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ABSTRACT

The present paper analysis the fixed point theorem in fuzzy Metric space using compatible and sequencetially
continuous Maps Our results extend, generalize and fuzzify several fixed point theorems on Metric spaces
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1 INTRODUCTION

Fixed point theory one of the Most important tools in analysis. its applications covered wide area of Mathematical
analysis, computer science, dynamic problems, physical and Medical science as well as economics. Fixed point results
also playa center role to fixed solution for boundary value problems. in real world the complexity generally arises from
uncertainly in the for M of ambiguity .the probability theory has been age old and effective tool The concept of Unclear
sets was introduced by Zadeh [24]. Following the concept of unclearsets,unclearMetricspace contain been introduced
by Kra Mosil and Michalek [14] Geotherwisege and Veera Mani [6] Modified the notion of unclear Metric space with
the help of continous t-norm Vasuki [23] investigated some no transform point propositions in unclear Metric space for.
pant [15,16] introduced the notion of reciprocal connection of Mappings in Metric SPACE. BalaassistraManiaM,
Muralishankar and Pant [15,16] proved the open problem of Rhoades on the existence of a contractive definition which
generals a no transform point but does not force the Mapping to be continuous at the no transform point possesses an
affirmative answer. In the sequel, Singh and Chauhan introduced the concept of compatible Mappings of Unclear
Metric space and proved the otherwise odinary no transform point proposition Jain et al. [15, 16] proved a no transfor
M point proposition for six nature Maps in a this space .Using the concept of compatible Maps of class (), Jain unclear
Metric space and Aage and Salunke [1] also prove a result in et al. proved a no transform M point proposition in
Unclear Metric space. In 2009, Al-Thagafi and Shahzad [6] weakened the concept of compatibility by giving a new
notion of occasionally weakly compatible (owc) Maps which is Mother wisee general among the commutatively
concepts. Bouhadjera and Thobie also prove no transform point proposition for owc Maps and in [28], weakened the
concept of occasionally weak compatibility compatibility reciprocal connection in the form of assist sequential
connection respectively and proved some interesting results with these concepts in Metric space. In 2011, Gopal and
IMdad [63] studied the concept of assist-compatible Maps in unclear Metricspce.

The Main purpose of this paper is to introducing compatibility and sequential connection in fuzzy Metric space and
proves some fixed point results related with these new concepts. We give some definitions and know results which are
used in this paper.

2. PRELIMINARY NOTES

Definition 1.1: A binary operation *: [0,1] X [0,1] — [0,1] is continuous aveerage if * is satisfying the following
situation:
(i) * is commutative and associative.
(ii) * is continuous.
(ii)a 1 = aforalla € [0,1].
(ivia x b< c * dwhenevera <c andb <d,
Forall a,b,c,d € [0,1].
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Definition 4.1.2: A triplet (X, M,*) is said to be a unclear Metric space
i if X is an arbitrary set, = is a continous t — norm

ii. M is a unclear set on X2 x (0, ) satisfying the following condition for all x,y, z,s,t > 0,M (x,y,t) > 0

iii. M (x,y,t) =1ifandonlyifx = y.

iv. M (x,y,t) = M (y,x,t)

V. M, y,t)*M(y,zs) <M (X7t + s)

Vi. M (x,y,2) : (0,00) = (0,1] is continuous .
Then M is called a fuzzy Metric on X. The function M(x,y, t) denote the degree of nearness between x and y with
respect to t.

Example 1.3: Let (X, d) be a Metric space. Define a * b = MinMuM {a, b} and
M(X' Y, t) = t+d(xy)
forall x,y € Xand t>0.Then (X, M, *) isa Unclear Metric space.

It is called the Unclear Metric space induced by d.

Definition 1.4: Two nature Maps A and B on a unclear Metric space (X, M, *) are said to be compatible if for all t > 0,
liM M(ABx,, BAx,,t)=1

n-o

When ever { x,,} is a sequence in X such that liMAx, = liMBx,, = z for all some z € X

n-o n-o

Definition 1.5: Two nature Maps A and B on a unclear Metric space (X,M,x) are said to be weakly compatible
(otherwise coincidently commuting) if they commute at their coincidence points i.e. if At = Bt for some t € X then
ABt = BAt.

Definition 1.6: Two nature Maps A and B on a set X are said to be owc (occasionally weakly compatible). A
coincidence point of A and B at which A and B commute. i.e., there exists a point x € X such that

i Ax = Bx

ii. ABx = BAx.

Definition 1.7: Two nature Maps A and B on a unclear Metric space (X, M, *) are said compatible if and only if there
exists a sequence {x,} in X such that
liMAx, = liMBx, = zz € X and which satisfy 1iM M(ABx,, BAx,,t) = 1. For t> 0.

n—-ow n—-o n-—w
Example 1.8: Let X = [0, o) with usual Metric d and define
_ t
M(X' Y, t) - t+d(xy)
Forallx,y € Xandt>0

Define A, B: X— X as;
o x% x<1
AX_{x+5, x=>1
and
7x—6,x<1
Bx ‘{zx, x>1

Thus, A and B are assist compatible but A and B are not owc Maps as,
A(4)=8=B(4)
and AB (4) =A(8) =12 # BA (4) = B(8) = 16.

Definition 4.1.9: Two nature Maps A and B on a unclear Metric space are called reciprocal continuous if
liMAx, = At and

n—oo

liMBx,, = Bt

n-o

for some t € X. whenever {x,} is a sequence in X such that
liMAx, = liMAx, =tfort € X .

n-o n-o

Definition 1.10: are said to be sequentially continous if and only if there exists a sequence {X,} in X such that
liM Ax, = liM Bx, = t

n—oo n—oo

For all some t € X and satisfy
liMAx, = At and liMBx, = Bt.
n—oo

n-o
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Remark 1.11: If A and S both are continuous otherwise reciprocally continous then they are obviously sequentially
continuous.

Example 4.1.12: Let X = R, endowed with usual Metric d and
M(x, y, 1) =

t+d(x V)

Forall x,y € Xandt> 0. Define A,B: X - X as;

_(4,x<5

AX_{X,XZS
_(4x—16,x<5
and Bx-{5 X>5

Consider a sequence x, =5 — i then
liMAx, = liM A(s-2)=
n—oo n—oo
liMBx, = liMB (5 )
n—oo n—oo

= 1M [4 (5- 1)~ 16]

=liM[4— —]=4

n-ow

liMABx,, = 11MA(4 - —) 4 =A%),

n-o n—-oo

liMBAx, = B(4) = 0 = B(4)
n—oo
Thus A and B are not reciprocally continous but if we

Consider a sequence x,, = 5+ —, then
A= J,L%A (5+75)=5
s, = (5 + 2) =5
liMABx, = A(5) =5 =A(5),
liMBAXx, = liMB (5 + ) =5 =B(5).

n-o n—-ow

Therefore, A and B are sequentially continuous.
2. MAIN RESULTS

Proposition 2.1: Let A,B,Sand T be four nature Mappings of a vague Metric space (X, M,*). If the pairs (A, S) and
(B, T) are compatible and sequentially continous, then

2.1(1) A and S contain a point of coincidence.

2.1(11) Band T contain a point of coincidence.

2.1(111) $[MINMUM M (Ax, By , t)M(Sx, Ty, t), M(Sx, Ax, t), M(By, Ty, t) M(Ax, Ax, t)M(By, By, t)] = 0

For all x,y € X and t > 0 where ¢: [0,1] — [0,1] is a continuous function with ¢(s) > s for each 0 < s < 1. Then A, B,
Sand T have a uniqgue common fixed point in X.

Proof: since the pairs (A, S) and (B, T) are compatible and sequentially since the pairs (A,S) and (B,T) continuous
therefore, there are two sequences {x,} and {y,} in X such that
liMAx, = llM an =u

n-o

For some u € X and which satisfy
liMM, SAx,,t) = M(Au,Su,t) =1,

n—oo

liMBy, = hMTyn =v

n—oo

for some u € X and which satlsfy
liMBTx,, TBx,, t) = M(Bv, Tv, t) = 1.

n-o

For Au = Suand Bv = Tv.
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i.e. u is the coincidence point of A and S and v is the coincidence point of B and T. Now using 2.1(lI1l) for x= x,, and
Y = yn, We get

o[MinMuM {M (Ax,, By,, t) M(Sx,, Typy, t), M(Sx,, Ax,, t), M(Byn, Ty, t)

M(Axy, Axp, t)M(Byy, Byy, )}] = 0

On taking limitas n -
M(u,v,t) = ¢[MinMuM {M(u, v, t), M(u, u, t), M(v,v, t)M(u, u, ) M(v,v,t)})
> ¢(MinMuM {M(u,v,t),1,1,1,1}]
ie. M (u,v,t) = o[MinMuM {M(u,v,t)}] > M(u,v,t)

which contradiction. hence U = V.

Again using 2.1(I1l) for x = u,y =y, we obtain
minmum {m(au, by, t)ym(su, ty,, t), m(su, au, t), m(by,, ty,, t)}
o |20
m(au, au, t)m(byy,, by,, t)
On taking limitas n -
¢[minmum {mau, v, t) m(su, v, t), m(su, au, t), m(v, v, t)
m(u,u, t)m(v,v,t)}] = 0
= ®[minmum {M(su,v,t),1,1,1,1}]
> ¢[minmum {M(su,v,t)}]
> ¢[minmum {M(au, v, t)}]
since au = sui.e.
m(au,v,t) = ¢o[{m(auy,v,t)}]
> M(Au, v, t),
Which yields Au = v = u.

There for u = v is common fixed point of A, B, Sand T.

Uniqueness: Let w # u be another no for otherwise point of A, B, S and T. Then on otherwise after 2.1(111) we
contain

¢[MinMuM {M(au, bw, t)M(su, tw, t), M(su, au, t), M(au, au, t)M(bw, bw, t}] = 0

¢[minmum {m(au, bw, t),1,1,1,1}] = 0

¢[minmum {m(au, bw, t)}] = 0

o[minmum {m(au,bw, t)}] = 0

¢ [{m(au, bw,t), M (au, bw,t)}] >0

which yields w = u and therefore uniqueness follows.
If we put A=B and S =T in Proposition.2.1, we get the following result.

Corollary 2.2: Let A and S be two nature Mappings of a unclear Metric space (X, M,*). If the pairs (4, S) is compatible
and sequentially continous, then
2.2(1) A and S contain a point of coincidence.
Further, if
2.2(11) ¢[MinMuM {M(Ax, Ay, t) M(Sx, Sy, t), M(Sx, Ax, t), M(Ay, Sy, t)
M(Ax, Ay, t)M(By, By, t)}] = 0
For all x,y € Xand t > 0 where ¢:[0,1] —[0,1] is a continous function with ¢(s) > s for each 0 < s < 1.Then A, and
S contain a unique no for point in X. If we put S =T in Proposition- 2.1, we get the following result.

Corollary 2.3: Let A,Band s be three nature Mappings of a unclear Metric space (x, M,*). if the pairs (4,S) and
(B, S) are compatible and sequentially continous, then let a, b and s be three nature Mappings of a unclear Metric space
(x, M,*). if the pairs (a, s) and (b, s) are compatible and sequentially continous, then

2.3(1) A and S contain a point of coincidence.

2.3(11) Band S contain a point of coincidence.

Further, if
2.3(1)

¢[MINMUM M (Ax, By, t)M(Sx, Ty, t), M(Sx, Ax, t), M(By, Ty, t) M(Ax, Ax, t)M(By, By, t)] = 0
for all x,y € Xand t > 0where ¢:[0,1] — [0,1] is a continous function with ¢(s) > s for each 0 <s < 1. Let
A, B and S be three nature Mappings of a unclear sequentially continous, then A, B and S contain a unique no transform
pointin X.
© 2018, IIMA. All Rights Reserved 111



Mrs. Shweta Srivastava / Fixed Point Theorem in Fuzzy Metric SpaceUsing Compatible and Sequencetially Continous Maps /

IUMA- 9(6), June-2018.

REFERENCE

1.

2.

10.

11.

12.
13.

14,
15.

16.
17.
18.
19.
20.

21.
22.

23.

24.

Aage, C. T. and Salunke, J. N.: On fixed point theorems in fuzzy metric spaces, Int. J. Open Prob. Comput.
Sci. Math., 3(2) (2010), 123-131.

Aage,C.T. and Salunke,J.N.: Some common fixed point theorems in fuzzy metric spaces using compatible of
type A-1 and A-2, Kath. Univ. J.Sci.Engg.Tech., 7(1) (2011), 18-27.

Ali,J., Imdad,M. and Bahuguna,D.: Common fixed point theorems in Menger spaces with common property
(E.A), Comput. Math. Appl., 60(12) (2010).

Assad,N.A. and Kirk, W.A.: Fixed point theorems for set-valued mappings of contractive type, Pacific J.
Math., 43(1972), 553-562.

Atanassov, K.T.: Intuitionistic fuzzy sets, Cent. Tech. Lib., Bulg. Acad. Sci., Sofia, Bulgaria, Rep. No.
1697/84, (1983).

George, A. and Veeramani, P.: On some results in fuzzy metric spaces, Fuzzy Sets and Systems, 64(1994),
395 - 399.

Ghayekhloo, S. and Sedghi, S.: A common fixed point theorems in menger (PQM) spaces with using property
(E.A), Int. J. Contemp. Math. Sci., 6(4)2011, 161 — 167.

Imdad, M. and Ali, J.: Some Common fixed point theorems in fuzzy metric spaces., Math.Comm., 11 (2006),
153-163.

Imdad, M., Ali, J. and Khan, L.: Coincidence and fixed points in symmetric spaces under strict contractions, J.
Math. Anal. Appl., 320 (2006), 352-360.

Jain, A. and Singh, B.: A fixed point theorem for compatible mappings of type (A) in fuzzy metric space, Acta
Ciencia Indica, Vol. XXXIII M, (2)(2007), 339-346

Jain, A., Sharma, M. and Singh, B.: Fixed point theorem using compatibility of type (B) in Fuzzy metric space,
Chh. J. Sci. & Tech., 3(4) (2006), 53-62.

Jungck, G.: Compatible mappings and common fixed points, Int. J. Math. Sci., 9(1986), 771-779.

Jungck, G. and Rhoades, B.E.: Fixed point theorems for occasionally weakly compatible mappings, Fixed
point theory, 7(2006), 286-296.

Kramosil,l. and Michalek, J.: Fuzzy metrics and statistical metric spaces, Kybernetika, 11(5)(1975), 336-344.
Pant, B. D. and Chauhan, S.: Fixed point theorems in menger probabilistic quasimetric spaces using weak
compatibility, Int. Math.Forum, 5(6) (2010), 283-290.

Pant,B.D., Chauhan,S. and Pant,V.: Common fixed point theorems in intuitionistic menger spaces, J.
Advan.Stud. in Top., 1(2010), 54-62.

Pant, R. P.. Common fixed point theorems for contractive maps, J. Math. Anal. Appl., 226(1998), 251-258.
Pant, R.P.: Common fixed points of four mappings, Bull. Cal. Math. Soc., 90(1998), 281 -

Ranadive,A.S. and Chouhan,A.P.: Absorbing maps and fixed point theorem in fuzzy metric spaces, Int.Math.
Forum, 5(10) (2010), 493 — 502.

Ranadive, A. S. and Chouhan, A. P.: Fixed point theorems in -chainable fuzzy metric spaces via absorbing
maps, Annals of Fuzzy Math.Inform., 1(1) (2011), 45- 53.

Shahzad.: Complete probabilistic metric spaces, Z. Wahr, Verw. Gab., 20(1971), 117- 128.

Vasuki, R.: A common fixed point theorem in a fuzzy metric space, Fuzzy Sets and Systems, 27(1998),
395-397.

Vasuki, R.: Common fixed points for R-weakly commuting maps in fuzzy metric spaces, Indian J. Pure Appl.
Math., 30 (4) (1999), 419-423.

Zadeh, L. A.: Fuzzy sets, Inform. Control, 8 (1965), 338-353.

Source of support: Nil, Conflict of interest: None Declared.

[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2018, IIMA. All Rights Reserved 112




	FIXED POINT THEOREM IN FUZZY METRIC SPACE
	USING COMPATIBLE AND SEQUENCETIALLY CONTINOUS MAPS
	REFERENCE
	1. Aage, C. T. and Salunke, J. N.: On fixed point theorems in fuzzy metric spaces, Int. J. Open Prob. Comput. Sci. Math., 3(2) (2010), 123-131.
	2. Aage,C.T. and Salunke,J.N.: Some common fixed point theorems in fuzzy metric spaces using compatible of type A-1 and A-2, Kath. Univ. J.Sci.Engg.Tech., 7(1) (2011), 18-27.
	3. Ali,J., Imdad,M. and Bahuguna,D.: Common fixed point theorems in Menger spaces with common property (E.A), Comput. Math. Appl., 60(12) (2010).
	4. Assad,N.A. and Kirk, W.A.: Fixed point theorems for set-valued mappings of contractive type, Pacific J. Math., 43(1972), 553-562.
	5. Atanassov, K.T.: Intuitionistic fuzzy sets, Cent. Tech. Lib., Bulg. Acad. Sci., Sofia, Bulgaria, Rep. No. 1697/84, (1983).
	6. George, A. and Veeramani, P.: On some results in fuzzy metric spaces, Fuzzy Sets and Systems, 64(1994),   395 - 399.
	7. Ghayekhloo, S. and Sedghi, S.: A common fixed point theorems in menger (PQM) spaces with using property (E.A), Int. J. Contemp. Math. Sci., 6(4)2011, 161 – 167.
	8. Imdad, M. and Ali, J.: Some Common fixed point theorems in fuzzy metric spaces., Math.Comm., 11 (2006), 153-163.
	9. Imdad, M., Ali, J. and Khan, L.: Coincidence and fixed points in symmetric spaces under strict contractions, J. Math. Anal. Appl., 320 (2006), 352–360.
	10. Jain, A. and Singh, B.: A fixed point theorem for compatible mappings of type (A) in fuzzy metric space, Acta Ciencia Indica, Vol. XXXIII M, (2)(2007), 339-346
	11. Jain, A., Sharma, M. and Singh, B.: Fixed point theorem using compatibility of type (β) in Fuzzy metric space, Chh. J. Sci. & Tech., 3(4) (2006), 53-62.
	12. Jungck, G.: Compatible mappings and common fixed points, Int. J. Math. Sci., 9(1986), 771–779.
	13. Jungck, G. and Rhoades, B.E.: Fixed point theorems for occasionally weakly compatible mappings, Fixed point theory, 7(2006), 286-296.
	14. Kramosil,I. and Michalek, J.: Fuzzy metrics and statistical metric spaces, Kybernetika, 11(5)(1975), 336-344.
	15. Pant, B. D. and Chauhan, S.: Fixed point theorems in menger probabilistic quasimetric spaces using weak compatibility, Int. Math.Forum, 5(6) (2010), 283-290.
	16. Pant,B.D., Chauhan,S. and Pant,V.: Common fixed point theorems in intuitionistic menger spaces, J. Advan.Stud. in Top., 1(2010), 54-62.
	17. Pant, R. P.: Common fixed point theorems for contractive maps, J. Math. Anal. Appl., 226(1998), 251-258.
	18. Pant, R.P.: Common fixed points of four mappings, Bull. Cal. Math. Soc., 90(1998), 281 -
	19. Ranadive,A.S. and Chouhan,A.P.: Absorbing maps and fixed point theorem in fuzzy metric spaces, Int.Math. Forum, 5(10) (2010), 493 – 502.
	20. Ranadive, A. S. and Chouhan, A. P.: Fixed point theorems in -chainable fuzzy metric spaces via absorbing maps, Annals of Fuzzy Math.Inform., 1(1) (2011), 45- 53.
	21. Shahzad.: Complete probabilistic metric spaces, Z. Wahr, Verw. Gab., 20(1971), 117- 128.
	22. Vasuki, R.: A common fixed point theorem in a fuzzy metric space, Fuzzy Sets and Systems, 27(1998),      395-397.
	23. Vasuki, R.: Common fixed points for R-weakly commuting maps in fuzzy metric spaces, Indian J. Pure Appl. Math., 30 (4) (1999), 419-423.
	24. Zadeh, L. A.: Fuzzy sets, Inform. Control, 8 (1965), 338–353.

