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ABSTRACT

Main purpose of the author is to study of Infinitesimal Holomorphically Projective Transformations (IHPT) in
Kahlerian Submanifolds with Bochner curvature tensor and discuss about its origin. We established and defined some
important properties, results and theorems. The present paper is also devoted for the study of complex conformal
curvature tensor and complex conformal connection with Bochner curvature tensor. At last the complex conformal
connection does not vanishing curvature tensor then the Bochner curvature tensor of the manifolds also does not
vanish.
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1. INTRODUCTION

S. Tachibana and S. Ichihara [14] have studied of Infinitesimal Holomorphically Projective Transformations in
Kahlerian Manifolds. S. Tachibana [13] has discussed on the Bochner Curvature Tensor .Totally real Submanifolds of a
Kahlerian Manifolds have been studied by K. Yano [7] and K. Yano [8] has defined complex conformal connection
with vanishing Bochner Curvature tensor and defined the Bochner curvature tensor of the manifold vanishes.

In this paper main purpose of the author is to study of IHPT in Kahlerian submanifolds with Bochner curvature tensor
and established some important properties, results and theorems.

Firstly we defined Kahlerian manifolds and Bochner curvature tensor [13]. We discussed and defined Kahlerian
submanifolds and discuss for the study of some properties of Kahlerian submanifolds. We establish some results of the
theory of flat totally real submanifolds of a Kahlerian manifolds. We have studied of complex conformal curvature
tensor and complex conformal connections with Bochner curvature tensor.

Definition 1.1. Kahlerian Manifolds: An n = 2m dimensional Kahlerian space K" is a Riemannian space which admits
atensor field ¢4’ satisfying

A a y) @ H
@a gDy = _5y ! ¢/Lu = _¢,u/'t’ (qoi,u = g,ua¢/l ) and vl/gol =0

Where VV means the operator of covariant differentiation.
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We define Riemannian curvature tensor R/'fyv is

ot o) e )

_ a N L .
and R# Raﬂv, R= g RM are Ricci tensor and the scalar curvature respectively.

It is well known that these tensors satisfy the following identities:
o K [24 K
Ra,uvgoﬂ, - Rﬁ,av¢,u ! Rﬂﬂaqov Rl,uvgoa ! ¢l R Rlago,u ! qD/’L R = Rﬂ. goa !
a o
V,R{ =V,R, -V,R, Ad V,R=2V_R’.

Auv

If we define a tensor S , by S w = (p;’ Rav , then we have
S = SW ?3S,, ==S,.¢., S, = —(1/2)(0“/3Raﬁw and 2V _S¢=¢iV_R
The differential form S = (1/2) Slﬂdxl A dXx* is closed.

It follows that:

o V,S,=-V,R,+V R,

a™> uv

Itis also known as 2-form S is harmonic, where R is a constant.

Definition 1.2. Bochner Curvature Tensor: A tensor K /’fﬂv is defined by

K
K Auv

K 1 K K K K K K K K K
= Rﬂ,/ﬂ/ n+ 4(Rﬂ.v§/4 Ryvé‘ + glvRy gva/ +Siv(p,u - Syv¢i + (pﬂvS,u - goyvsﬂ. + zslygov + Zwiysv )

R ) o )
“ne2)ned) (9,07 =9, 40,0} ~0,,9] +20,,0")

Which is constructed formally from C ,, by taking account of the form arisen balance between W/1 , and P/I'LV .

Then we can prove that the tensor Klﬂm = ng . has components of the tensor given by S. Bochner with

respect to complex local co-ordinates. Hence it is known as Bochner curvature tensor.

Remark-1: If we put R =il = &
emar We pu L/‘L}l_R;Lﬂ_mgl‘u, Miu_¢iL“l‘_Sﬂ“—m

and K N ,, has the following form :

¢A )

K K l K K K K K
K/i,uv = R),uv n + (L)u,ué‘/,z L,uvé‘i + givLy - gval +MAV¢;[ - M,uv¢l +¢1VM ¢,uVM + ZM;'U(DV + Z(DA,UM )

The following identities are obtained by the straight forward computations:
Kr =—K* , K -K K, +K.,+K5, =0, K7, =0, K7,

ﬂ,uv - pAV? Auve = Auv HvA vAu = O
K/'Lyv goa le/wz ¢V Kayv ¢/1 - K/Iav gp,u Kl,ua ¢,B O and Ka,uv ¢ﬂ O

Apav’

Next we introduce a tensor Kz.ﬂv is given by

1 & & & & &
Koy = VaRuy =VuRsy + 2(ns 2)(921/5;1 ~ 90y T OLPL T PuvPh T 200, Py )VgR

Then we can get the following identity

vKe = g

A A
on+4
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Now consider a tensor U /’fw is given by
U K -R K R K K K K 2 K
Auv = 5 Auv + n(n N 2) 9/1]/5# - g,uv5/1 +¢)/1v(p,u “Puv? 2 + wﬂ;ﬁ”v

We can obtain the following theorems:

Theorem 1: The Bochner curvature tensor coincides withUﬂ';V of a Kahlerian space K" if and only if K" is an
Einstein space.

Remark-2: The tensor of a Riemannian space is defined by
K K

R K K
Jav Ri/w +n(n_1)(g/1v5p - gyvgi )

It is called the concircular curvature tensor and it is invariant under any concircular correspondence.Ul’;V

K

Corresponds to Z v

A Kahlerian space is called a space of constant holomorphic sectional curvature, if U l’;‘/ vanishes identically.

Theorem 2: The Bochner curvature tensor of a space of constant holomorphic sectional curvature vanishes identically.
The following theorem is known.

Theorem 3: If a compact Kahlerian space K*™  with vanishing Bochner curvature tensor has positive definite Ricci
form, then

by =1 and by, =0, 0<21,21 +1<(m/2)+2
Where b; denotes the i"" Betti number of K™ .

2. KAHLERIAN SUBMANIFOLDS
Let M be a Kahlerian manifold of complex dimension m (of real dimension 2m) with almost complex structure J and
with Kahlerian metric . Let M be a complex n-dimensional analytic sub-manifold of M , that is the

immersion f : M — M is holomorphic J. fx = f«.J , where fx is the differential of the immersion f and we denote by

same J the induced complex structure on M. Then the Riemannian metric g induced on M is Hermitian. It is easy to see
that the fundamental 2-form with this Hermitian metric g is the restriction of the fundamental 2-form of M and is
closed. This shows that every complex analytic sub-manifold M of a Kahlerian manifold M s also a Kahlerian
manifold with the induced metric. We call such a submanifold M of M a Kahlerian submanifold.

Lemma 2.1: Any Kahlerian submanifold M is a minimal submanifold.

Proof: Foreach Ty (M), we can choose a basis €1,€9,.. . By, J&p, J8y ... .., JBy) Then we have

n
21) > B(e,e)+B(Je,Je)=0
i=1
Which means that M is a minimal sub-manifold of Kahlerian manifolds.

3. TOTALLY REAL SUBMANIFOLDS OF A KAHLERIAN MANIFOLD

2m
Let M ,m>2 be a Kahlerian manifold of real dimension 2m covered by a system of co-ordinate neighborhoods
{U; x*}, where the sequel the indices (i, j, k, h,... ... ) run over the range [1, 2, 3, 4,....., 2m] and let

T A . .
gﬂﬂ,Fﬂ ,V;L,K1/#/1,|<#/1 and 7 the metric tensor, the complex structure tensor, the operator of covariant

differentiation with respect to gM, the curvature tensor, the Ricci tensor and the scalar curvature of M *™
respectively.
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n
Let M ,n >3, be a Riemannian manifold of dimension n covered by a system of co-ordinate neighborhoods
{V;yh} and in the sequel the indices (/1,0:,,8,7, ...... ) run over the range [1’,2’,3’,4’,

h . . . . - .
gﬁd , VB’ K S and ¥ the metric tensor, the operator of covariant differentiation with respectto {J ji the curvature

. n .
tensor, the Ricci tensor and the scalar curvature of M respectively.

We assume that Mnis isometrically immersed in M2m

put A} = O0a X’ then we have

(3.1) gMA;;;1 =0,
Where
(3.2) Ag; = A;;ch

4. PROPERTIES OF SUBMANIFOLDS

, n’] and let

and represent the immersion by X" = Xy(yy)and

*
Let us consider a Kahlerian manifold M 2™ which admits a complex conformal connection Va with connection

coefficient F;Z and scalar function g. Then connected coefficient V;ﬁ is defined as

4.1)

(4.2)
(4.3)
(4.4)
(4.5)

(4.6)

% A
The curvature tensor K S of {

4.7)

(4.8)
(4.9)

A

. A
1ﬂ/)’ft: ﬂ a +5aﬂqﬁ+5§qa_glb’aqﬂ+Fﬂﬂbpa+Fa/1pﬂ_Fap

Wherein

0, =0/ox"

q, =0,0=00/0x"
p, =-0.F/
q"=q.,9”

p/l — prgr/i

* ) *) . R
}and Kyﬂa of Fﬁa is given by

(24

) A i i bl A 2 y) i
Kyﬂa = Kzfﬂa +5ﬂq7a _57 Upe 79590 =4, 9p0 — F}/ 9pa T Fﬁ 9,0 + pﬁFw -

—2F,(a,p* - p,a*)+(V,p, —V,p,)F;

Wherein

P = V5P, = P,0, —UsP, +(1/2)0.q°F,,

O =V 0, + PP, — 0,0, +(1/2)q70.9,,

By virtue of the equations (4.8) and (4.9), we get

(4.10)
(4.11)
(4.12)

(4.13)

Upee = Py B
q,=4,9"
P, =p,.9"
Ppe =04 F,

© 2018, IIMA. All Rights Reserved

61



Dr. Naresh Kumar, 2preeti Bhardwaj* and 3Dr. Mukesh Chandra /
A Study of Infinitesimal Holomorphically Projective Transformations in Kahlerian Submanifolds with... / IIMA- 9(7), July-2018.

We have
“19 a,=—(V,p,~V,p,)

and

@15 b, =2(a,p, ~ Py0,)
The equation (4.14) can be written as

2
(416) &y, =—2Pg, — {m} q;Fs,

The equation (4.15) can be written as

@17) by, =-2p,, +{2/(n+4)}q’F,,
From the equations (4.16) and (4.17), we obtain

(418) Ay, +b,, =—4p,,
Where in
(419) Py, =—(Y4)(ay, +by,)

and

@20 97 =V.q"+(n/2)q"q,

As a consequence of the equation (4.7), we have

(4.21) K}//)’a& = Kyﬂa/l + gﬂﬂqm B gﬂqﬂa + qﬁigm N qy/lgﬂa N Fﬂgﬂa + Fﬂﬂgw + pﬂi Fya
-P,F, -F b -a,F

7 Pa 1B ok B al
Wherein

422y K, =K’

yBol 7Ba g (2

* *T
(4.23) Kmaﬁ = Kmagﬂ

Contracting the equation (4.21) with g” yields
(424) Ky =K, -2(m+2)q,, -0,
Wherein K;a denotes the Ricci tensor with regard to V; .

Contracting the equation (4.24) with gﬂ“ yields
@25 K'=K-4(m+1q’.

Where K~ is the scalar curvature with regard to Va .

5. COMPLEX CONFORMAL CURVATURE TENSOR AND COMPLEX CONFORMAL CONNECTION
WITH BOCHNER CURVATURE TENSOR:

Consider that the Buchner curvature tensor is defined by [13]
A _wt _ A 2 4 2 = 2
61y Al =K o,L,+6 L, -L30,+L00,, —F;M  +F'M

7Ba 7B B ya y —pa
A A A A
+M7F,, —M/F, —2(|v|yﬂ|:a +F M )
Wherein

52 My, =-L,F/S
63 Ly ={1/8(m+D(m+2)}Kg,, —{/2(m+2)}K,,
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That is

5.4 H o = -K P FS
65 Li=L,g"
56) M =M g*
and

67 My, =—{1/2(m+2)}H, +{1/8(m+1)(m+2)|KF,,

By virtue of the equation (5.1), we obtain

68 Apw =Ky = 9pmbe 9,00 —Lp 00 + L3094 —FuM  +F, M,
+MMFﬂa — MMFW —Z(MyﬂFM + FyﬁMM).

Wherein

9 A, =A

yPai yﬂagr/l
Let M™ be a totally real submanifold of a Kahlerian manifold M 2™ (m > 2) admits an induced fundamental tensor

grs and let Vs, K urts, Ksr and R the operator of covariant differentiation, the curvature tensor, the Ricci tensor

n
and the scalar curvature of M .

In this regard, we have

(610) Ty =(8,A/ +T L ALAS )AL,
Wherein

6.11) Al =x*/d"

And

(612 A7 =0"g, Al

Remark -5.1: Itis to be noted that Fstr is the induced connection on M™ with the induced metric J . .

*r
uts?

We denote operator \Y s » the operator of covariant differentiation with regard to Fstr and K K :t and K" are the

curvature tensor, the Ricci tensor and the scalar curvature of M™ with regard V : . We put
*AA 2 ApaBpAC *r p A

(513) VA =0 A +T  ATA T (A

Where Of = 8/adt

Wherein Fstr and l—‘;i are given by the equations (5.10) and (4.1).

Remark 5.2: It is to be noted that kind of covariant differentiation is called the vander Waerden-Bartolotti covariant
differentiation with respect to the complex conformal connection.

. . . Ao . .
Suppose Df, ...... 'ng—n are 2m-n unit orthogonal normal fields on Mn. Decomposing (" into its unique

tangential and normal components along M n , We obtain

614 q*=q'A’+a*'D/}

The summation in the index x will run over the range X =1, 2,3, ,2M =N Wherein
r rs

(5.153) q =9 (g

(5.15b) Qg =V¢0=040
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The second fundamental tensor H ;X of V: relative to the normal Df is given by

(516) Hg =9, (V;A7)D].

tsx

The Gauss curvature equation and Gauss equation of M™ with regard to the complex conformal connection is defined

as

* ANBACANL _ ™ *
(5.17) K}/ﬁaﬂ Au At As Ar - Kutsr - Butsr

ApPB A _

(518 K, ATAIAIA! =K — By
Wherein

* *X * *X *
(519) Butsr = H ur H tsx H tr H usx

Weyl’s conformal curvature tensor Dutsr of M " is defined as
(5.20) Dutsrﬁ Kutsr + R {1/(” ~1)(n- 2)} (gur 9ts — gusgtr)

—{1/(n _1)}(guths + OtsKur — GusKer — 9tr Kus)’ n>3.

Theorem 5.1: Let M 2™ (m > 2) be a Kahlerian manifold admitting the complex conformal connection (4.1). If the
Ricci tensor with respect to the complex conformal connection vanishes, the Bochner curvature tensor is identically
equal to the curvature tensor of the complex conformal connection.

*

Proof: If K pa = 0 and K™ =0, then by virtue of the equations (4.24) and (4.25), we obtain
621) K, =2(m+2)q,, +0q.9,,
and

5220 K=4(m+1q’

Inserting the equations (5.21) and (5.22) into the equations (5.2), (5.3), (5.4), (5.5) and (5.6),
We obtain

(5.23) Lﬁa =—0y,

524 My, =-p,,

Inserting the equations (5.23) and (5.24) into the equation (5.8), we obtain

(5'25) Ayﬁa/l = K}/ﬂa/l + gﬁﬂqya - gy/lqﬂa +qﬁlgya - q;//lgﬁa + F,B/I p}/a - F;//l p/}a
+ pﬂl F}/a - p;//l Fﬁa + 2( p;//j’ Fa/i + Fy/} paﬂ)

By virtue of the equations (4.16) and (4.17), we obtain
(6526)  a,F,+F f,= —2( pF.+F, pM)

Using the equations (5.26) and (4.16), then the equation (5.25) reduced in the form
627 Ag, =K.,

In this regard, the following theorem is

Theorem 5.2: In a Kahlerian manifold M 2" a scalar function q is such that the complex Conformal connection (4.1)
is of zero curvature, the Bochner curvature tensor of the manifold Vanishes.

Proof: From theorem 5.1, we have
528) Ay, =K .,
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If

(5.29) K;,(M =0
and

(630) K, =0

Inserting the equations (5.29) and (5.30) into the equation (5.28), we obtain
631) Ay, =0

This shows that the Bochner curvature tensor in a Kahlerian manifold becomes zero.

6. CONFORMALLY FLAT TOTALLY REAL SUBMANIFOLDS OF A KAHLERIAN MANIFOLDS WITH
BOCHNER CURVATURE TENSOR:

In this section, we have studied the properties of the submanifolds of a Kahlerian manifolds with Bochner Curvature
Tensor. If a Kahlerian manifold M ™ (m > 2) admits a conformal change of Hermitian metric, the totally real sub-
manifold M™ admits a conformal change of a Riemannian metric.

Suppose M 2M admits a conformal change of a Hermitian metric that is
61) g, =g,

62 F, =F]

63  F, =e*F,

Wherein q is a scalar function. The scalar function g in a Kahlerian manifold is such that the complex conformal
connection of (4.1) is zero curvature then the Bochner curvature tensor in a Kahlerian manifold will be zero i.e.

*

K par =0
Multiplying both sides of the equation (6.1) by Af A, , we obtain
* 2
64 g, =e"g,

and

(6.5) FoLAlAf=0

Wherein the induced metric g ., is given by

66) g, =0,,A Al

67  F,AlAY=0

The tensor field Hutsr of type (0, 4) is defined as

68  Hu =By —{1/(n=1}(9,Bs + 9By — 9B, — 9By )
+{1/(n=1)(n-2)} B(gy G — Yus Ty )

Lemma 6.1: M n(n >3) be a totally real submanifold of a Kahlerian manifold M 2m(m > 2), then the
following condition

(6.9) H :tsr =H ,, holds good.
Proof: The equation (5.17) can be written as

* _ * * yi Yij a A
(6'10) Kutsr - Butsr + K;//}a/l Au At As Ar

Inserting the equation (4.21) into the equation (6.10), we get
* _ * ﬁ /1
(6.11) K =B K ALTAI AsaAr + 0y Pus o gurPts + Ptrgus - gtspur.

utsr utsr yBai
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— B A
612) By =Q, Al A

By virtue of the equations (5.17), (5.18) and (6.11), we get
(6.13) K - B + Kutsr - Butsr + 0y Pus —Our Pts + Ptrgus — O I:)ur

utsr utsr

Contracting the equation (6.13) with regard to the indices u and r yields
(6.14) Kts:Bts+Kts_Bts_(n_z)Pts_Pgts

Wherein P = gts Pts
and B; is given by
B.=9 "B,

ts

erHts _Ht Husx

utsr

Contracting the equation (6.14) with § * , We obtain

615) e¥K =e*B"+K-B-2(n-1)P

We define Dutsr similar to that of the equation (5.20) by
(6.16)  Dysr = Kygsr + {1/(“ D(n- 2)} (g ur9ts ~Yus 9 tr)
* * * * * * *
‘{]7/(” —1)}(9 urKis + gtsKur ~OusKir - gtrKus)

Inserting the equations (6.13), (6.14) and (6.15) into the equation (6.16) and using the equations (6.1), (6.2) and (6.3),
we obtain

D:tsr - D

+H _Hutsr

utsr utsr

Remark 6.1: It is to be noted that if we take
*
Dytsr = Dutsr
Then we get the relation (6.9).

The projective curvature tensor of n dimensional Riemannian space M " is given by
K K 1 K
W)./Jv = R);tv n— 1(Rﬂ.v§p R,uvé‘ )

Which is invariant under any projective correspondence, where Rz’;w Ruv are the Riemannian curvature tensor, the
Ricci tensor.

The conformal curvature tensor of M " is given by

i R K v
C =R (R 5 -R 5 +0 -4g,,R )——(g 9, —0,,0 )
Auv lyv n_2 Aviu %) lv /1 Huv-A (n—l)(n—2) Aviu HVEA

Where { ,, is the Riemannian metricof M " and R = g*“R,_, R=g*R

Let K" be an (n=2m) dimensional Kahlerian space with the structure tensor gw and ¢/’f . It is known that the tensor

K K
+2(Rﬂv5,u R,uvéﬂ +S/1V(p,u S,uv(p/l +2811u(pv)

is called the Holomorphically projective curvature tensor of K", is invariant under any Holomorphically projective

K
P/i,uv Rl,uv

correspondence. P/{;V May be considered as the tensor corresponding toW/{:W . Under this situation it is natural to

n K
ask what tensor of K" does correspond to CMV
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On the other hand, S. Buchner has introduced a tensor in K" given by

1
K etk = Rijhier — o (Rh*l 9 jkx + RjheOpiee + Ipsg Rijer + 9 jh*RIk*)

R
+ Oh* 9 iLx T 9 ipxdpe>
2D )10~ )
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