4) (FX) = (Y)) 1)) (F(X-Y))

Ay (X=Y)

max {A, (X), A, (Y)}

max {(f (1)) (F(X)), (f (4,)) (F(Y)}

max {(f (1)) (FCX)), (F (1)) (FCY))}

(f (1)) (FOXY))

Ay (XY)

max {A, (X), A, (Y)}

max {(f (1)) (F(X)), (f (4,)) (F(Y)}

max {(f (1)) (F(X)), (f (4,)) (F(Y))}-

() (f(XY2))

Ay (XY2Z)

max {A, (X), &, (2)}

max {(f (1)) (F(X)), (f (1)) (F(2)}

max {(f (1)) (FCX)), (f (4,)) (F(2)}-

() (FOX=Y)),

Ay (X=Y)

min {4, (X), &, (Y)}

min {(f (A,)) (F(X)), (F (1)) (F(Y))}

min {(f (A,)) (F(X)), (F (1)) (F(Y))}

(£ (Ay) (FCXY))

Ay (XY)

min {1, (X), A, (Y)}

min {(f (A,)) (F(X)), (F (1)) (F(Y))}

min {(f (A,)) (F(X)), (F (A,)) (F(Y))3}-

(£ () (FXYZ))

My (XYZ)

min {1, (X), X, (2)}

min {(f (A,)) (F(X)), (F () (F(2))}

min {(f (A,)) (F(X)), (F (1)) (F(2))}-

1IN

(F () (FCX) - £(Y))
i (FO) (FOX) 1Y)

(f () (FOOF(Y))
i (£ () (FX) 7(Y)f(2))

(f () (FOF(Y)E(2))
iv. (f(A)) (FOX) - 1(Y))

vV Ima A 1A 1A 1o IA

(f () (F(X) - £(Y))
V. (F W) (FOX) F(Y))

{1 |V

v

(f O)) (FOOF(Y))
vi. (F (L)) (FX) f()(2))

oy

VoV

(f () (FXF(Y)H(2))
Hence, f (Ay) is an intuitionistic anti-fuzzy HX bi-ideal of R,

4.6.3 Theorem: Let R;and R, be any two HX rings on R; and R; respectively. Let f: R; — R, be a homomorphism on
HX rings. Let G be an intuitionistic fuzzy subset of R,. Let ys be an intuitionistic anti-fuzzy HX bi-ideal of R,, then
f (yo) is an intuitionistic anti-fuzzy HX bi-ideal of ;.

Proof: Let G ={{y, a(y), B(Y)) / yeR,} be an intuitionistic fuzzy sets defined on a ring R,.
Then, vy = {CY, vo(Y), vs(Y)) I Y €R2} be an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R,.
Then, 7 (ve) = {OX, £ (r) (X), T (1) (X)) / XeR1 .

Forany XY e Ry, f(X), f(Y) € R,
i (F ' (v0)) (X-Y) Yo (F(X-Y))

va (fOX) = 1(Y))

< max {y, (f(X)), va (f(Y))}
= max {(f "(v,)) (X), (F (ra)) (V)}
(F (ra)) (X-Y) < max {(f "(vs)) (X), (f *(va)) ()}
ii. (F (ra)) (XY) = Yo (FOXY))
= Yo (FOX) 1(Y))
< max {y, (f(X)), va (f(Y))}
= max {(f () (X), (F () ()}
(F(1a)) (XY) < max {(f "(v)) (X), (f *(v)) ()}
iii. (f(r)) (XY2) = Yo (F(XYZ))
= Yo (F(2) 1Y) (X))
< max {y. (f(2)), va (F(X))}
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max {v. (f(X)), v (f(2))}

max {(f "(v.)) (X), (F (x.)) (@}
max {(f ~(v.)) (X), (F (x.)) (@}
1p (F(X=Y))

1p(f(X) - £(Y))

min {yp (F(X)), vs (F(Y))}

min {(f " (y5)) (X), (F () (Y)}
min{(f ~(yp)) (X), (F ")) ()}
1p (F(XY))

vp (F(X) 1(Y))

min {yp (£(X)), vs (F(Y))}

min {(f (vp)) (X), (F () (V)}
min{(f ~(yp)) (X), (F ")) ()}
1p (((XY2))

1p (F(2) 1Y) £(X))

min {yp (£(2)), vs (((X))}

min {yp (f(X)), v ((2))}

min {(f "(v)) (X), (F () (@)}
min{(f ~(5)) (X), (f "(vp)) (D}

(F (1)) (XY2)
v, () (X-Y)

g IA

v

(F () (X-Y)
V. (f () (XY)

(F () (XY)
vii  (Fp) (XY2)

VoIV IV v oy

(f (1)) (XY2)
Hence, f ™(y) is an intuitionistic anti-fuzzy HX bi-ideal of R,

4.6.4 Theorem: Let R, and R, be any two HX rings on the rings R; and R, respectively. Let f: R; — R, be an anti
homomorphism onto HX rings. Let H be an intuitionistic fuzzy subset of R;. Let A4 be an intuitionistic anti-fuzzy HX
bi-ideal of R, then f (Ay) is an intuitionistic anti-fuzzy HX bi-ideal of R,, if Ay has an infimum property and Ay is
f-invariant.

Proof: Let H = {(x, u(x), n(X)) / xeR4} be an intuitionistic fuzzy sets defined on a ring R;.
Then, Ay = {(X, L,(X), A,(X)) / XeR1} be an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R;.
Then, () = {(F(X), F(,) (X)), FO,)(FOX))) / XeRy}
There exist X, Y e R; such that f(X) , f(Y) € R,
i (FOy) (FOX) - 1(Y))

(F))FX-Y)),
Ay (X=Y)

max {A,, (X), A, (Y)}

max {(F (1,)) (FX)). (F (1)) (F(Y)}

max {(f (1,)) (FX) ). (F (1)) (FCY))}
(F O4)) (FYX))

Ay (YX)

max {A, (Y), A, (X)}

max {A, (X), A, (Y)}

max {(F (1,)) (). (F (1)) (F(Y)}
max {(f (1,)) (F0), (F (1)) (F(V)}.
(£ Ou)) (FZYX))

Ay (ZYX)

max {1, (2), 2, (X)}

max {1, (X), %, (2)}

max {(f (1,)) (), (F (1,)) (F2))}

max {(f (1,)) (FX)), (f (1,)) (F2)}-
(R FX-Y)),

Ly (X=Y)

min {2, (X), &, ()}

min {(F (1,)) (FX)). (F (1) (F(Y)}

min {(F (1,)) () ). (F (1)) (FCY)}
(F () (FYX)

A (YX)

min {1, (Y), A (X0}
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(F (4)) (FCX) - £(Y))
i (FO) (FOX) 1Y)

1A

1A

(f (1)) (FOOF(Y))
i (f () (FOX) f(Y)F(2))

(F (h)) (FOOF(Y)H(2))
iv. (f(Ay)) (FOX) - 1(Y))

(F () (F(X) = 1(Y))
V. (F () (FOX) 1(Y))
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min {1, (X), A ()}
min {(F (1)) (FOQ). (F () ()}
min {(F (1)) (F9), (F (1)) (Y)Y
(£ () (FZYX)

dy (ZYX)

min {1, (2), & (X)}

min {1, (X), 2 (2)}

min {(F (1)) (FX)), (F (1)) (F2))}
min {(F (1)) (F)), (F (1)) (FZ))}-

(f () (FOOF(Y))
Vi (F (k) (FX) £(Y) 1(2))

{1 |V

A2 | I [ Y2

(f (1) (FOOF(Y) 1(2))
Hence, f(Ay) is an intuitionistic anti-fuzzy HX bi-ideal of R,

4.6.5 Theorem: Let R; and R, be any two HX rings on R; and R, respectively. Let f: R; — R, be an anti
homomorphism on HX rings. Let G be an intuitionistic fuzzy subset of R,. Let yg be an intuitionistic anti-fuzzy HX bi-
ideal of R, then f "(yc) is an intuitionistic anti-fuzzy HX bi-ideal of .

Proof: Let G ={{y, a(y), B(Y)) / yeR,} be an intuitionistic fuzzy sets defined on a ring R,.
Then, v = {CY, vo(Y), vs(Y)) I Y €R2} be an intuitionistic anti-fuzzy HX bi-ideal of a HX ring R,.
Then, 7 (ve) = {OX, £ 7 (r) (X), T (1) (X)) / XeRa}.

Forany X, Y € Ry, f(X), f(Y) € R,,
i (f *(v)) (X-Y) Yo (F(X=Y))

Yo (F(X) - 1(Y))

max {yo (f(X)), va (F(Y))}

max {(f ~(v)) (X), (F (rs)) ()}

max {(f ~(v)) (X), (F "(xs)) ()}

Ya (F(XY))

Yo (F(Y) £(X))

max {yq (f(Y)), va (F(X))}

max {y, (f(X)), ya (F(Y))}

max {(f ~(va)) (X), (F "(va)) ()}

max {(f "(va)) (X), (F "(va)) ()}

Yo ((XY2Z))

Yo (FF(Y) £(X))

max {v, (f(2)), va (F(X))}

max {y, (f(X)), va (f(2))}

max {(f (o)) (X), (F (va) (2)}

max {(f (o)) (X), (F "(vs)) (2)}

v (F(X=Y))

p(F(X) - £(Y))

min {ys (f(X)), v (F(Y))}

min {(f " (y)) (X), (f () (Y)}

min{( f~(y5)) (X), (F () (V)}-

v (F(XY))

vp (FCY) (X))

min {ys (f(Y)), v (F(X))}

min {ys (f(X)), v (F(Y))}

min {(f " (y)) (X), (f () (Y)}

min{(f ~(y5)) (X), (F *(p) (V)}-

p (F(XY2))

p (FOF(Y) (X))

min {ys (F(2)). vs (F(X))}

min {y; (f(X)). v (F(2))}

min {(f ~(vs)) (X), (f “(vp)) (2)}

(f ~(rp)) (XY) min{(f ~(vg)) (X), (f *(vs)) (2)}.

Hence, f *(y) is an intuitionistic anti-fuzzy HX bi-ideal of R,
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v, (F ) (X-Y)

g IA

(F () (X-Y)
V. (f () (XY)

(F () (XY)
Vi () (XY2)
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