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ABSTRACT
In this present research article, we prove the existence of a common fixed point for three self mappings defined on a
complete 2- metric space through weak **commutativity and Rotativity of maps. The result is an extension from metric
space to 2-metric space settings.
AMS Subject Classification: 47H10, 54H25.
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INTRODUCTION

The notion of 2-metric space was introduced by Gahler [1] in 1963 as a generalization of area function for Euclidean
triangles. Many fixed point theorems were established by various authors like Brouwer, Banach, Schauder etc. A point

X € X is said to be a fixed point of a self-map f : X — X if f (X) = X, where X is a non- empty set. Theorems

concerning fixed points of self-maps are known as fixed point theorems. Most of the fixed point theorems were proved
for contraction mappings. It is well known that every contraction on a metric space is continuous. The converse is not
necessarily true. The identity mapping on [0, 1] simply serves the counter example.

In this present work we consider Weak ** Commuting and Rotative self maps on a 2-metric space. Let T, and T, be
two mappings from a metric space (X, d) into itself. T, and T, are said to commute if T,T,x =T, T, X, for all x in X.

Sessa [5] introduced the concept of weak commutativity in metric spaces. In subsequent years the condition of weak
commutativity was again made weaker. Weak™* commutativity was introduced in metric space. In recent years weak**
commutativity has been introduced and some theorems have been established. The existence of fixed point for
weak**commutative self maps in 2-metric space are studied.

In this research article we present the concepts of weak** commutativity and Rotativity maps in 2-metric space.
1. PRELIMINARIES
In this section we define weak** commutativity, Idempotent maps and Rotative.

Definition-1.1: Two self maps A and S of a 2-metric space (X, d) are called weak** commutative if
(1) A(X) cS (X) and
(2)d(A’S?x,S°A’x,a) <d (A’S xS Ax,a)<d(AS’x,S*Ax,a)<d(AS xS A,a)<d(A’X,S*x,a)

For all x ,ain X

Definition-1.2: Amap T : X — X iscalled idempotent, ifT2 =T . We note that if the mappings are idempotent
ie.A2=A,S?2=S then our definition of weak** commutating reduces to weak commutating pair of mappings

(s, Al
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Definition-1.3: Let X be a 2-metric space and let T and | be mapping of X into itself.

The map T is called rotative with respect to | if d (TX, IZX,a) <d (IX,sz,a) for all x in X and every a in X.

Clearlyif T and | are Idempotent maps, then definition is obvious.
2. COMMON FIXED POINT THEOREMS FOR A WEEK ** COMMUTING PAIR OF MAPPINGS

In this section, we have some results on common fixed points for Three self maps of a 2- complete metric space using
the concept of week **commuting maps and Rotativity of maps.

Theorem 2.1: Let S, Tand | be three Self mapping of complete 2-metric space (X,d) with d continuous such
that for all x, y, a in X either
1°x,5°x,a)d (17y,T?y,a)+ 4d (1°x,T?y,a)d (1%y,5°x,a)
d(1°x,8*x,a)+d(1%y,T?y,a)
it d(1°x,8°x,a)+d(1%y,T?y,a)=0
Where 1<a <2 and f>0 or
(2)d(S°x,T?y,a)=0if d(1°x,8?x,a)+d(17y,T?y,a)=0

(1)d(s°x,T?y,a)< a

Suppose that the range of | 2 contains the range of S?and T2. If either

(A) | 2 is continuous, 1 is weak**commutating with S and T is rotative with respect to | or,
Ay | 2 js continuous, I is weak**commutating with T and S is rotative with respect to | or,
(Ag) S? is continuous, S is weak**commutating with | and T is rotative with respect to S or,

A) T 2 js continuous, T is weak**commutating with | and S is rotative with respect to T.
Then S, T and I have a unique common fixed point z. further z is the unique common pointof Sand land T and 1.

Proof: Let X, be an arbitrary point in X.

Since the range of 12 contains the range of S?.

Let X, bea pointin X Such that S?X, = I°X, .

Since the range of 1 contains the range of T2

We can choose a point X, in X such that T*X, = 1°X, .

In general, having chosen the point X, such that

2 Y
T X2n+l_I X2n+2

SZXZn = |2>(2n+l
For n=0,1,2,3........
Put dy, ;= d(T?X,, 4, 5°%,,,@) and d,, =d(S°%,, T?X,,.,,2)

Forn=1, 2, .....

Now we distinguish the three cases:

Case-l: Let d,, , #0 and d,, # 0 forn=1, 2 ...then we have,
Oy g+ 0y =0 (T4, 8%%,,8) +d (82X, T?Xyp,0,8) # 0 forn=1,2,...........
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Using inequality (1) we then have
d2n = d (SZXZn’T2X2n+1’ a)

0 (T?Xy0 1, 8%0,8) d (S Xy, T Xy, @)+ B (T?% 1, TXy,,0,8) A (S7X,,, S5, )
d(T*%y01,5%%y,,8) + 0 (8%, T?X,y,.4,8)

2n+11
d2n — adZn—l'dZn
dy, s +d,,
Then 9o < LTSN

d2n d2n—l +d2n
=d,, <ad, ,—-d, ;
=(a-1)d,,
=cd,, ,
=d,, <cd,, ,

S0, 0 (S %0, T Xy0108) ={S7%), T X0, S Xyurrvvrrn) T X0 108 X0, T Xy govvvvnn 3)

Forn=1,2...where C = (a—l)

Similarly it can be proved that
2 2 2 2
A (T*%y04,8%%y,8) =y <€, , =Cd (S7Xy 4, T Xy, 4,a) forn=1,2...
and since 0 < ¢ <1. it follows that the sequence
(8%, T, %X, uvvvvne T Xy 10 S Ko, T Xy (4)
is a Cauchy sequence in the complete 2-metric space and so has a limit u in X.

Hence the sequence
{SZXZn} ={I2x2n+l}and {TZXZn_l} ={|2X2n} Converge to the point u because they are subsequence of the
sequence (4)

Suppose first of all that | ? is continuous, then the sequence { I 4Xn} and {I 2SZXZn}

Converge to point 12u.
if | weak**commutes with S, we have

d(82|2X2n, |2u,a)Sd(SZ|2X2n, I%u, I282x2n)+d(82I2x2n, |282X2n,a)+d(|252X2n, Izu,a)
<d(S°17%,, 17U, 17u) +d (S°1%x,,, 17u,a) +d (1°u, 1%u,a)

Which implies on letting n tends to infinity that the sequence { S%1%x,,} also converges to /?u.

Now we claim thatT°u = 1°u. Supposed not, then we have d (I 2u,Tzu, a) > 0 and using inequality (1), we obtain

ad (1'%, S°17%,,,a) d (170, T?u, @)+ Bd (1'%, T?u,a)d (T2, S%1°x,,,a)
d (1'%, S°1%x,,,a) +d (1°u,Tu,a)

Letting N — oo we deduce that d (I u, T, a) <0, a contradiction,

d(S*1°X,,,T?u,a) <

Now suppose that S2u =T U, then
Y d(1%u,8%,a).d(1%0,T?,a) )
d(S ol u’a)g(owrﬂ)d(Izu,Szu,a)de(Izu,Tzu,a)_0

A contradiction.
Thus 12u=S%u=T%.
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A similar conclusion is obtained if | is weak**commute with T .

Let us suppose that S? is continuous instead of 12. Then the sequence {S4X2n} and {82I Zin} converge to a point
Su.
Since S weak**commute with 1. we have that the sequence {I? S%x,,} also converges to S2u.

Since the range of | 2 contains the range of S?, there exists a point U, such that | 2ul =S%U. Then If
T?u = S?u=1%u,, we have
ad(I282x2n,8282x2n,a)d(Izu,Tzul,a)+,Bd (IZSZXZH,Tzul,a)d(Izul,SZSZXZn,a)

d(1°8°x,,,5%8%x,,,a)+d (1°u,,T°u;,a)

d (8%, T u,a) <

When N — o0 we have

Bd (1°u,T?u;,a)d (1%, S%,a)
d(1°u, T, a)

Which implies that d (SZU,T 2ul, a) <0, a contradiction.

d(Su,T?u,a)<

Thus S*u=T%u, = 1%u,.

Now suppose that
S?u, #T?u, = 1%, then
We have
d(1%u,,S%,,a)d(1%,,T%,,a
d(Szul,Tzul,a)S(aJrﬂ) (1*u, 5%, ) (0T ):0,
d(1%u,,S%;,a)+d (1%, T y,,a)

A contradiction and so S°U, =T ?u, = I °u,.

A similar conclusion is achieved if one assumes that T is continuous and T is weak**commutating with | .

Case-11: Let d,, , =0 for somen.
Then 12X, =T %X, , = S°X,, .
We claim that 17X, =T %X, .
Since otherwise if d (I 2Xons T X a) -0
Inequality (1) implies
0<d (1%, T?X,,,8) =d (87X, T?X,,. )
3 ad (12X, 5%%,,, ) d (17X, T?X,,a) + Bd (17X,,, T?%,0,2) d (17X,,, 87X, @)
- A (17X, 8%, @)+ (17X, T°X,,, @)

A contradiction.
2 2 2
Thus 19X, =S°X,, =TX,,.

. _ 2 _ Q2 _ T2
Case-111: Let d,, =0 forsomen.then 1°%,.., =S %, =T %, ;.
. . 2 2 2
And reasoning as in case (1), 1X,,.; =S X,y =T Xy 4

Therefore in all cases it follows, there exists a point U such that 1?u=S?u=T?u.

If | week**commutes with S , we have
d(S*lu,1S%u,a)<d(SI%,1°Su,a)<d(Slu,ISu,a)<d(S,1°u,a)=0,
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which implies that
S%lu =1S%u,SI% =12Su,Slu=ISu andso 1°Su =S%u (5).

Thus d (17Su,$?Su,a)+d (1°u,T’u,a)=0

And using Condition (1), we deduce that
1?u=S?Su=SI?u=T>u.

It follows 12U = z is a fixed point of S .

Further d (1°1u,S°lu,a)+d (1°u,T?u,a)=0
And using (11), we deduce that 1z =S%*lu=1S°u=Tu=z2
Using inequality (1), on the assumption that
T?z2#12
We have d(Z,Tzz,a):d(Szz,Tzz,a)
(a+B)d(1°2,8%2,a)d(1°2,T?2,a)

T d(zsza)d(PaTza)

A contradiction,
So, T’z=1.
Now using the rotativity of T with respect to | (or with respectto S)

We have d (Tz,z,a)=d (Tz, Izz,a)s d (Iz,Tzz,a):d (z,z,a)=0

And so z is a common fixed pointof |, S and T .

Similarly it can be proved if we assumed that | week**commutes with T and rotativity of S with respect to | (or
with respectto T ).

Now suppose that Z, is another common fixed point of | and S . then
d ( 122,5%z,, a)+ d ( 122, T %z, a) =0 and condition (2) implies that

2 2
2,=S5,=2S2, =Tz=1

We can similarly prove that z is the unique common fixed pointof | and T .
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