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ABSTRACT

A new class of analytic functions US; (k, b) is introduced by applying Salagean Operators. Some properties such as
the coefficient limits and growth and distortion theorems for this class are found. A wide class of time series models
may be expediently represented in a state-space framework; the state space technique is particularly useful when data
complications like missing observations, aggregation, and errors-in-variables are present. Analytic first and second
derivatives for the recursive prediction error algorithm’s log likelihood function.
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INTRODUCTION
Let the S class of functions f(z) in the form f(z) = z + Yo, ap,z" (1)

Which are normalized, analytic and univalent in the unit disk U = {z:|z| < 1}. Let S* to be the class of starlike
functions and K to be the classes of convex functions. If f(z) is in K (or $*) and has the property that for all circular
arcs y with the center £ in the unit disk, if the arc f(z) is starlike convex with respect to (), then the function f(z) is
uniformly uniformly convex in U. Letting UCV denote class of uniformly convex functions and S, dente the class of
uniformly convex starlike functions we find that from maxima and minima as follows:
fes, @Re{Zf (Z)}2 zf'(2) zf"(z )} > zf"(2)|
f(@) f(@) f'(2) f'@ |

It is obvious that f(z) € UCV if and only if zf'(z) € S,. The definition of the function f € S to be K- uniformly
convex K-uniformly convex if for 0 < k < oo the image of every circular y with the center § where & < k in the unit
disk is convex.

—1|and f € UCV < Re{l +

Ao @)
2*f(2)

2 !
The definition of the class k — Sp(x) where Re {Z{Q 1@} } >k +o¢ With 0 < k < 00,0 << oo,

2} (2)
and 0 < A < 1. The operator 2*f (z) is a fractional operator.

Definition: The definition classes of analytic functions using differential operators such as the Ruscheweyh derivative
operator defined by Rusheweyh and the Salagean differential operator defined by Salagean. To develop by using
Salagean operator we will define the class US; (k, b) where functions in this class satisfy

Re {1+ - [Z(I;A—’;((ZZ)))' 1]} > k| [Z(I;Z((?))' 1” Where b is a nonzero complex number and D*f with 1 € N is the
Salagean differential operator defined as D*f = z + Y%, n*a, z". Notice that US) is the known class which was
introduced by maxima and minima. For the class US,(k, b) we will obtain the coefficient bounds theorem,
growth theorem and distortion theorem.
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MAIN RESUSLTS

Theorem 1: Let f be analytic and univalent function given by (1, 1). if f € US;(k, b) then
Y n[(k + 1)(n = 1) + |bla, <|b].

! A -
Proof: suppose f € US, (k, b) then Re {1 + - [z((zl?((zz))) ]} >k | [Z((z;;((zz))) - 1” we obtain that

B ] - e+ <

1z @)y L] _ 1[z(0*f(2)r 1[z(0*f(2)r 1 _ (k+1)
we  have k|b[ (0*f(2) 1” Re {1 +b[ (021 (2) 1] <G+ l)b[ (DAf(2) 1] T

0 Aoy n-1 ; .
Ut 1) In=p - Danz | N6\ if || approaches the left on the real axis, then

|b| 1-3% z‘n}“anz"_1
A
Re{l+- [Z(D f@y 1] ("“)

| [Z((lz);]/:((zz))), B 1] (DA (2)

¥, nt(n-1)anz""
1+3%, nta,zn=

|
<
1| =

e nt(n-Dapz™"?

1-Y%, nla,zn-1

Notice that the expression above is bounded by the hypothesis if
Yo,k + 1)(n - Da, <|b|[1 - X%, n?|a,|, which can be written as
Yo n*[(k +1)(n — 1) + |bla, < |b|. The growth and distortion theorems for the class f € US;(k, b).

|b|
2A[(ke+1)+|b|

|b|
2A[(ke+1)+|b|

Theorem 2: If f € US;(k,b) thenr —
f(2) =2+ g=sr? (2] = 7).

2A[(k+1)+|b|

r2 equality occurs for

Z<f@lsr+

Proof: since f(z) € US,(k, b) it is obtained that
2 (k + D(n—1) + |b| T2, la,] < ¥ 2n Ak + D)(n— 1) + |b|] a, < |b| which immediately yields

Yn=2lan| < m

o n |b| 2
We have £ (2)] < Izl + izsla| |21" < |2l + 521

Vo n |b| 2
We get [f ()] 2 |z] = E7eslanl 21" 2 |zl + o e
2|b|
(k+1)+|b|

2|b|

Theorem 3: If f(2) € USy(k, b) then 1 — A[(k+1)+1b]

f@) =2+ |z (lz| =71)

A(k+1)+|b|

SIf@l =1+

r with equality for

2|b| | |

21[(k+1)+|b|
Sl _y),

A(k+1)+|b|

Proof: We obtained |f(2)| < |z| +
We have |f(2)] = |z] — =—2

A[(k+1)+|b|

2
T |2 e I ()] < 1

|z|? we find that |f'(z)| =1 —

Il. FIRST DERIVATES

Taking the derivative of L with respect to a typical element a of 0 gives
Z—:=Tam|2"'+ YT 68: Y516, after multiplying by the constant factor-2. The two terms of will be treated

separately. The flrst derivative term applying a matrix derivative identity and then expanding yields . . . .

> The first derivative Term:

Appling a matrix derivative identity and then expanding yields Tamw"| = Ttr(lea% =Ttr (lea(liﬁ%)

7 tr (x—1[0HOaH "+HOZ0aH +HEOH da+dkRda]). It is consists of derlvatlves of system matrices and (G2xda). The
latter term may be obtained by partially differentiating both sides of (3) with respect to o is as follows:

0x _oF . 0% OF 0(GQG) [oF . 0r  OF a(GW)
da  da oa Frad aa RED] oa a "
+K[—ZH’+H H’+H2—+ ZDK - K[ 2F’+F F’+FE—+

_FEF’ + Qg +Q’a

6(GW)/

6(GW)

where F = F — KH,and 0, = = 5F' = Fx 22 k' = 280 g 4 12 [K K' +a(GQG )]

Equation (7) is a discrete Lyapunov equation which may be solved by any of several standard methods and F and O,
are solely functions of the system matrices and their first derivatives.
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> The second First Derivative Term:
The second term of the derivative of the likelihood function involves functions of both the data and system matrices, as
can be seen from the innovations representation (4). Writing out the terms separately as follows:

F] — A8h —_ , 62—15 D)
e ?:15t2x15t= Z=16_t2x15t+2T 6= t+Z Sthl_t

The middle term of (9 ) involves &, and (62"

5, WhICh are known.

111. SECOND DERIVATIVES

> The first second derivative term:
The derivative of ( 6 ) with respect to 8, a second typical element of 8, may be expressed as

Onize T@tr@;l‘%‘ _ 7 tra@;l‘%‘
dadp ap - ap
- ayx'oxx
=Ttr [—6,86a +
2y x
1023 x 108X w1 0%x 1509 S2X = GHIH+R) o g IHTH 4R) 1OHYH +R)
Zx 60{6[3] —TtT[ Zx ap Zx da + Z Tatf [_ Z ap Zx E Zx dadp ]

The RHS (12) involves objects known and calculable expect for (a 2z / dad /3) term. (Z—;) can be found the same way
as (02 /0a).

Usmg(—) F(—;)F + 8 +

Now we obtain (622/a aﬁ) =F (622/a a/;) F'+ g+ T g5 .

9°F OF 0% 1y E OF 0% oy _ 19 (OF pppr) 4 OFOZ oy pOXOH' i 5 OH
Here g = 72 aBZF *oa 6BF + E aﬁaa [6/3( z >+6/36 F da o8 ( 2c)
a2 (Gw) a(FzH' +GW) 1 B(FZH WY L 1 azz , a):z 1 azz a (6QG")
2adp |K'————2x o8 + Xy o K = Zx —K'+1/2{— 0B
oH 03 oxoH' @
+K[ ( ZH)+EEH +H£ﬁ+ ,8( ) 6¢x6,8] 3

Thus (azz/aaa/;) too satisfies a discrete Laypnouv equation.

> The Second Second Derivative Term:
It remains to compute the equation to developed Second Derivate Term as follows:

35! ayYzls a5
/6a6ﬁ XL 15t2x15t__[2t 1at2x15t+z =10¢ Z t+2 Sthl -

16 5t 1 a5t azx St ,a Zx 5t ,azx 96 a5t _1ﬂ
=y aaaﬁzx 8¢ +Xi=15 Y1 6¢ 2a0p + Xl 64 T +Zt laBZx P
ayzlas 825
+ 3T 6+ YT 18t2x1 -

apoa dadp
All of the terms of above have been computed above or have direct analogies with respect to, with the exception of

yi=t Za;[; Y16, and its transpose.

928, _ 9 [0H . %] _ [ 0%H . | OHO%, | OHO% 828,

3a35 -~ 28 [aux el = [aaaﬁxf <28 T 38 7a +H-— aﬁ] the only unknown object |s[ ] Fort=0,

62xt

[aaaﬁ ] is defined recursively in a way analogous.

%] _ 62[(F KH)%¢_1+Kz¢_1] _aZ(F—KH)A d(F-KH)0%¢—q , O(F-KH)d%t_q1 %% 1y %K

[aaaﬁ - dadp T oaap Tt1 dadp apda +(F — KH) dadp aaaﬁzf—l- )
CONCLUSION

This note improves on a method for computing analytic derivatives of the like hood function of a discrete, linear, time
invariant Gaussian state-space system and extends it to handle correlation between the state transition and measurement
noise terms and to compute the analytic Hessian matrix.We remark that several subclasses of analytic univalent
functions can be derived using the operators and studied their properties, In this paper we developed the calculation of
log-likelihood function, its gradient vector, and its Hessian matrix may be achieved and first and second derivatives of
store data input the system matrices F,G, H R, and W. Choose an initial condition and generate function. Computation

of first and second order derivatives i.e., ( /aaa/z) and ( th:,[:’ ).
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