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ABSTRACT

The concepts of kernel ideal, »ideal and #-congruence are introduced and derive smallest #congruence with kernel
ideal in =#commutative Pseudo-complemented Almost Semilattice (*-commutative PCASL) and the largest
»-congruence with kernel ideal in *commutative PCASL. Also, characterize the *-congruence i on *commutative

PCASL L defined by (X, Y) € i if and only if X = y** in terms of largest »-congruences.
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1. INTRODUCTION

The concept of Almost semilattice ( ASL ) was introduced by Nanaji Rao,G. and Trefe Getachew Beyene [3]. They
proved several properties of ASL and derived necessary and sufficient conditions for an ASL to become a

semilattice. They introduced the concept of maximal set and amicable set in ASL and established relation between
these two sets. Also, they introduced the concepts like ideals, filters, principal ideals, principal filters, prime ideals,
prime filters, anhilator ideals, anhilator preserving homomorphisms and proved several results on these concepts. Next,

the concept of pseudo-complementation on ASL L was introduced by Nanaji Rao,G. and Sujatha Kumari,S. [2]. and
observed that pseudo-complementation on an ASL is not unique and proved several basic properties of pseudo-
complementation * on L. They proved that pseudo-complementation = on L is equationally definable and established
a one-to-one correspondence between set of all maximal elements in an ASL L and set of all pseudo-
complementations on L and proved that the set of all *-elements in a *-commutative pseudo-complemented ASL
form a Boolean algebra which is independent (up to isomorphism) of the pseudo-complementation . In this paper we
introduced the concepts of kernel ideal, *-ideal and =-congruence in *-commutative PCASL and several examples are
obtained for these concepts. We derived a necessary and sufficient conditions for an ASL congruence to become a -

congruence. Also, derived necessary and sufficient conditions for an ideal in *-commutative PCASL to become a
kernel ideal. Next, we established the smallest *-congruence with given kernel ideal and largest *-congruence with
given kernel ideal and charectarized the largest *-congruence in terms of smallest *-congruence and the *-congruence

¥ on s-commutative PCASL defined by (X, y) €y ifand only if X~ =Yy~ .

2. PRELIMINARIES

In this section we collect few important definitions and results which are already known and which will be used more
frequently in the paper.
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Definition 2.1 [3]: An almost semilattice (ASL) is an algebra (L,o) where L is a non-empty set and o is a binary

operation on L, satisfies the following conditions:
(1) (Xoy)oz=Xo(yo2z) (Associative Law)
(2) (Xoy)oz=(yoX)oz (Almost Commutative Law)
(3) XoX =X, forall X,y,Z€ L (ldempotent)

Definition 2.2 [3]: An ASL with O is an algebra (L,°,0) of type (2,0) satisfies the following axioms:

(1) (Xoy)oz=Xo(yo2) (Associative Law)
2) (Xoy)oz=(yoX)oz (Almost Commutative Law)
(3) Xo X=X (Idempotent)

(4) 0ox=0,forall X,y,z€eL.

Theorem 2.3 [3]: Let L be an ASL . Define a relation < on L by a<b ifand only if acbh =a. Then < isa
partial ordering on L.

Theorem 2.4 [3]: Let L bean ASL. Then forany a,b € L, we have the following:
(1) aob<b.
(2) aocb=boa whenever a<bh.

Theorem 2.5 [3]: Let L bean ASL with 0. Then forany a,b € L, we have the following:
(1) a-0=0.
(2 acb=0ifandonlyif boa=0.
(3) acb=boa whenever achb =0.

Definition 2.6 [3]: Let L be an ASL. Then an element M e L is said to be unimaximal if Mo X = X, for all
xel.

Corollary 2.7 [3]: Let L be an ASL and | be an ideal of L. Then, for any a,b e L,aob e | if and only if
boael.

Definition 2.8 [3]: Let L bean ASL and ae L. Then (2] ={ao X | X € L} isanideal of L.

Lemma 2.9 [3]: Let L bean ASL andforany a,beL,ae (b] ifandonlyif a=boa.

Definition 2.10[3]: For any non-empty subset Aof an ASL Lwith O, define A" ={xeL:xoa =0, forall ac A}.
Then A" is called the annihilator of A . Note that, if A ={a}, then we denote A" ={a} by [a] .

Lemma 2.11 [3]: Let L bean ASLwith O.Thenforany a,be L, [ach]” =[a]” n[b] .

Definition 2.12 [2]: Let L be an ASL with zero. Then a unary operation a+>a on L is said to be pseudo-
complementation on L if, forany a,b € L, it satisfies the following conditions:

1. ach=0=a"ob=b

2.a0a =0.

Here onwords by a PCASL , we mean a Pseudo-complemented Almost Semilattice and *-commutative in PCASL we
mean all x-elements are commute.
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Lemma 2.13 [2]: Let L bea PCASL . Thenforany a,b € L, we have the following:
)0 ca=a

(2) 0" is unimaximal
3) 0" is maximal

4a ca=a
(5) a is unimaximal = a =0
6) 0" =0.

Theorem 2.14 [2]: Let L be an ASL with 0. Then a unary operation *: L — L is a pseudo-complementation on L
if and only if it satisfies the following conditions:

() a"ob=(ach) ob
(2) 0'ca=a
3) 07 =0.

Theorem 2.15 [2]: Let L be a *-commutative PCASL . Then forany a,b € L, we have the following:
) a<b=b"<a
) a’~ =a
@) a <b"=b " <a”.

Theorem 2.16 [2]: Let L be a *-commutative PCASL . Then for any a,b € L, we have the following:
@) (acb)” =a" ob”
(2 (aeb)" =(boa)
@)a’,b" <(ach).

Theorem 2.17 [4] : The set £(M) of all equivalence relations of a set M is a relatively complemented semimodular
complete lattice with respect to the ordering relation defined by ¢ < w (¢, € R(M)) if and only if, for any pair of
elements X,y € M, (X, y) € ¢ implies (X, Y) € w . Accordingly, £(M) is called the equivalence lattice of the set
M. Let {© }

IT and X defined as follows: For a pair of elements X,y of M, X = y(IT) if and only if X = y(®7) for every

Lo be any subset of £(M) . The infimum and supremum of the set {@} . ine(M) is the relation
7, X=Y(Z) if and only if in the set M a finite sequence of elements, X =t,,t,,....,t, = ¥ exists such that to
every one of the indices j =1,2,...,I there can be founda ©, (y/j eI') such that t, =t (@7_ ).

j j

Theorem 2.18 [4]: The set JC(A) of the congruence relation of an algebra A = A({f,} ) is a complete sublattice

of the lattice &(A) of all equivalence relationson A.

3. KERNEL IDEALS AND *-IDEALS

In this section, we introduce the concept of *-congruence on PCASL L and give several examples of *-congruence.
We derive necessary and sufficient condition for an almost semilattice congruence to become a *-congruence in -
commutative PCASL . Next, we introduce the concept of kernel ideal in PCASL and obtain a necessary and
sufficient condition for ideal to become a kernel ideal in x-commutative PCASL . Finally, in this section we introduce

the concept of *-ideal in PCASL and obtain a necessary and sufficient condition for a *-ideal to become a kernel
ideal. First, we begin this section with the following definition.
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Definition 3.1: Let (L,o) be a semilattice. Then an equivalence relation R on L is said to be an almost semilattice
congruence if for any (a,b),(c,d) e R,(a~c,bod) eR.

It can be easily seen that if @ is an equivalence relation on an ASL L then & is a congurence relation on L if and
onlyifforany (a,b) € @, xe L,(aox,box),(xoa,xobh)ed.

Definition 3.2: Let (L,o,*,0,) be a PCASL . Then a congruence relation & on L is said to be a *-congruence if for
any (X,y)e8,(x",y)eb.

In the following we give certain examples of x-congruences in PCASL L.

Example 3.3: Let L be a *-commutative PCASL and | be an ideal of L. Define arelation R, on L by (X,y) € R,

if and only if Xo i = Yo iel , forsome i € | . Then clearly, R, is a *-congruence on L.

Example 3.4: Let L be a x-commutative PCASL and | be an ideal of L. Define a relation R, on L by

(X,y) €R, ifandonlyif i o X =i oy el forsome i€ l.Thenclearly, R, isa *-congruence on L.

Example 3.5: Let L be a *-commutative PCASL and | be an ideal of L. Define a relation R' on L by
(x,y) e R" ifandonlyif ac x,acy el forany ae L. Thenclearly, R' jsa *-congruence on L.

Example 3.6: Let L be a *-commutative PCASL and | be an ideal of L. Define a relation R' on L by
(x,y)eR' ifandonlyif a” ox=a" oy el forsome ael.Thenclearly, R' isa *-congruence on L.

Example 3.7: Let L be a *-commutative PCASL and | be an ideal of L. Define a relation R' on L by
(x,y) e R' ifand onlyif ac X =aoyel,forsome ael.Thenclearly, R' isa -congruence on L.

Example 3.8: Let L be a *-commutative PCASL and | be an ideal of L. Define a relation R' on L by

(x,y) e R' ifand onlyif (aoxel < aoyel, forany aec L). Thenclearly, R' isa *-congruence on L.
In the following we give a necessary and sufficient condition for almost semilattice congruence to become a *-

congruence. Recall thatina PCASL , forany a,be L,a ob = (ao b)* ob.

Theorem 3.9: Let L be a x-commutative PCASL and let & be a congruence on L. Then @ is a *-congruence if
and only if for any (X,0) € @ implies (X" ,0") € 8.

Proof: Suppose & is a *-congruence on L. If (X,0) € 8, then by the definition of *-congruence, (X*,O*) eo.
Conversely, assume the condition. Suppose (X,Yy) €@ . Since O is reflexive, (X*, X*) €6 . Therefore
(XoX,yoX)e® andhence (0,yoX ) e@. Thisimplies (yo X ,0) 8.

It follows that ((Y o X')",07) € @ . Therefore (X o (Yo X ), X 207)) €é.

since X o(yoX) =y oX =x oy, (X oy ,Xx)e8. Therefore (X ,X oY) e€@. Similarly, we can
prove that (Y o X,y ) €. Therefore (X oy ',y ) €@ . Hence by transitive (X ,y ) €@ . Thus & is a *

congruence on L .
First, observe that in a PCASL L, if | is an ideal then not necessarly | is closed under *+ a pseudo-

complementation on L; that is, if a € | then a~ ¢ | . For, consider the following example.
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Example 3.10: Let L = { a, b, ¢, O }. Now, define a binary operation o on L as follows:

o|0]alb]c
0|0(0|0|0
al0Ojaja]a
b|O|la|b|c
c|O0Oja|b|c

It can be easily seen that the ASL L isa PCASL under the unary operation o on L defined by 0" = b, x" = 0 for

all x=0eL.Now,put | ={0,a}. Thenclearly | isanidealof L.But, a" =0 =bel.
It can be easily observed that, if © is a congruence relation on an ASL L with 0, then the congruence class of 0 with
respect to O (denoted by 6, ={x € L:(x,0) € 8}) is an ideal of L and is called the kernel of 6 . Next, we

introduce the concept of kernel ideal in PCASL and give necessary and sufficient condition for ideal in PCASL to
become a kernel ideal.

Definition 3.11: Anideal | of PCASL L is said to be a kernel ideal if | is the kernel of a *-congruence on L.

Theorem 3.12: An ideal | of a *-commutative PCASL L is a kernel ideal of L if and only if for any i, j € |

implies (i"o j ) el.

Proof: Suppose | is a kernel ideal of L . Then | is a kernel of a x-congruence @ on L . Therefore
| =8, ={x e L:(x,0) € 8}. Now, we shall prove that for any i, je I,(i o j) el .Leti,jel =6,. Then
(1,0),(j,0) €. since @ is a *-congruence, it follows that (i',07),(j,0) €@ . Hence (i o j,0) €. This
implies ((i" o j7)",07) €@ . Therefore ((i"> j7)",0)e@. Thus (i" o j) €6, =1. Conversely, assume the
condition. Now, we shall prove that | is kernel ideal of L . Consider the relation R, on L defined by
(X,Y)€R, < Xoi =yoi , for some il . Then clearly, R, is both reflexive and symmetric. Suppose
(x,¥),(y,2) € R, . Then there exists i, j € | such that Xoi = yoi and yoj =zoj .Sincei,jel, we
have (i o j) el . Now, put K=(i o j")". Then we have k € I. Now,consider Xok =Xo (i 0o j)" =
=xo (i e jT)=xo ("o j) = ((xoi Yo )= ((yoi)e i) =((I"Toy)o i) =T o(yeo )=
(To(zoiN=(I"c2)oj)=((zoi)o ) =20 o) =20(i" 0 )=20( 0 ]) =20k,
Therefore (X,z) € R,. Thus R, is transitive. Hence R, is an equivalence relation on L.

Now, we shall prove that R, is a congruence on L. Suppose (X, ¥),(z,t) € R, . Then there exists 1, j € | such that
Xoi =yoi and zoj =toj .Sincei,jel, (i oj) el.Now, put k=(i"oj) . Then Kel. Now,
consider (Xoz)ok™ =(Xoz)o(i o) =(Xoz)o(i” oj )=

=(xoz)o(i" o j)=xo(zo(i o)) =xo((zoi)o j) =xo(("02)o J) = (xo(i"02))o | =
((xei’)oz)o j == (xoi")o(zo )= (yoi)o(to j)=((yoi)ot)o J)=(yo(i"ot) o] =
(yo(toi)oj =((yot)oi)oj)=(yot)o(i o j)=(yot)o (™o j™)=(yot)o(i"o )"
=(yot)ok’". Therefore (xoz,yot) e R,. Therefore R, isa congruence on L. Now, we shall prove that R, is a
s-congruence on L. That is, enough to prove that if (x,0) € R,. Then (X',07) € R, . Suppose (x,0) € R, . Then

Xoi =0oi, for some i €l . This implies Xoi =0. It follows that X oi =i . Since 0" is unimaximal,
X oi =0 oi .Hence (x',0") € R, . Itfollows by theorem 3.9, R, is a *- congruence on L .
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Finally, we shall prove that the congruence class of the zero element is | . We have for any i, jel,(i o) el.
Then i el . Let Xe(R,),. Then (x,0)€R, . This implies Xoi =00i  for some i€l . It follows that
Xoi =0 andhence i oX=0.Therefore i oX=X.Sinceiel,i el .Thereforei” oXel.Hence Xel.
Therefore (R,), < | . Conversely, suppose X € | . Then we have Xo X’ =0=00X and X € | . It follows that
(x,0) e R, and hence X € (R,),. Therefore | < (R,),. Hence (R,), = | . Thus | isakernel ideal of L.

Corollary 3.13: Anideal | of a x-commutative PCASL L is a kernel ideal if and only if
Hiel=i el
(i)i,jel =3kel suchthati’ o j =k".

Proof: Suppose | is a kernel ideal of L and suppose i € | . Then by theorem 3.12, we get (i oi’)” € | . Hence
i” el.Again, let i, j €| . Then by theorem 3.12, (i o j*) el . Now, put k = (i" o j*)". Then clearly, k € |
and k" =(@"0j) =i o =i o] . Convesely, assume the conditions. Let i, j € | . Then by (2), there exist

kel suchthati"o j =k Since ke I, by(), k™ el . 1t follows that ("o j°)" €| . Thus by theorem 3.12,
| is a kernel ideal of L.
Recall that, if L is a *-commutative PCASL . Then S(L) ={X" : X € L} is a Boolean algebra.

Corollary 3.14: If X € S(L), then (X] is a kernel ideal.

Proof: Suppose X € S(L). Then we have X = X . Now, let i, j € (X]. Then i = Xoi and j=Xo j.
Now, i7" = (Xoi) " =X " oi” =i"ox” =i" oX. Similarly, we get |~ = j  oX.Hence i <Xand j~ <X.
This implies X <i~ =i and X <j 7 = . Therefore X <i o j . It follows that (i’ o j) <x™ =x.
Hence (i"o j ) =( o)) ox=x%o(i"oj) e(x],since X e S(L). Thus (X] is a kernel ideal.

In the following, (in view of example 3.10), we introduce the concept of *-ideal in PCASL and we give an example of
x-ideal.

Definition 3.15: Anideal | ofa PCASL L is said to be a *-ideal if,i € | then i” e .

Example 3.16: Let A={0,a} and B={0,b,,b,} are two discrete ASLS.

Let L = Ax B ={(0,0),(0,b,),(0,b,),(a,0),(a,b,),(a,b,)}. Define a binary operation o on L under point-
wise operations as follows:

= [(0,0]@©b)|©b)|@o0]|@hb)] @b,

0,0) | (,0)| (0,0) | (0,0) |(0,0)| (0,0) | (0,0

(0. by) | (0,0)| (0, b) | (0. b;) | (0,0)] (0 D) (0 b,)

(0. b;) | (0,0) | (0, by) | (0, by) | (0,0) | (0, by) | (0, by)

(@0) | (00| (0,0) | (0,0) |(a0)| (&0) | (a0)

(a b) | (0,0)] (0 b) |0 Db,)| (@0 |(ab)]| @b,

(@ b,) | (00 |(@©b)|©Db,)|@0]|@hb)]|@hb,)
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Then clearly, (L, o) isan ASL. Now, define a unary operation * on L, by
(0,0 = (a,b,), (0,b,)" =(0,b,)" = (a,0), (a,0)" =(0,b,) and (a,b)" = (a,b,)" =(0,0). Then clearly,

* is a pseudo-complementation on L. Now, put | ={(0,0),(0,b,),(0,b,)}. Then clearly, | is an ideal of L
which is a #-ideal.
It can be easily observed that every kernel ideal is *-ideal. But, converse is not true. For, in the example 3.16, put

I ={(0,0),(0,b,),(0,b,),(a,0)} . Then clearly, | is a =-ideal. But | is not a kernel ideal. For, we have
(0,b,),(@,0) 1.

Now, ((0,0,) 2 (a,0)")" = ((a,0)2(0,b,))" = (0,0)" = (a,b,) & . Now, we derive a necessary and sufficient
condition for a x-ideal to become a kernel ideal.

Theorem 3.17: Let | be *-ideal of a *-commutative PCASL L. Then | is a kernel ideal if and only if
supg,{i”,j 3 belongsto |, forall i, jel .

Proof: Proof followes by theorem 3.12, and by the definition of supremum of any two elements in S(L).

4. SMALLEST AND LARGEST *-CONGRUENCES

In this section, we describe the smallest x-congruence with kernel ideal and largest *-congruence with kernel ideal and
largest *-congruence with kernel ideal and characterize the largest x-congruence with kernel ideal in terms of smallest

*x-congruence and the =-congruence |/ . Recall that not every ideal in PCASL is a kernel ideal(example 3.16). In the
following we describe the smallest *-congruence with kernel ideal on *-commutative PCASL.

Theorem 4.1: Let L be a x-commutative PCASL L and let | be a kernel ideal of L. Then the smallest *-
congruence with kernel | is given by (X, Y) € R, ifand only if i"ox=i oy, forsomeiel.

Proof: Suppose | is a kernel ideal. Now, we shall prove that R, is the smallest x-congruence on L with kernel |.
Clearly, R, is reflexive and symmetric. Now, let (X, Y),(Y,z) € R,. Then i oXx =i oy and joy=j oz for
some i, jel.Now,put k=(i o j")". Thenclearly, k € | . Now, consider

Kox= ("o [V ox= ("o i) ex= ("0 ()00 = (i ei)ox) =
(FFe@ex)=( e eoy)=((i"eciNey)=((ITcj)ey)=(o(joy)=(@"c(je2)=
((Toj)oz)=(@"0j)oz=(("0j) )oz=kK oz Therefore (X,z) € R, . Hence R, iaan equivalence
relation on L. Suppose (X, Y),(z,t)eR,. Then i oX =i oy and j oz =] ot for some i, j €| . Now, put
k=("oj") . Thenclearly, k €I .

Now, consider k™ o (X0 z) =

((Toj) o(xe2)=("oj )o(xez)=((Toj)o(xez)=i o(j o(xe2)) =i o((j 0X)o2)
i"o((Xo j)oz)=(@"o(Xo jNoz=(({ToX)oj)oz=("oX)o(joz)=("oy)o(] ot)=
iTo(yo(jet) =i o((yej)et) =i o((joy)ot) =@ o(i eoy)ot=({"cj)oy)ot=
(iToj)e(yet)y=@" o )o(yot)=(i"oj) o(yot)=k o(yot). Therefore (Xoz, yot)eR,
Hence R, is a congruence relation on L. Now, we shall prove that R, is a =-congruence on L. That is, enough to
prove that if (X,0) € R, then (x',0") € R, . Suppose (x,0) € R,. Then i" o X =i o0 for some i € | . Therefore
i"ox=0 . This implies Xoi =0 . It follows that X oi =i . Since 0 is unimaximal,
i"ox =i"=0"0i" =i 00". Hence (X',0) €R,. Hence R, is a *-congruence on L. Next, we prove that

(R,), =1.Let xe(R,),. Then (x,0) € R, . Thisimplies i o X =i o0 forsome i € | . Hence i o X =0.
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Therefore i™ o x =X . Since i€ l,i” €l . It follows that X =i" o x e | . Therefore (R,), < | . Conversely,
suppose X € | . Then we have X oX=0=X 00 and X € | . Hence (x,0) € R, . It follows that X € (R,),.
Therefore | < (R,),. Thuswe get (R,), = I .

Now, we shall prove that R, is the smallest -congruence on L with kernel | . Suppose @ is a *-congruence on L
with kernel | . Let (X,y)€R,. Theni oX=1i oy for some i l. Since i € | = 6,,(i,0) € &. This implies
(i",0") € 6. 1t follows that (i o X,0" o X) € @ and hence (i o X, X) € 8. This implies (X,i" o X) € 8. Similarly,

we can prove that (i* oY, Y) € 6. Therefore by transitive (X,y) € 8. Thus R, is the smallest *-congruence with

kernel | .
In the following, we describe the largest =-congruence with kernel ideal on *-commutative PCASL . It can be easily

seen that, if L is x-commutative PCASL then a relation ¥ on L defined by (X,y) €y ifand only if X =y~

is a *-congruence on L.

First we prove the following

Lemma 4.2: Let L be a x-commutative PCASL L and let | be a kernel ideal of L. Define a relation R'on L
by (Xx,y)e R'ifand only if (acxel < aoyel,forany aeL). Then R' isa *-congruence with kernel
l.

Proof: Suppose | is a kernel ideal. Now, we shall prove that R' isa x-congruence with kernel |. Then clearly, R'
is an equivalence relation on L. Suppose (X, Y),(W,2) € R'. Then for any ac L,aoxel < aoyel and
aowel < aozel.Suppose t € L and suppose to(Xow)el.

Now, consider to(Xow) el < (tox)owel @ wo(tox)el < (Wot)oxel & (Wot)oyel

S (tow)oyel o yo(tow)el < (Yot)owel < (Yot)ozel & (toy)ozel &
to(yoz)el. Therefore to(Xxow)el <to(yoz)el . Hence (Xow,yoz)eR' . Hence R' is
congruence relation on L. Suppose (X,O) eR'. Then aoxel , for every a e L . Inparticular Xo X € | and

hence X € | . Now, suppose t € L such that to 0 e | . It follows that to0 o X €1 . Since 0" unimaximal,

tox el . Conversely, suppose to X €1 .Since X € | and | is kernel ideal, (X o (to X)) e | . This implies
((tox) ox) el . 1t follows that (£ oX ) el . This implies t™ el , since X ot” <t" we get
t™ < (t"oX")". Therefore t” ot e | . Hence te | . Therefore to 0" e | . Thus (x",07) € R'. Therefore R' is
«-congruence on L. Now, we shall prove that | = (R'),. Suppose X € (R'),. It follows that, clearly (R,), < I.
Conversely, suppose X € | and a € L. Then we have Xoa e | and hence ao X € I. It follows that (X,0) € R'.

Therefore | — (R'),. Hence (R'), =1.Thus R' isa *-congruence with kernel | .

Theorem 4.3: Let L be a x-commutative PCASL and let | be a kernel ideal of L. Then R, v i is the largest

x-congruence with kernel | .

Proof: Suppose | is a kernel ideal of L. Since RI and I are =-congruences on L, it follows that R| VI is -
congruence. Since R, is the smallest -congruence with kernel | . 1t follows that (R, v i), = | . Finally, we shall
prove that R, v i is the largest *-congruence on L with kernel | . Suppose @ is a =-congruence on L with kernel
| . Let (X,y)e@ . Then we hae (XoX,yoX)e#, (Xoy ,yoy)eh. This implies
(0,yox) e, (xoy ,0)eb. Therefore Xoy ,yoX el. Since | is kernel ideal,

((xoy) o(yox)) el. Nowputi=((xoy) o(yox))"
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Then i € | . Now, consider i o X~ = ((Xoy ) o(yox)) ox™ =

(xoy) o(yox) ox)” =((xey) oX)" =((y oX) oX)" =(y ox)" =y oX =X oy".
Therefore i o X~ =X o y“. Similarly, we can prove that i"o y” =x"o y”. Hence

(x",y")eR,. Now, since X~ =X ,(X,X") e . Similarly, we get (Y,y ) € . Therefore there exist a
finite sequence X,X ,Y ,y such that (X,X )ew,(X ,y )eR, and (Y ,y)ew . Therefore
(X,¥)€R, viy.Hence 8 C R, vy .Thus R, v i is the largest x-congruence on L with kernel | .

In the following we prove that R' isthe largest *-congruence on L with kernel | .
Theorem 4.4: Let L be a x-commutative PCASL and let | be a kernel ideal of L. Then R' =R, v .

Proof: Suppose | is a kernel ideal. Since R' is «-congruence with kernel | on L and R, VI is the largest
x-congruence with kernel | on L, R' ¢ R, V¥ . Now, we have R, is the smallest x-congruence on L with kernel

| and R' is a *-congruence with kernel |, we get R, < R'. Suppose (X,y) €y . Then X~ =y~ . Suppose
te L suchthat to X € | . Now, we have | is a kernel ideal.
Therefore (toX)” el =t oX™ €l

=t oy el

=t oy )otoyel
= ((t"oy )ot)oy)el
=t o(y ot)oyel
=t o(toy ))oyel
= (7 ot)oy )oyel

= (7 ot)o(y oy)el
=toyel.

Similarly, we can prove that if toy € | then toX e | . Therefore (X,Y) € R'. Hence v C R'. It follows that
R viwcR' . Thus R' =R, v .

Next, we prove if | is a non-empty subset of PCASL then | ={x e L:x0i=0, for all i e 1} isa kernel ideal.
For this, first we prove the following lemma.

Lemma 4.5: Let L be a «-commutative PCASL . Then (X, y) € R' ifand onlyif (Xoy") o (X o y)) €.

Proof: Suppose | is a kernel ideal of L and suppose (X,y)€R'. Then (X,y)eR'. It follows that
(XoX',xoy)eR' . This implies (0, Xoy)eR' . Similarly, we get (X oy,00€R' . Therefore
Xoy ,X oyel . Hence by theorem 3.12, we get ((Xoy ) o(X oy)) el . Conversely, suppose
(Xoy ) o(X oy)) el. Now, put i =((Xxoy ) o(Xx 0oy)) €l . Then clearly, i € | . Now, consider
ox= ((Xoy) o (X oY) ox= (oY) o (X 0 y) Yo x =

((xey) o((xX oy) ex))=(xoy ) ox(since(x oy)ox=0)=(y ox) ox=y oX

Therefore i oX =Yy oX . Similarly, we get i oy=X oy . Now, i oX=Y oX . This implies
(i"ox)" =(y ox)". 1t follows that i o X~ =y~ oX . Therefore i oX =Y oX . Similarly, we get
oy =X oy =y oX .Hencei oX =i oy .Thus (X ,Y )eR,. Now, we have (x,X") ey,
(xX",y")eR, and (Y ,y)ew. Therefore (X,y) € R, vy =R'. Hence (X,y) eR'.
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Theorem 4.6: If | is non-empty subset of a PCASL L, then 1" ={xeL:Xx0i=0, for all iel} the set of

elements disjoint from | is a kernel ideal of L.

Proof: Suppose | is an ideal of L. Since 0= 0oci for allie |, 0e | Therefore 1™ is a non-empty subset of L.
Suppose X 1" and a€ L. Then Xoi =0, forall i € | . Now, consider
(xoca)oi=(acxX)oi=ao(xei)=ao0=0,forall i €l.Therefore Xoa e | .Hence | isan ideal of L.
Let X,y €| .Then Xoi=0,yoi=0,foralliel.ltfollowsthat X oi =i,y oi =i, foralliel.Let

i €l.Now, consider (X"oy*) oi=(X"0y ) o(X 0i)=(y ox") o(X oi)=

(Y ox) ox)oi = (¥ ox)oi = (since (xoy)" 0y =X y) = (¥ o x)o (y" oi) =

(Yo (o yNei=(y oy o xNei=((y" oy )ox Y oi=(0ox)oi=00i=0.

Therefore (X oy ) oi=0.Hence (X oy") el”.Thus 1" isakernel ideal of L.

Corollary 4.7: 1f | is an ideal of a *-commutative PCASL L then |~ is a kernel ideal of L .
Recall that if | is a kernel ideal of *-commutative PCASL L, then R' is the largest *- congruence with kernel | .

Also, we have if | is a non-empty subset of L then | “ is a kernel ideal of L and hence R' is the largest *-
congruence with kernel 1™, In the following, we give another form of R' and prove that iy = R'nR' .

First observe that for any a in PCASL, (a"] = (a] "= [a] and hence ((a°b)"]=(@" 1 (b”]. Now, we
have the following theorem.

Theorem 4.8: Let L be a =-commutative PCASL and | be an ideal of L. Define a relation R' on L by

(x,y)eR' ifandonlyif (X ] 1 =(y ] 1.Then R isthe largest x-congruence with kernel 1"

*

Proof: Clearly, R' isan equivalence relation on L. Suppose (X, y) and (W,t) € R'* . Then

(X" T1=(y 1Nl and (W ] = ("] 1. Now, consider ((xow)”]N1 =

OTIn@ Dl= (I W T =y In DA 10 D)) =((y" InE" D1 =
((yot)"]n 1 = Therefore (Xow,Yyot)e R'* . Hence R'* is a congruence relation on L . Suppose
(x,0) e R". Then (X" 11 =(0"1n1=(0]~1=(0]. Therefore (X" ]~ 1 =(0]. Now, let i € | . This
implies ioX el . Now, consider ioX=io(X oX)=(ioX™)ox=(X"oi)ox=x"o(iox)e (X ]. This
implies i o X € (X" ] | = (0]. Thorefore io X = 0 and hence Xoi = 0. It follows that X" oi = i . Now, we have
X oie(X]and iox el and hence X oi el . Therefore X oie (X ] 1 . Hence ie (X N1 . Thus
I < (X']n1 . 1t follows that (X' ]I =1 . This implies (X" ]I =LAl . 1t follows that
(XTI 1 =071 . Therefore (X~ ] 1 =(0""]N1. Hence (x',07) € R" . Thus R' is a *-congruence
on L.

Now, we shall prove that (R'*)0 =1" . Suppose te (R'*)0 . Then (t,0)¢€ R This implies
t"1N1=(0"]1"1.Hence ("] 1 = (0]. Now, we have t™ ot =t and hence t € (t"]. Let X € | . Then we
have Xote |. Therefore toxel. Since te(t” ], toxe(t™]. Therefore toxe (t”]N 1 =(0]. Hence
tox=0. Thus te | . Therefore (RI*)o |7, Conversely, suppose te 1™ Then tox =0, forall X | . It is

enough to prove that (t” ]~ 1 = (0]. Suppose @€ (t” ] 1. This implies a € (t” ] and ae | . It follows that
a=t oaandacl.Sinceael,toa=0.Itfollowsthatt oa=a.
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Now, consider a =t" ca=t" ot oa=00a=0. Therefore (t" ] 1=(0]. Therefore I' < (R'),. Hence
* * |* *
(RI )0 =1 . Now, we shall prove that R" s the largest =-congruence with kernel | . That is enough to prove that

R' =R. Vv . Clearly, we get R' cR. vy . Since R . is a smallest *-congruence with kernel 1”, we have
| | |
R.c R' . Suppose (X,y)ew . Then X =Yy .since X =y, (X ]n1=(y ]l . 1t follows that

(x,y) e R' . Therefore R|* VY C R' . Hence R|* Vi = R' . Thus R' s the largest x-congruence with

kernel 1°.

Finally, we prove the following theorem which characterize the congruence ¥ .
Theorem 4.9: Let L be a «-commutative PCASL and | be akernel ideal of L. Then v = R' nR' .

Proof: Suppose | is a kernel ideal of L. Then clearly, y — R' N Rl*. Conversely, suppose (X, y) € R' N R'*.
Then (X,y)€R' and (X,y) e R" . Since by lemma(.5), we get ((Xoy ) o(X oy)) €l and also,
(xoy ) o(X oy)) el Therefore (xoy) o(X oy)) el nl” ={0}.

Hence ((Xoy) o (X oy)) =0.

Now, we have (Xoy )  <((Xoy ) o(X oy)) and (X oy)” <((Xoy ) o(X oy)) . it follows that
(xoy) " =0and (X oy)” =0. This implies X oy =0and X oy =0.Therefore X oy =0 and
X oy =0. Hence Y oX =0 and X oy =0. It follows that Y oX =X and X oy =Yy~
Therefore X =Y . Hence (X, Yy) € . Therefore R' N R" cy.Thus y=R'N R".
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