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ABSTRACT

In this paper, introduce the concept of paired equitable dominating set (ped-set), paired equitable domination number
in a fuzzy graph. The relation between equitable domination number and paired equitable domination number are
established. Bound for paired equitable domination numbers are obtained.
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1. INTRODUCTION

Zadeh[8] introduced the concept of fuzzy sets in the year 1965. In 1975, fuzzy graph was introduced by Rosenfeld [5].
The notation of domination in fuzzy graphs was developed by A. Somasundaram and S. Somasundaram [6].
Nagoorgani and Chandrasekaran [4] discussed about domination in a fuzzy graph using strong arcs. The concept of
degree equitable domination in graphs was introduced by Venkatasubramanian Swaminathan and Kuppusamy
Markandan Dharmalingam [7]. The concept of equitable domination in fuzzy graphs was introduced by Dharmalingam
and Rani [2]. S. Yahya Mohamad and S.Suganthi [8] introduced the concept of matching in fuzzy labeling graph

In this paper, paired equitable dominating set and paired equitable domination number in fuzzy graphs are defined. The
relation between paired equitable domination numbers and other well known parameters in fuzzy graph are obtained.

2. PRELIMINARIES

Definition 2.1: Let G* = (V,E) be a graph with vertex V and edge set E €V x V. Let o and u be a fuzzy set of V
and E respectively. Then G = (o, u) be a fuzzy graph if u(u,v) < o(u) Aa(v) for all (u,v) € E and is denoted by

G = (o,n).

Definition 2.2: The complement of a fuzzy G = (o, ) is a fuzzy graph G = (a¢’,u") where ¢ = ¢'and
wwv) =cAo) —u(u,v)forallu,vinV.

Definition 2.3: Let G = (o, ) be a fuzzy graph then the order and size are defined as p = Y.,y o(u) and
q= Z(u,v)EE u(u, U)

Definition 2.4: The neighbourhood degree of a vertex u is defined to be the sum of the weights of the vertices adjacent
to u and is denoted by dy(u), the minimum neighbourhood degree of G is &y (G) = min{dy(u):u € V} and the
maximum neighbourhood degree of G is Ay (G) = max{dy(uw):u € V}

Definition 2.5: The effective degree of a vertex u is defined to be the sum of the weights of the effective edges incident
at u and is denoted by dg(u), the minimum effective degree of G is 6;(G) = min{dg(u):u € V} and the maximum
effective degree of G is A (G) = max{d;(u):u € V}
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Definition 2.6: A fuzzy graph G = (o, u) is said to be bipartite if the vertex set V can be partitioned into two sets V;
defined on g, and V, defined on o; such that u(v,,v,) = 0 if (vy,v,) € V; XV, 0or (v1,v,) €V, XV,

Definition 2.7: A fuzzy graph is said to be connected if there exists atleast one path between every pair of vertices.

Definition 2.8: The degree of vertex u is defined as the sum of the weights of the edges incident at u and it is denoted
by d(w).

Definition 2.9: The maximum and minimum fuzzy equitable degree of a vertex in G are denoted respectively by A®(G)
and 8°(G) .Thatis A°(G) = maxyey (g |N°(W)land 6¢(G) = minyeyg)|N®(W)|

Definition 2.10: A path in a fuzzy graph G is a sequence of distinct vertices u, Uy, Uy, ... U, such that (u;_,,u;)
1 < i < nbeastrong arc and is denoted by P, and n is called the length of the path. The path in a fuzzy graph is called
acycleifu, = u,,n > 2andis denoted by c,

Definition 2.11: A connected acyclic fuzzy graph is said to be a tree.

Definition 2.12: A vertex in a fuzzy graph having only one neighbour is called a pendent vertex. Otherwise it is called
non — pendent vertex.

Definition 2.13: An arc (u,v) in a fuzzy graph G = (o, p) is said to be strong if u*(u,v) < u(u,v)then u,v are
called strong neighbours.

Definition 2.14: A fuzzy graph G = (o, ) be a perfect matching in a fuzzy graph a subset of strong arc in which no
two strong arcs are adjacent which means no two strong arc are incident on a common vertex.

Definition 2.15: The strong neighbourhood of the vertex u is defined as Ng(u) = {v € V | (u, v)is a strong arc}.
Definition 2.16: A vertex u € V dominates v € V if (u, v) is a strong arc. A subset D of V is called a dominating set
of a fuzzy graph G if for every v € V — D, there exists u € D such that u dominates v. The smallest number of vertices

in a dominating set of G is called domination number and is denoted by y ().

Definition 2.17 [2]: Let u and v be two vertices in a fuzzy graph G. A subset D of V is called an equitable dominating
set if for every v € V - D there exists a vertex u € D such that (u,v) € E(G) and |d(u) - d(v)| <1landu(uv) <
a(u) A a(v). The minimum cardinality of an equitable dominating set in a fuzzy graph is denoted by y,.

3. PAIRED EQUITABLE DOMINATION IN FUZZY GRAPHS

Definition 3.1: Let G = (g,u) be a connected fuzzy graph. An equitable dominating set D € V is called paired
equitable dominating set (ped-set) then < D > has a perfect matching. The minimum cardinality taken over all of
paired equitable dominating set is called paired equitable domination number of G and is denoted by y¢q(G).

Remark 3.2: The paired equitable dominating set exists in a fuzzy graph G, it is non-trivial connected fuzzy graph G.

Example 3.3: From the fuzzy graph G given in figure (1), Order of G = 3.0, Size of G = 2.5
Paired Equitable dominating set is {c, d}, Ypeq(G) = 1.2

0.7
a (0.8) b(1.0)
0.6
0.6 0.2
d(0.7) c(0.5)
0.4
Figure-1

Observations 3.4:
1) A paired equitable dominating set exists only if a G contains no isolated vertices. Hereafter we consider G is a
connected fuzzy graph without isolated vertices.
2) A paired equitable dominating set of fuzzy graph G is also an equitable dominating set of G.
3) If D is a paired equitable dominating set then any super set of D need not be paired equitable dominating set.

© 2018, IJMA. All Rights Reserved 44



C. Gurubaran*., A. Prasanna® and A. Mohamed Ismayil3 / Paired Equitable Domination in Fuzzy Graphs / IIMA- 9(6), June-2018.

Example 3.5: Consider the fuzzy graph given in figure (2)
c(0.9) 04 d(0.4)

a (0.6)

£(0.7) 0.3 c(0.8)
Figure-2

ped-set, D = {a, b, f, e} but the super set {a, b, f, e, d} of D is not a ped-set.

Definition 3.6: A paired equitable dominating set D is said to be minimal paired equitable dominating set if no proper
subset of D is a paired equitable dominating set in a fuzzy graph. The maximum cardinality of a minimal paired
equitable dominating set is denoted by T'eq (G).

Example 3.7: Consider the fuzzy graph G in figure (1), [},c4(G) = 1.5

Theorem 3.8: A paired equitable dominating set D of a fuzzy graph G is minimal ped — set if and only if any two
vertices v;, v, € D one of the following conditions holds,

i G {D - {vy, vz}} does not contain a perfect matching
(i) there exista vertexu € V - D suchthat N(w) N D < {vy,v,}and |[d(v,) - d@W)| < 1; |[d(v,) - dw)| <1

Proof: Suppose D is a minimal paired equitable dominating set of a fuzzy graph G. then for any two vertices v, v, €
D, D - {vy,v,}is not a ped-set of G. Therefore G {D - {vy, vz}} does not contains a perfect matching. Ifu € V - D is

not dominated by D - {v,,v,}, but it is equitable dominated by D then u adjacent to either v; or v, or both. This
implies that |d(v,) - d(w)| < 1, |d(v,) - dw)| <1

Conversely, suppose D is minimal ped-set of a fuzzy graph of G. Then for any two vertices v;, v, € D one of the two
stated conditions holds. Suppose D is not a minimal paired equitable dominating set. Then there exist two vertices say

vy, v, € D such that D - {v;,v,} is a ped-set. Therefore condition (1) does not hold. If D - {v,,v,} is a ped-set then

every vertex in V - D is adjacent to atleast one vertex in D - {v,,v,}. Therefore for any two vertices v,,v, € D
condition (ii) does not holds. Hence neither condition (i) nor (ii) holds. Which is a contradiction.

Theorem 3.9: For any connected fuzzy graph, G = (o, ) then ¥(G) < ¥.(G) < Vpea(G)

Proof: Every equitable dominating set is a dominating set. Therefore y(G) < y,.(G). By observation (2),
Ve (G) < ypecl (G) Hence, }’(G) = Ye (G) = ypecl (G)

Observation 3.10: In a complete fuzzy graph K,,, ¥,eq(G) = 0, + o, Where g, = min,¢, o(u) and
01 = minvEV—{u} 0'(17).

Theorem 3.11: For any fuzzy graph G = (o, ) of order p, 2.min,ey 0(w) < Vpea(G) < p

Proof: Let D is a minimum paired equitable dominating set of a fuzzy graph G. This D has atleast two vertices u,, u,
which is an equitable dominating set and a dominating set also it has a perfect matching. Hence (u,, u,) is a strong arc.
Suppose o (w) = min,ey(o(v)) then 2mino(w) < ¥,eq(G). By the definition of ped-set, y,.4(G) < p. Hence,
2min o(u) < ¥pea(G) < p.

Theorem 3.12: Let G and G be connected fuzzy graph without isolated vertices, G = (o, 1) then
yped(G) + yped(G) = Zp

Proof: By the definition, y,.q(G) < p. For complementary fuzzy graph the order will be same (i.e. p). The
complementary fuzzy graph without isolated vertex and connected G = (o,u’) and < D > has a paired equitable
dominating set, which implies that, y,.4(G) < p. Hence, ¥,eq(G) + Vpea(G) < 2p.
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Theorem 3.13: Every k — connected graph G* is an underlying fuzzy graph G has a ped-set if < D* > has even order
does not contain induced subgraph isomorphic to K*; .1, n = 2

Proof: Let us consider D be a ped-set of a connected fuzzy graph G and its induced subgraph < D* > has 4 vertices
isomorphic to K*; 3. V; has only one vertex and other vertices are in V,. This implies that the induced fuzzy subgraph of
a dominating set < D* > does not contians a perfect matching.

Theorem 3.14: For any fuzzy graph G = (o,u), D is a minimal equitable dominating set and < D > has cycle with
even number of vertices then G has atleast two distinct minimal ped-sets.

Proof: Let D be the minimal equitable dominating set and < D > has a cycle with even number of vertices satisfies the
condition |[d(u) — d(v)| < L, u € Dand v €V —D of G then < D > has a perfect matching in a fuzzy graph. Here
every vertex of D incident with two strong arcs. If there is two adjacent edges, one edge in matching in M; and another
edge in matching in M,. Thus D has two distinct perfect matching. Hence G has atleast two distinct minimal ped-sets.
Theorem 3.15: If v is a support vertex in a fuzzy graph G then every ped-set D contains v.

Proof: Let v be support vertex of a connected fuzzy graph G = (g, ) and D be a ped-set. Suppose that v ¢ D in ped-
set, then the end vertex u is not dominated by any other vertices of a fuzzy graph G, this implies that D is not a ped-set.
Hence v must be in the every ped-set.

Theorem 3.16: Let H be a spanning fuzzy subgraph of connected fuzzy graph G then y,.q(G) < Ypea(H)

Proof: Let H = (¢, ") be a spanning fuzzy subgraph of fuzzy graph G. Suppose D is a minimum ped-set then D is
paired equitable dominate all vertices in V(H) - D, this implies that D is a ped-set of G. Hence y,,¢4(G) < ¥peqa (H)

Theorem 3.17: If G = (o, 1) be a fuzzy graph of order p, size q then y,.q(G) <2q —p + 2
Proof: From the definition of the ped-set we have y,.q(G) < ptheny,.q(G) <p=2(p—1)—-p+2=<2q-p+2.
Theorem 3.18: For any fuzzy graph G, p — q < ¥pea(G) <p —Ag

Proof: Let D be a ped-set and y,.q — set be the minimum ped-set number of G, then the scalar cardinality of V - D is

less than or equal to the scalar cardinality of V- x V. Hence p — q < ¥peq(G) D
Now let v; be the vertex with maximum strong arc incident degree A clearly V — {v;} is ped-set and hence
Ypea(G) <p —Ag (2)

From (1) & (2), p — @ < Vpea(G) < p —Ag istrue.
Theorem 3.19: For any fuzzy graph G, p — q < ¥peqa(G) < q — &g

Proof: Let D be a ped-set and y,.q — set be the minimum ped-set number of G, then the scalar cardinality of V - S is
less than or equal to the scalar cardinality of V' x V. Hence, p — q < ¥peq(G) (D

Now let v; be the vertex with minimum strong arc incident degree & clearly V — {v;} is ped-set and hence
Ypea(G) <p — & (2)

From above (1) & (2), p — q < ¥pea(G) < p — &g is true.
Corollary 3.20:
i) Forany fuzzy graph G, |p — q| < ¥pea(G) <p —Ay
i) Forany fuzzy graph G, |p — q| < ¥pea(G) < q— by
Theorem 3.21: Let G be a fuzzy graph without any equitable isolated point with A< p — 1 then y,,.4(G) < p —A®
Proof: Let v; € V(G) and d¢(v;) =A°. Since G is connected fuzzy graph and A¢< p — 1 there exist two adjacent

vertices v; and vy, such that v; € N(v;) and v, & N(v;). Now let S = {v;} U (N(v;) — {v;}). Clearly V - D be the
ped-set of G, hence y,.q(G) < p —A°
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