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ABSTRACT

In this paper, we introduce the notions of generalized pairwise star separation axioms on bitopological spaces and study
some of their properties. The properties of the space (X, t,,7,) are studied through the study of the space (X,7;;)
which is a supra topology associated to the bitopological space (X, t,, ;). The importance of this approach is that we
study properties of the bitopological space (X, t,,7,) viaone family 7, suchthat (X,7;,) isasupratopological space
associated to (X, t4,7,). Also, we are dealing with one family instead of two families 7; and t,. Finally this method
enable us to study on X more that two topologies. The relation between these approaches has studied.
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1. INTRODUCTION

In 1963, Kelly was first introduced the concept of bitopological space, where is a non-empty setand t,, 7, are topologies
on X as method of generalizes topological space (X, t) [1]. Every bitopological space (X, t;,t,) can be regarded as a
topological space (X, 1) if t; = 7, = 7. Furthermore, he extended some of the standard results of separation axioms and
mappings in a topological space to a bitopological space. In 1983 Mashhor et al. [2], [3] introduced supra topological
spaces by dropping only the intersection condition. Kandil,[4] generated a supra topological space (X,t,,) from the
bitopological space (X, t,,7,) and they studied some properties of the space (X, t,,7,) Via properties of the associated
space (X, 1,,). Thereafter, a large number of papers have been written in separation axiom on bitopological space. It has
been studied in different versions adopted in the study of the concept of Fukutake by using open and closed collections in
the two spaces t,,7, or using the new space (X, t,,) resulting from them. [5, 6, 7, 8, 9].

In this paper we introduce the notion of generalized pairwise star T, space, generalized pairwise starT; space,
generalized pairwise star T, space, generalized pairwise star R, space, generalized pairwise star R,space generalized
pairwise star regular space and generalized pairwise star normal space by using the concept generalized pairwise open
sets and generalized pairwise closed sets in (X, 7;,) and we study some of relation between this spaces.

2.PRELIMINARIES

This section contains the basic concept and the proprieties of generalized closed sets, generalized open set and pairwise
separation axiom in bitopological spaces.
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Definition 2.1: [1] A bitopological spaces (bts, for short) is a triple (X,t,,7,) where 7; and t, are arbitrary
topologies on X.

Definition 2.2: [10] Let (X, 74, 7,) be a bitopological space. Then, A € X is said to be pairwise open (P-open, for
short) if A=U, UU,, U; €1, (i =1,2). Aset A isaP-closed if its complement A€ is P-open.

Note that the notion of P-open sets as well as P-closed sets has studied in [11, 4] under the name of P*-open and
P~-closed.

Definition 2.3: [3] A family n € P(X) is said to be a supra topology on X, if n contains X,¢ and closed under
arbitrary union. The element of n are supra open sets and their complements are said to be supra closed sets.

Proposition 2.1: [11] Let (X, t4,7,) be a bts. The family of all P-open subsets of X, denoted by
T, ={U; UU,:U; € 1,0 = 1,2} is a supratopology on X and (X, t,,) is the supra topological space associated to
the bts (X, 14, 7,).

Proposition 2.2: [11] Let (X, t,,7,) be a bts. Then, the operator cl,,: P(X) — P(X) defined by cl;,(A) = Zl n ZZ,
is a supra closure operator such that, t,, = {4 € X:cl,,(A°) = A°} where A'is the closure of 4 with respect to t;
and i =1,2.

Proposition 2.3: [11] Let (X, t,,7,) be a bts. Then the operator,int,,: P(X) - P(X) defined by, int;,(A4) = A°1 U
A°? is a supra interior operator such that t,, = {4 € X:int,,(A) = A}, where A%, (i = 1,2) is the ;- interior with
respect to ;.

Definition 2.4: [12] Let (X,t,,7,) be a bts, A S X and (4,744 72]4) be a bitopological subspace of (X,1,,1,).
Then, le(A) = TllA U TzlA = {Ul U U2: Ul € TllA' Uz € TZlA} SUCh that Tl:lA = {A n UI.: UI. € Ti,i = 1,2}.

Theorem 2.1: [12] Let (X, 74,7,) bea bts and A € X. Then, 7y5|4 = 71,(A), where 74,4, ={ANU:U € 74,}.

Definition 2.5: [12] Let (X,7,,7,) be a bts and (X, t,,) be its associated supra topological space. Then, A € X is
called a generalized pairwise closed set ( gp-closed, for short) if, cl,,(4A) S O whenever A € O, [1 is a P-open. The
set of all generalized pairwise closed sets denoted by GPC (X, 14,).

Remark 2.1: [12]
1. If A isaP-closed set, then A isa gp-closed set.
2. If Aand B are gp-closed sets, then AU B and A n B are not necessary gp-closed sets.

Theorem 2.2: [12] Let (X,7,,7,) be abtsand Ac X. If A is a gp closed set and A € B € cl;,(A). Then, Bis a
gp-closed set.

Theorem 2.3: [12] Let (X, 7,,7,) be abts, t,, be supra topology on X induced by 7,,7,. Then, t,, = 7§, if and only
if every subset of X isa gp- closed set.

Theorem 2.4: [12] Let (X, t,,7,) be @ bts. Suppose that B € A € X, B is a gp-closed set relative to A and A is a
gp-closed set of X. Then, B isa gp-closed set relative to X.

Corollary 2.1: [12] If A isa gp-closed set and F is P-closed set, then AN F isa gp-closed set.

Theorem 2.5: [12] Let (X,74,7,) beabtsand A €Y € X. Suppose that A is gp-closed in X. Then, A4 is gp-closed
relativeto Y.

Definition 2.6: [10] Let (X, t,,7,) beabtsand 4,B € X. Then A and B are P* — separated in X if

Not that if A and B are P* —separated and C < A,D < B, then CandD are P* — separated.

Theorem 2.6: [12] Let (X,7,,7,) be abts. If A and B are P*-separated and gp-open sets, then AU B isa gp-open
set.

Definition 2.7: [12] A set A is called a generalized pairwise open ( for short, gp-open ) set if and only if A is a
gp-closed set. The set of all generalized closed set is denoted by GPO (X, 74,).
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Theorem 2.7: [12] A space (X, t4,7,) isa P*-symmetric if and only if {x} isa gp- closed vx € X.

Theorem 2.8: [12] If A is a gp-closed set in X and f:X — Y is P*-cts and is P*-closed function, then f(4) is a
gp-closed set.

Theorem 2.9: [12] If f: (X, t4,7,) = (Y, vy, v,) is @ P*-cts and P*-closed function, B is a gp-closed(or gp-open)
subset of Y, then f~1(B) is gp-closed (or gp-open) setin X.

Definition 2.8: [10] Let (X, 14, 7,) be a bitopological space. X is called a P*T,-space (resp. P*T,-space, P*T,-space,
P*T;-space, P*T,-space,P*R,-space, P*R,-space) if X satisfies the following P*T,-separation (resp. P*T,-separation,
P*T,-separation, P*Ts-separation, P*T,-separation, P*R,- separation, P*R,-separation) condition.
1. P*T, -separation: If x,y € X and x # y, then U € 1., such thateither U n {x,y} = {x}orU n {x,y} = {y}.
2. P'T, -separation: If x,y € X and x #y, then there are U,,U, € 7,, such that U, n{x,y} ={x} and
Uy n{x,y} = {y}.
3. P’T,-separation: If x,y € Xand x # y, then 3U, € 7,, and U, € tq, suchthat U, N U, = ¢.
4. Prregular: If x ¢ F and F is P-closed, then 3U, € 74, and Up € 14, such that F € Uy and U, N Up = ¢.
(X, 11, 72) IS P*Ts-separation if itis P*T; and P* regular.
5. P* normal: If F; and F, are P-closed and F; N F, = ¢, then 3U,, U, € 1y, such that F; € U; and F, € U,
such that U; N U, = ¢. (X,74,T,) IS P*T,-separation if itis P*T; and P*normal.
6. P*R,-separation: If x € U € 1,,, then cl;,({x}) € U.
7. P*R, -separation: If x #y, and cl,{x} # cli,{y} then 3U;,U, € 7,, such that, cl;,({x}) € U; and

cli({yh) € U,.

3. GENERALIZED PAIRWISE STAR SEPARATION AXIOMS

In this section we defined the concepts of generalized pairwise star T, space, generalized pairwise star T; space,
generalized pairwise star T, space, generalized pairwise star T3, generalized pairwise star T,, generalized pairwise star
R, space and generalized pairwise star R, space, we also study some of their properties.

Definition 3.1: Let (X,7,,7,) be a bts and (X, t,,) be its associated supra topological space. Then X is called a
generalized pairwise star T, (gp*Ty, for short) space if Vx,y € X, x # y3 gp -openset A suchthat x € 4,y € A. In
another word for every two different elements in X, there exist gp- open set containing one of them but not the other.

Theorem 3.1: Let (X,7,,7,) be abitopological space, (X, t,,) its associated supra topological spaces. If (X,7;,) isa
gp T, space and A is P- closed set in (X, 1,,), then (4,1,,]|4) iSa gp*T, space.

Proof: Let (X,74,) be a gp*T, space and A be a P- closed set in (X, 7;,). Suppose that x,y € 4,x # y. Thus,
x,y €X but, (X,7,,) is a gp'T, this implies that, 3G € GPO(X,t,,) such that x € G,y € G . Therefore,
G¢ € GPC(X,14,). By using corollary2.1 we get, G° N A € GPC(X,7,,). Also we have, G°NAc Ac X. Then,
ANG° €GPC(A,t1,|4) by Theorem2.5. This implies that, AN G € GPO(A,113]4) and x EANG,yEANG .
Hence,(4,741214) isa gp*T, space.

Theorem 3.2: Let (X,74,7,) and (Y,y,,¥2) be a bitopological spaces, (X,7,,) and (Y,y,,) are associated supra
topological spaces. Suppose that f: X — Y is an injective, P* continuous function and P* —closed, if (Y,y,,y,) is a
gp’T, space, then (X,7,,1,) is gp*T, space.

Proof: Let (X,7,,7,) and (Y,y,,y,) be a bitopological spaces, (X, t,,) and (Y,y,,) are associated supra topological
spaces. Suppose that f: X — Y is a injective, P* continuous function and P* —closed, (Y,y;,) is gp*T, space.Let
X1, %, € X and x; # x, but we have f is injective, this implies that f(x;) # f(x;). But, (Y,y;;) is gp*Ty. This
implies that, 3 gp —open set V such that, f(x;) €V, f(x,) & V. Therefore, x; = f~1f(x;) € f~1(V),x, & f1(V).
By using Theorem2.9 we get, f~1(V) is gp —open sets. Hence, (X,1,,1;) is gp*T, space.

Remark 3.1: Every P*T, space is gp*T, space but the converse is not true. Example3.1 explain that.

Example 3.1: Let X = {a,b,c,d}, 1, = {X,$,{a,b}}, 1, = {X,d,{c,d}}. Then, 17,, = {X,d,{a, b}},{c,d}}. Then
(X,t42) is gp*T, space but not P*T,. Since, the set of all generalized open set (GPO (X, t,,)) = P(X).

Corollary 3.1: If (X,1,) or (X,7,) is T, space, then (X, t,,) is gp*T,.

Proof: The prove is trivially, since t; € 74, and 7, € 74,.
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Definition 3.2: Let (X,7,,7,) be a bts and (X, 7,,) be its associated supra topological space. Then X is called a
generalized pairwise star T, (gp*T;, for short) space if Vx,y € X, x # y, then 3 gp -open sets A and B such that
x€Ay¢&A yeB and x ¢ B. In other word, for every two distant elements in X, there exist two gp- open sets
containing one of them and not either.

Theorem 3.3: Let (X, 74, 7,) be a bitopological space, (X, 1,,) its associated supra topological space. If (X,7;;) isa
gp'T, space and A isa P-closed setin (X,7,,), then (4,1,,|4) isa gp*T, space.

Proof: Let (X,t,,) be a gp*T; space and A be a P- closed set in (X,7;,). Suppose that x,y € A,x #y . Thus,
x,y € X but, (X,7,,) is a gp*Ty, this implies that, 3G,H € GPO(X,t,,) such that x e G,y ¢ G and y € H,x ¢ H.
Therefore, G¢,H® € GPC(X,t,,). By using corollary2.1 we get, G°NA,H N A € GPC(X,t,,). Also we have,
G‘NAcCAcXand HHNACACX . Then, AnG¢, H°NnA € GPC(A,1,3]|,) by Theorem2.5. This implies that,
ANG,ANHEGPO(A Ti2|s) S0, xEANG, y€¢ANG and yEANH, x @ ANH. Hence,(4,712]4) is a gp'Th
space.

Theorem 3.4: Let (X,74,7,) and (Y,y;,v,) be bitopological spaces, (X,t,,) and (Y,y,,) are associated supra
topological spaces. Suppose that f: X — Y is an injective, P* continuous function and P* —closed. If (Y,y4,v,) is
gp*T, space, then (X,1,,7,) IS gp*T, space.

Proof: Let (X,t,,7,) and (Y,y,,v2) be bitopological spaces, (X, t,,) and (Y,y,,) are associated supra topological
spaces. Suppose that f: X — Y is an injective, P* continuous function and P* —closed, (Y,y;,) is gp*T; space. Let
X1, %, € X and x; # x, but we have f is injective, this implies that f(x;) # f(x;). But, (Y,y12) is gp*T;. This
implies that, 3 gp —open sets V,V, such that, f(x;) € V4, f(x,) €V, and f(x;) € V,, f(x;) € V,. Therefore,
X = (x) € fTIV),x, €V, and x, = f71f(x,) € f71(V,),x, € V,. By using Theorem2.9 we get, f~1(V;)
and f~1(V,) are gp —open sets. Hence, (X,t,,T,) is gp*T; space.

Remark 3.2:
1. Every P*T, spaceis gp*T, space but the converse is not true. See Example3.1.
2. Every gp*T; spaceis gp*T, space but the converse is not true. Example3.2 explain that.

Example 3.2: Let X = {1,2}, 7; = {X, ¢}, 1, = {X, ¢, {1}}. Then, 7,, = {X, ¢, {1}}. Then (X, 1,,) is gp*T, space
but not gp*T;. Since, the set of all generalized pairwise open set (GPO (X, t,3)) = {X, ¢,{1}}.

Corollary 3.2: If (X,1;,) or (X,t,) is T; space, then (X,t,,) is gp*T;.
Proof: The prove is trivially, since t,,7, € 74,.
Theorem 3.5: Every singleton set is gp —closed in gp*T; space.

Proof: Let (X,t,,7,) be a gp*T; space. To prove that {x} is gp —closed set. Let {x} € O ,0 is P-open set and we
must prove that cl;,{x} € 0. Let y € O, then y # x and therefore 3 gp —open set U such that, y € U and x ¢ U.
Now, x € U¢ and U¢ isa gp —closed, then cl;,(U) € G whenever, U¢ € G, G is P-open. it follows that

cli,{x} € G, whenever {x} € G, G is P-open. Hence, {x} is gp —closed.

Definition 3.3: Let (X,74,7,) be a bts and (X, t,,) be its associated supra topological space. Then X is called a
generalized pairwise star T, (gp*T,, for short)space if Vx,y € X and x # y, 3 disjoint gp -open setsA and B such
that x € A and y € B. In other word for every two distinct elements in X, there exist two disjoint gp — open sets
containing one of them and not either.

Theorem 3.6: Let (X,7,,7,) be abitopological space, (X, 1;,) itsassociated supra topological spaces. If (X,7;,) isa
gp'T, space and A is a P- closed setin (X, 1t,,), then (4,14,]4) isa gp*T, space.

Proof: Let (X,t,,) be a gp*T, space and A be a P- closed set in (X,7;,). Suppose that x,y € A4,x #y . Thus,
x,y € X but, (X,t,,) is a gp*T,, this implies that 3G,H € GPO(X,t,,) such that x e G, y € H and G N H = ¢.
Therefore, G¢,H® € GPC(X,t,,). By using corollary2.1 we get, G°NA,H N A € GPC(X,t,,). Also we have,
G°NAcCAcX and HHNASACSX . Then, ANGS,H N A € GPC(A,141,|4) by Theorem2.5. This implies that,
ANG,ANHEGPO(A Ti2l4), xEANG and ye ANH. Also, (ANG)N(ANH = ¢). Hence, (4,712]4) IS @
gp*T, space.
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Theorem 3.7: Let (X,74,7,) and (Y,y,,¥2) be a bitopological spaces, (X,7;,) and (Y,y,,) are associated supra
topological spaces. Suppose that f: X — Y is an injective, P* continuous function and P* —closed. If (Y,y;,v,) is
gp*T, space, then (X,7,,7,) IS gp*T, space.

Proof: Let (X,7,,7,) and (Y,y,,y,) be a bitopological spaces, (X,t,,) and (Y,y,,) are associated supra topological
spaces. Suppose that f: X — Y isan injective, P* continuous function and P* —closed, (Y,y,,) is gp — T, space. Let
X1, %, € X and x; # x,, but we have f is injective, this implies that f(x;) # f(x,). But, (Y,y,) is gp — T,. This
implies that, 3 disjoint gp —open sets V;,V, such that, f(x,) € V; and f(x,) € V,. Therefore, x;, = f~1f(x;) €
7YV and x, = f~1f(x,) € f~1(V,). By using Theorem2.9 we get, f~*(V;) and f~1(V,) are gp —open sets, also
YV, f~1(V,) are disjoint sets. Hence, (X,1,,7,) is gp*T, space.

Remark 3.3:
1. Every P*T, space is gp*T, space but the converse is not true. See Example3.1.
2. Every gp’T, space is gp*T, space but the converse is not true. Example3.3 explain that.

Example 3.3: Let X = {1,2,3,4}, 7; = {X, ¢,{1,2,3},{2,3,4},{2,3}}, 7, = {X, ¢,{1,3,4},{1,2,4}, {1,4}}
Then, 7,, = {X, ¢,{1,2,3}},{1,2,4},{1,3,4},{2,3,4},{1,4},{2,3}. Then (X,t,,7,) is gp*T; space. Since,
GPO(X,14,) = 14, and
1+ 2 we have {1,3,4}and {2,3,4} are gp — open sets.
1+ 3 we have {1,4}and {3,4} are gp — open sets.
1+ 4 we have {1,2,3}and {2,3,4} are gp — open sets.
2 # 3 we have {1,2,4}and {1,3,4} are gp — open sets.
2 #+ 4 we have {2,3}and {1,4} are gp — open sets.
3 #+ 4 we have {2,3}and {1,4} are gp — open sets.
But (X,7,,7,) isnot gp*T, since, 1 # 4 and all gp —open containing 1 intersect all gp —open sets containing 4.

Remark 3.4: For a bts (X, 7, 7,) we have the following chart.

P'T, - P'T, - P*T,
l l l
gp'T, - gp'Ty - gp'To

Definition 3.4: Let (X,7,,7,) be a bts and (X,7,,) its associated supra topological space. Then X is called a
generalized pairwise star regular (gp* regular, for short) space if for each gp —closed set F and x & F, there exist
disjoint gp-open sets G and H suchthat, x € H and F < G.

Theorem 3.8: Let (X,7,,7,) be abitopological space, (X, 1;,) itsassociated supra topological spaces. If (X,7;,) isa
gp“regular space and A is P- closed setin (X, t,,), then (4,1,,|4) isa gp* regular space.

Proof: Let (X,t,,) be a gp* regular space and A be a P- closed set in (X, t,,). Suppose that x € A,x € F and
F € GPC(A,T13|a) - Thus, x € X and F € GPC(X,1,,). But, (X,t,,) is a gp* regular space this implies that,
3AG,H € GPO(X,7,,) such that xe G, FSH and GNH = ¢ . Therefore, G°,H® € GPC(X,t4,) . By using
corollary2.1 we get, G°NA,H N A € GPC(X,1,,). Also we have, G°NACS Ac X and H NAcC Ac X . Then,
ANG°,H N A € GPC(A,1,,]|4) by Theorem2.5. This implies that, AN G,AnNH € GPO(A4,713]|,) , x EANG and
F € An H and therefore (AN G) N (AN H) = ¢. Hence,(4, t12]4) isa gp™ regular space.

Definition 3.5: Let (X, t,,7,) beabtsand (X, 1,,) be its associated supra topological space. Then agp™ — regular
gp*T, space is called a generalized pairwise star T; (gp*Ts, for short) space.

Theorem 3.9: Every gp*T; space is gp*T, space.

Proof: Let (X,t,,) be a gp*T; and a,b € X such that a # b. Then, {b} is gp —closed set since, (X, 11,) is gp*T;.
This implies that, a ¢ {b}. But, (X, 7,;) is gp*regular space. Therefore, their exists disjoint gp —open sets G, H such
that, a € G,{b} S H. Hence, (X,7,,) is gp*T, space.

Definition 3.6: Let (X, t,,7,) be a bitopological space and (X, t,,) be its associated supra topological space. Then X

is called a generalized pairwise star normal (gp* normal, for short) space if for all disjoint gp —closed sets F and U,
their exists disjoint gp-open sets G and H suchthat, U € H and F € G.
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Theorem 3.10: Let (X, t,,7,) be a bitopological space, (X, 1;,) is an associated supra topological spaces. If (X,1,,)
isa gp*normal space and A is P- closed setin (X, 1,,), then (4,13]4) isa gp™normal space.

Proof: Let (X,7,,) be a gp™ normal space and A be a P- closed set in (X, 7;,). Suppose that F,V € GPC(A,T13|4)
and FNV =¢ . Thus, F,V € GPC(X,t,,). But, (X,7,,) is a gp — normal space, this implies that 3G,H €
GPO(X,7,,) such that F € G, V € H and G n H = ¢. Therefore, G¢, H® € GPC(X,t,,). By using corollary 2.1 we
get, G°NA,H°NA € GPC(X,145). Also we have, G°NAcCAc X and HHNASACS X . Then, AnG*,H°NAE€
GPC(A,715]|,) by Theorem2.5. This implies that, AN G,ANH € GPO(A,115|4) , FEANG and V€ AN H also
(ANnG)Nn (AN H) = ¢.Hence,(4,142]4) isa gp* normal space.

Theorem 3.11: If (X,t4,7,) iS gp™ normal, then (X,7,,7,) is P*normal.

Proof: Let (X,t,,7,) bea gp* normal, F,H be disjoint P-closed set in (X, t,,7,). Then F,H are disjoint gp —closed
sets. But, (X,74,7,) is gp® normal. This implies that, there exist disjoint gp —open sets U,V such that F € U and
H c V.But F,H are P-closed setand U,V gp —open sets. Then, F € int,,(U) and H < int,,(V) . Also,

int;,(U) nint,(V) = ¢ and int,,(U), int,,(V) € 17,,. Hence,(X, 74, 7,) is P*normal.

Remark 3.5: A gp* normal space is not gp* regular space in general, Examples 3.4 explain that.

Example 3.4: Let X = {a,b,c,d}, T, = {X,¢,{a, b}, {a,b,c}}, 7, = {X, ¢, {c}}. Then t,, = {X, p,{a, b}, {c}, {a, b, c}}
and 75, = {X, ¢,{c,d},{d},{a,b,d}}. GPC(X,7,3) = {X,d,{c,d},{d},{a,d},{b,d},{a,b,d},{b,c dand

GPO(X,7143) = {X,¢,{a, b}, {a,b,c},{b,c},{a, c},{c},{a}} (X, t,,) is gp normal space butitisnot gp* regular space.
Since, a € {d} and there is no disjoint gp —open set cantoning a and {d}.

Definition 3.8: Let (X,t,,7,) be abtsand (X, t,,) be its associated supra topological space. Then a gp* — normal
gp'T, space is called a generalized pairwise star T, (gp*T,, for short)

Theorem 3.12: Every gp*T, spaceis gp*T; space.

Proof: Let (X,7,,) bea gp*T, and a € F such that F is gp —closed. Then, {a} is gp —closed set since, (X, 1) is
gp'T,. Thisimplies that, {a} N F = ¢. But, (X, t,,) is gp"normal space. Therefore, their exists disjoint gp —open sets
G,H suchthat, {a} € G,F < H. Hence, (X,t,,) is gp*T; space.

Remark 3.5: For a bitopological space (X,t,,t,) we have the following chart.

Definition 3.8: Let (X,t,,7,) be a bts and (X, t,,) be its associated supra topological space. Then X is called a
generalized pairwise star R, space (gp*R,, for short) if Vx € G, G is gp-open set, then cl,,{x} S G.

Theorem 3.13: Let (X,7,,7,) be a bitopological space, (X,1,,) its associated supra topological spaces. If (X,7;,) is
a gp*R, space and A is P-closed setin (X,7,,), then (4,7,,|4) iSa gp™R, space.

Proof: Let (X,7,,) be a gp*T, space and A be a P- closed set in (X,7;,). Suppose that x € G, G € GPO(A,T12]4)-
Then A\G € GPC(A,t13],) - So, A\G =An (X\G) and X\G € GPC(X,t4,) . This implies that, X\AUG €
GPO(X,t,;) and x € X\AUG but, X is gp*R,. Then, cli,{x} €S X\AU G. Therefore, Ancl;,{x}SANG=0G
consequently, cly,|.{x} S G. Hence, (4,7,,|4) IS gp*R, Space.
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Theorem 3.14: Let (X,74,7,) and (Y,y,,¥,) be bitopological spaces, (X,t,,) and (Y,y,,) are associated supra
topological spaces. Suppose that f:X — Y is an injective, P* continuous function and P* —closed, if (Y,y;,) is
gp R, space, then (X,t,,) is gp*R, space.

Proof: Let (X,t,,7,) and (Y,y,,v2) be bitopological spaces, (X,t,,) and (Y,y,,) are associated supra topological
spaces. Suppose that f: X — Y is an injective, P* continuous and P* —closed, (Y,y;,) is gp*R, space. Let x € G
and G be gp —open set in 7,,. Then,G¢ be gp —closed, Theorem 2.8, f(G°) = (f(G))¢ is gp —closed and hence,
f(G) is gp—open and f(x) € f(G). We have (Y,y;2) iS gp—Ry. Thus, clily({f(x)}) € f(G) . Then,
el ({(FGOD € F7H(G) = G . Then, flel,|y({f(x))} is P-closed and containing x since, f is cts*.
Therefore, flcli, |y (F (%)) = cliz|xf 7 (%) = cliz|x(x). Hence, cli,|x({x}) € G which means that, (X,7,,7,) is
gr*Ro.

Theorem 3.15: Let (X,7,4,7;) IS gp*R, space. For any F € GPC(X,7,,), x € F, then F € U and x ¢ U for some
U € GPO(X,Ty5).

Proof: Let (X,74,7;) be gp*R, space. Suppose that F € GPC(X,t,,), x & F, then cl,,{x} S F€. This implies that,
F € [cli,{x}]¢. Take U = [cl;,{x}]¢ which is gp — open set and containing x.

Theorem 3.16: If F ncly,[{x}] =¢ Vx € F and F € GPC(X, 1,,), then (X,7,,7,)gp R, Space.

Proof: Let x € G and G € GPO(X,1,,). Then, x € G¢ and G° € GPC(X,1,,). This implies that, cl;,{x} N G¢ = ¢.
Thus, cl,,{x} € G. Hence, (x,74,7,) IS gp*R, Space.

Theorem 3.17: If (X,t4,7,) iS gp™R, space and gp*T, space then, itisa gp*T, space.

Proof: Let (X,7,,7;) be gp*R, space and gp*T, space. suppose that x,y € X and x # y. Then 3G € GPO(X,T,3)
such that x € G,y € G. But we have, (X,74,7,) iS gp*Ry, this implies that, cl,,({x}) € G . Therefore, G¢ <
[cli;({xD]¢ and y € [cli,({xD]¢. But [cli,({x})]¢ is gp —open set containing y and not containing x. Hence,

(X, 74,72) I8 gp'Th.

Definition 3.9: Let (X,7,,7,) be a bts and (X, 7;,) be its associated supra topological space. Then X is called a
generalized pairwise star R; space (gp*R,, for short) if Vx,y € X, and cl,,{x} # cl;,{y}, 3 gp-open sets G and H
such that cl,{x} € G , clj,{y} S H and GNH = ¢.

Remark 3.6: If (X,1,,7,) is gp*R, space, then it is gp*R, space by definition. But, gp*R,, is not necessary gp*R;.
Examples 3.5 explain that.

Example 3.5: Take R is real line, 7, = {R, ¢}, T, = cofinite topology. Then t,, = cofinite topology, The set of all
generalized closed sets is equal to the set of all pairwise closed sets. So, This space is gp * R, but not gp*R;. Since
cli,{1} # cl;,{2} and there is no disjoint gp-open sets containing 1 and 2.

Theorem 3.18: Let (X,1,,7,) be a bitopological space, (X,1,,) its associated supra topological spaces. If (X,7;,) is
a gp*R, space and A is P- closed setin (X,7;,),then (4,74,]4) isa gp*R, space.

Proof: Let (X,7,,) bea gp*R; spaceand A be aP - closed set in (X, 7;,). Suppose that x,y € A and

clig|a{x} # clizla{y}. Then, cli{x} # cli,{y}. But, (X,t4,) iS a gp*R; space. This implies that, 3G,H €
GPO(X,747) such that cli,{x} S G, cli,{y} S H and G n H = ¢. By using corollary2.1and Theorem2.5 we get,
GNAFNAEGPO(A t5]y) and (GNAN(FNA) =¢ . Also, cli|{x}SANG , cli.{y}SANH .
Hence,(4,7412]4) iSa gp™R, space.

Theorem 3.19: Let (X,7,,7,) and (Y,y,,v,) be a bitopological spaces, (X,t,,) and (Y,y,,) are associated supra
topological spaces. Suppose that f: X — Y is an injective, P* continuous function and P* —closed. If (Y,y4,v2) is
gp'R; space, then (X,t,,7,) IS gp*R, space.

Proof: Let (X,74,7,) and (Y,y;,v,) be bitopological spaces, (X,1;,) and (Y,y;,) are associated supra topological
spaces. Suppose that f: X — Y is an injective, P* continuous function and P* —closed, (Y,y;,) is gp*R, space. Let
X1, %X, €EX and x; # x, such that cli,|x({x1}) # cliz|x({x2}). Then, we have f is injective, this implies that,
f(x1) # f(x2). BUL(Y, v12) is gp™Ry f(cliz|x({x1})) # f(clialx({x2})). Thus, cliply (f ({x1 D) # cliz |y (F ({x21)).
Then, 3gp —open sets Hy, H, in (Y,y,2) such that cli, |y (f ({({x:1})) € Hy, clizly(f({x2})) € H, and H, N H, = ¢.
But, f is an injective P* — continuous function. Then, f~1(H,),f 1(H,) are gp —open sets in (X,7;,) say
fH(HD) = Gy, f7H(H) = G- Also, flelp|y(f({x1))) = clizlx(x1) and flelip |y (f ({x2))) = cliz|x(x2) . This
implies that, cli,|x({x1}) € G; and cly;|x({x,}) € G,. Hence, (X,1,,) iS gp*R;.
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Theorem 3.20: If (X,14,7,) IS gp*R, and gp*T, space then, itis gp*T, (X,74,T5).

Proof: Let (X,7,,7,) be gp™R, space and gp*T, space. suppose that x,y € X and x # y. Then

3G,H € GPO(X,7y,) suchthat x e G,y ¢ G and y € H,x & H. But we have, (X,1,,7,) IS gp*R,, this implies that,
cli,({x}) € G. Therefore, G¢ S [cl,({x}D]° 2 y. But [cl1,({x})]° is gp —open set containing y and not containing
x. Hence, (X,74,7;) is gp™Ts.

Theorem 3.21: For a bitopological space (X, 1, 1,), the following statements are equivalent:
1. (X, tq,72) IS gp*R, space.
2. Forall x,y € X one of the following holds:
(i) If xeUeGPO(X,14,),then y € U.
(if) There exist disjoint sets G,H € GPO(X,1,,) suchthat x € G and y € H.
3. If x,y € X suchthat cly,{x} # cl,{y}, then 3F,, F,GPC(X,7,,) suchthat, x ¢ F,, y € F, and
F,UF, = X.

Proof: (1) = (2).Let (X,74,7,) be gp*R, space and cli,{x} = cly,{y}. Suppose that, x € U € GPO (X, 1,,) such
that cl,,{x} < U. Since, every gp*R; space is gp*R, space. But, cli,{x} = cli,{y}. Then, y ecli,{x} c U. If
cli{x} # cli,{y} then, by definition of gp*R; space we get 3 gp-open sets G and H such that cl;,{x} S G,
cli{y}S Hand GNnH = ¢.

(2) = (3): Suppose that, x,y € X such that cl;,{x} # cli,{y}. Then, by (2) there exist disjoint sets G,H €
GPO(X,t,;) such that x € G and y € H. Thus, F;, = X\U and F, = X\V which are gp — closed sets and There
exist disjoint sets F;,F, € GPC(X,1,,) suchthat x ¢ F, and y ¢ F, and F; UF, = X.

(3) > (1): Let x,y € X such that cli,{x} # cly,{y}. Then, 3F,,F,GPC(X,1,,) such that, x ¢ F,, y ¢ F, and
F, UF, = X.So, Ff,F{GPO(X,t,;) suchthat, x € Ff, y € F{ and F{ n F§ = ¢. Hence, (X,7,,7;) IS gp*R, space.

4. CONCLUSION

1. The notation of P* —regular and gp* regular are not equal, when we tried to given examples for one not the
other, we have two cases: (i) t,, = GPC(X,t,,) and (ii) GPC(X,1,5) = P(X).

2. Also, the notation of P* —normal and gp* normal are not equal,when we tried to given examples for one not
the other, we have the above two cases.

3. Also, we tried to find an example to show the relation between gp* —regular and gp* normal, we see that
GPO(X,71,) = GPC(X,1,,) = P(X). These examples remain missing and this is an open area of research.
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