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ABSTRACT
In this paper, we investigate the Hyers - Ulam stability of second order difference equations of the form

A’y(n)+ pAy(n)+ay(n) = r(n)

and

A%y(n) - p(n)Ay(n) +a(n)y(n) = r(n)
where p,geR and {p(n)},{q(n)},{r(n)} are sequences of reals. Examples are provided to illustrate the main
results.
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1. INTRODUCTION

In recent years, there has been a great interest in investigating the Hyers - Ulam stability of various types of functional
equations. This problem was first raised by Ulam [15] concerning the stability of group homomorphism, and the answer
was given by Hyers [3], we refer the reader to [13] for the exact definition of Hyers - Ulam stability. Since then, the
stability problems of various functional equations has been studied by many authors, see [13] and the references
contained therein.

After that, Ulam stability problem for functional equations was replaced by stability of differential equations and
difference equations. The differential equation

a,()y"” (1) +a,, Oy VO +...+a, )y O +a,Q)y) +ht) =0
has the Hyers - Ulam stability, if for given £ >0, be an open interval and for any function f satisfying the
differential inequality

2,0y O +a,, Oy O+ +a,O)Y'O)+a,OyO) +h) <
then there exists a solution f;(t) of the above equation such that

[ TO)- T, K(e) and limK()=0, tel.

In [9], the authors studied the Hyers - Ulam stability of second order differential equation of the form

y'+ay'+fy=0

y'+ay'+ py = (1)
where @, f €R. The Hyers - Ulam stability of differential equations have been studied in many papers, see for

example [4, 5, 6, 9, 10, 14], and the references cited therein. However only few results are reported in the literature
regarding the Hyers - Ulam stability of difference equations, see [1, 2, 8, 11, 12, 14] and the references cited therein.

and
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The aim of this paper is to study the Hyers - Ulam stability of second order difference equations of the form

A?y(n)+ pAy(n)+ay(n) =0, (1.1)

A?y(n)+ pAy(n)+qy(n) = r(n), (1.2)
and

A?y(n)— p(n)Ay(n)+q(n)y(n) = r(n) (1.3)

where p, g eR and {p(n)},{q(n)},{r(n)} are sequences of reals.

Definition 1.1: The difference equation

a (MAy(n) +a,_, (MATY(n) +...+a,(n)Ay(n) +a,(n) y(n) +b(n) = 0
has the Hyers - Ulam stability, if for given &£ > 0, | be an open interval and for any real function f (n) satisfying the
inequality

| & (M)A y(n) +a, , (NATY(n) +...+a,(n)Ay(n) +2ay(n) y(n) +b(n) [< &
then there exists a function f,(n) of the above difference equation such that | f(n)— f,(n)|< K(g) and
lim.oK(g)=0fornel < N(0)={0,1,2,...}.

Definition 1.2: The difference equation (1.2) has the Hyers - Ulam stability if there exists a constant K > 0 with the
property: for every & >0, y(n), r(n) defined for n € (a,b+1),0<a<b <o, if

| A%y (n) + pAy(n) +ay(n) —r(n) < & (L4)
then there exists some z(n), n € (a,b +1) satisfying

A*z(n) + pAz(n)+qz(n) = r(n)
such that | y(n) —z(n) |< Ke . We call such K as a Hyers - Ulam stability constant for equation (1.2).

The results presented in this paper are new and complement to the results reported in the literature for difference
equations.

2. STABILITY RESULTS

In this section, we study the Hyers - Ulam stability of equations (1.1), (1.2) and (1.3). We begin with the following
theorem.

Theorem 2.1: If the characteristic equation m? +(p—2)m+(q— p+1) = 0 have two different positive roots, then
the equation (1.1) has the Hyers - Ulam stability.

Proof: Let £ >0 and y(n),n e (a,b+1) be asolution of equation (1.1) satisfying the property
| Ay(n)+ pAy(n) +ay(n) [< e.

Let A and x be the two different positive roots of the characteristic equation. For ne(a,b+1), define
g(n) = Ay(n)—Ay(n). Then
Ag(n) = A’y(n) - AAy(n)

and hence
| Ag(n) - g (n) [=| A%y (n) — AAY(n) — Ay (n) + 2y (n) |
=| A’y(n) + pAy(n) +qy(n) < .

Thus, g(n) satisfies the relation
—e<Ag(n)—g(n)<Le. (2.1)

From (2.1), we have
—e(1+ 1) ™ <1+ 1) "P[g(n+1) = (1+ L) g ()] < £(1+ ) ™
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that is,
— (14 1) ™ < A((1+ ) "g(n))< e(L+ ) ", 22)

Summing (2.2) from N to b, we obtain

_gZ(1+ lu)—(jﬂ) < ZA((1+ ,U)_j g(j))S 82(1+/J)_(j+1)

j=n

which on simplification implies that
AT e g o) — (1 ) g(b) < ST
H H
Hence
—a <L+ p) TP gb+1)-g) < g

where &, =  Let z(n) = 1+ 1) ®"Vg(b+1). Then Az(n)—z(n)=0. Now | g(n) —z(n) |< & implies
7

that
—& <Ay(n)-Ay(n)-z(n) < g
and hence

&, (1+ ) D <AL+ 2) D (y(n+1) - (1+ A)y(n) — 2(n)) < &, 1+ 2) "D,

Proceeding as above, one obtains

—51%3 A+ A) " yb+1)-(1+2)" y(n)—lZ:(l+ A) I z(j) < glM
or

—% <@+ A) " y(b+1)—y(n) - (1+ ﬂ)”Zb:(H 2)7 0 z()) s%.
Define .

u(n) =1+ A1) "y +1)- Zb:(l+ A) 9 z(§)

j=n

then |u(n) —y(n) |< % = ﬂi It is easy to see that Au(n) = Au(n)+ z(n) and hence
i

A*u(n) = AAu(n) + Az(n)
= AAu(n) + pz(n)
= AAu(n) + u(Au(n) — Au(n))
= (A+ m)Au(n) - Azu(n)
or
A?u(n) + pAu(n) +qu(n) = 0.
Consequently, the equation (1.1) has the Hyers - Ulam stability with the stability constant K = i This completes

Au
the proof.

Theorem 2.2: Assume that the characteristic equation m* +(p—2)m+(q— p+1) = 0 have two different positive
roots. If condition (1.4) holds, then the equation (1.2) has the Hyers - Ulam stability.

Proof: Proceeding as in the proof of Theorem 2.1, we obtain
| Ag(n) — wg (n) —r(n)[=] Ay (n) — A&y (n) — pAy(n) + Azzy(n) —r (n) |
=|A%y(n)+ pAy(n) +ay(n) -r(n) < e.

Hence, g(n) satisfies the relation

—&e<Ag(n)—ug(n)—r(n)<e.
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Similar to the proof of Theorem 2.1, we have
(1 1) < AL+ 1) g (M) (14 ) () < (14 ) O,
and we let z(n) = (1+ 1) " g(b+1) —Zk;:n(1+ 1) 97" r(j), then z(n) satisfies the equation

Az(n) - pz(n)-r(n) =0,

and | g(n) —z(n) [< &, . Using the same type of argument as in Theorem 2.1, one can show that there exists

u(n) = (1+2) * " g(b+1) —Zb:(1+ A) 90 z(§)

j=n
such that |u(n) —y(n) |< ﬁ and u(n) satisfies the equation
A*u(n) + pAu(n) +qu(n)—r(n) = 0.
This completes the proof.
Next, we study the Hyers - Ulam stability of equation (1.3). For this, we need the following result.

Lemma 2.3: Assume that 0 < (n) < @ < oo forevery N | . Then for n e (a,b +1), the equation

Ay(n)—a(n)y(n)—r(n) =0 (2.3)
has the Hyers - Ulam stability.

Proof: Let £ >0 and y(n),n e (a,b+1) be asolution of equation (2.3) satisfying the property
|Ay(n)—a(n)y(n)—r(n)|<e

i —e<y(n+1)-(1+a(n)y(n)-r(n)<e.
Therefore
_ g(f[(u a(i))j <[y(n+1)—1+a(n)y(n) - r(n)(f[(1+ a(i))j
< é‘[ﬁ(l-i- a(i))]
implies that -

—g(f[(lm(i))j SA[y(n)(fI(l+a(i))J j
- r(n)(ﬁ(l+a(i))j_ < g(ﬁ(l+a(i))j_ .

Summing the last inequality from a to n—1, we have

—an[ﬁ(lm(i»J <”ZA[y(j)[ﬁ(1+a(i»j ]

j=a\ i=a J=a

— ir( j)(lj(l+ a(i))J < gi(ﬁ(l+ a(i))]

and hence

—ef'zl[ljma(i»j < y(n)(Hl 1+a(i»} -y(a)

—ﬁr(j)[ﬁ(lm(i»j ST 1+a(|»j
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where we have used the convention H:t:(1+ a(i)) =1. Now 1+« >1, we have

n-1

_ 1 1 1
,:a(H(“ a('))J 1t2@)  (ra@)lta@D)  (A+a@)..0+a(0-1)

< 1+ a)" —1(ﬁ(1+ “(i))J_
a

i=a

%(Hma(l»j

Using this in (??), we obtain
ey - y(a)([[(lm(i))}

(1+a)’ -1
o

_ﬁ(1+a(i))_nz_r(j)(f[(ua(i))j <e
For ne (a,b+1), if we define

2(n) = y(a)(ﬁ(ua(i»j+1"j(1+a(i))ﬁr(j)[ﬂma(i»j

then it is easy to see that

l+a)’ -1
Az(n)—a(n)z(n)—r(n)=0 and |y(n)—z(n)|< ¥g
(1+a)* -1
Hence equation (2.3) has the Hyers - Ulam stability with stability constant K =-————_ This completes the
a

proof.

Theorem 2.4: Assume that {p(n)} and {q(n)} are positive real sequences for every n. If {c(n)} is a particular

solution of
Au(n)+u(n+2u(n)—p(mMu(n)+qg(n)=0 (2.4)

such that 0< c(n) < ¢ <o and d(n) = w <d < for ne(a,b+1), then equation (1.3) has the
Hyers - Ulam stability.
Proof: Let £ >0 and y(n), n e (a,b+1) be asolution of equation (1.3) satisfying the property
| A%y(n) = p(MAy(n) +g(n)y(n)-r(n) < e.
For ne(a,b+1), define v(n) = Ay(n) —c(n)y(n). Then
| Av(n) —d (n)v(n) = r(n) |=] A®y(n) - (c(n+1 }d(n))Ay(n) +(c(n)d (n) - Ac(n) y(n) - r(n)|
= A%y(n) - p(n)Ay(n)+q(n)y(n)-r(n) < e

where we have used the fact that {c(n)} is a particular solution of equation (2.4). From Lemma 2.3, it follows that

Av(n)—d(n)v(n)—r(n)=0

£
has the Hyers - Ulam stability with the property that | v(n) —w(n) |< 4 where

w(n) = v(a)(ﬁ(1+ d (i))) + ﬁ(1+ d (i))ir( j)[f[(1+ d (i))j .
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. . &
Using v(n) in |v(n)—w(n) |< 4 we have

| Ay() - ey (n) ~wn) <
for n e (a,b+1). Again using Lemma 2.3, we see that
Ay(n)—c(n)y(n)-w(n) =0

g
has the Hyers - Ulam stability with the property that | y(n) —z(n) [< o where
C

2(n) = y(a)(ﬁ(uc(i»j+1”j(1+c(i))ﬁw(j)[ﬂmc(i»j

1
Hence, equation (1.3) has the Hyers - Ulam stability with the stability constant K = —d The proof is now complete.
c

-1

3. EXAMPLE

In this section we provide two examples to illustrate the main results.

Example 3.1: Consider the second order difference equation

Azy(n)+%Ay(n)+%y(n) =0,n>1. (3.1)

7 1 1 1
The characteristic equation is m’?——m+==0 and hence the characteristic roots are E and —. Therefore by
Theorem 2.1 the equation (3.1) has Hyers-Ulam stability with stability constant K = 6.

Example 3.2: Consider the second order difference equation

) 1 1 B 2
A y(”)‘m&“”)"Fm y(n) = n(+1)(12) (32)

on the interval | = (1,0).

1
Let c(n) = PR ne | be a particular solution of equation
+

Au(n)+u(n +1)u(n)—n—J2rZu(n)+m =0

1
n+

n+2

By Theorem 2.4, d(n) = 3

5 <d <1 JTL@+dG) = and [ (L+c(i) = ”T” It is easy to

_ n+2 n+1 1 . _ _
verify that w(n) > and Z(n)23—, nel. Indeed, y(n) == is a solution of equation (3.2) and
n n

£
| y(n)—z(n)|< o Hence equation (3.2) has the Hyers - Ulam stability.

We conclude this paper with the following remark.
Remark 3.3: In this paper we investigated the Hyers - Ulam stability of different types of second order difference

equations, and the results presented here are new and complement to the results reported in the literature for difference
equations.
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