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ABSTRACT

The aim of this paper is to study some properties of generalized contraction mappings and obtain some result for the
weak & strong convergence of sequence of iterates for mappings of this type.
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INTRODUCTION & PRELIMINARIES

The aim of this paper is to study some properties of generalized contraction mappings and obtain some result for the
weak and strong convergence of sequence of iterates for mappings of this type. The paper is divided into four sections.
In section 1, we have shown that, if T is a generalized contraction mapping of closed, bounded and convex subset of a
uniformly convex Banach space into itself with non-empty fixed points set, then the mapping T; defined by
Ty =AM+ (1 — )T, for any A such that 0 < 1 < 1 is asymptotically regular. In section 2, we prove for Hilbert space
the mapping T, as defined above is a reasonable wanderer. Finally in section 3 and 4 we have obtain some results for
weak and strong convergence of sequence of iterates of such kind of mappings.

Definition 1.1: Let C be a closed, bounded and convex subset of a Banach space X. A mapping T:C — C is said to be
nonexpansive if
ITx =Tyl < llx —y|l forallx,y € X

Definition 1.2: A mapping T:C — C is said to be quasi-nonexpansive if
ITx — Tyll < allx — yll + bllx — Tx|| + clly — Tyl
forallx,yeC,a=0,b=0,c=0anda+b+c<1.

The following example shows that there are quasi-nonexpansive mappings which are not nonexpansive.

Example 1.1: Let X = [0,1] and let Tx = éx for0<x<1landT(1) = % then T is quasi-nonexpansive , but it is not
nonexpansive.

Definition 1.3: A mapping T:C — C is said to be a generalized contraction if for any x,y € C we have
ITx — Tyll < allx —yll + b[llx = Tx|l + lly = Ty|l] + c[llx = Tyll + lly — Tx|l]
Where a,b,c € [0,1] and a + 2b 4+ 2¢ = 1.
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The following example shows that there are generalized contraction mappings which are not quasi-nonexpansive
mappings.
Example 1.2: Let
m
My={—:m=0139,n=1473k+1-
n

m
M, = {?m =1,3,9,27,+,n =25, 3k + 2, }
and let M = M, U M, with the usual metric. Define T: M — M as follows

§x for xin M;

1
§x forxin M,

T(x) =

Then T is generalized contraction. Indeed, if both x and y are in M; or in M, then ||Tx — Ty|| < ;llx —y|l. If xin M,

andy in M,,thenforx =1&y =%We have

ITx Tyl =2 -2 =1
XTII=37673
Also
allx — yll + b[llx — Tx|| + lly — Tyll] + c[llx — Tyll + lly — Tx||]
:a_l+b(l+1)+c(5+l)=1for a=:,b=1,c==
2 3 3 6 6 2 2 4 12
Thus

ITx = Tyll < allx — yll + blllx = Tx|l + lly = Tyll] + c[llx = Tyll + lly — Tx|l]

. . - - 1
However, T is not quasi-nonexpansive. Indeed, takinga = b = ¢ = S we have
1
3

1 1 1 1 7
Sl =yl + llx = Txll + lly = Tyll} = E+'+‘)

3 3/ 18

It follows that ||Tx — Ty|| < %{le —yll + llx = Tx|l + ly = Tyll}

Definition 1.4: A Banach space X is said to be uniformly convex if given & > 0 there exists §(g) > 0 such that
llx — yll > efor|lx|| < 1and |[y|| <1

implies |36 +m]| < 1-s¢.

Definition 1.5: Let X be a Banach space and C be a closed, convex subset of X. A mapping T:C — C is called
asymptotically regular at x if and only if ||T"x — T"*1x|| - 0 asn — oo.

RESULTS

Theorem 1.1: Let D be a nonempty, bounded and convex subset of a uniformly convex Banach space X. Let T: D — D
be a generalized contraction mapping. Let us suppose that F = {x € D: Tx = x} is non-empty. Then the mapping T}
defined by T, = AT + (1 — A)I for any A such that 0 < A1 < 1 is asymptotically regular with the same fixed pointas T.

Proof: It is clear that F(T) = F(T;), where F(T) and F(T,) are the fixed point sets of T and T, respectively. Indeed,
x in F(T) implies Tx = x. Thus Tyx = Ax + (1 — A)x = x, hence x in F(T,), i.e. F(T) is contained in F(Ty).
Conversely y in F(Ty) implies T,y =y = ATy + (1 — 1)y, which implies ATy = Ay, or Ty =y. Thus F(T)
contained in F(T). Hence F(T) = F(Ty).

Letxo in D, xpq = Th(x,), n =0,1,2,+- .Since Tyx — x = A(x — Tx) for x in D, it is enough to show that
[lx, — Tx,|| » 0asn — oo. Now let x in D and y in F(T), hence in F(T3), then
ITx = yll = [ITx = Tyll
< allx =yl + b[llx = Tx|l + lly = Tyll] + c[llx = Tyll + lly — Tx||]
< allx —yll + bllx — Tx|l + c[llx — yIl + lly — Tx|]]

a+b+c

S =yl < llx =yl as a+2b+2c=1.
Thus we obtain
@ ITx =yl < llx—yll
Also
@ ly = Taxll = lly = (1 = Dx = ATxl = |1 = Dy = x) + Ay = T2
< ﬁl - /1)”I|x =yl +Aly = Txll < (1 = Dllx = yll + Alx = yll
=|ly — x|
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So the sequence {||y — x,, ||} is bounded by = ||y — x,|| . If y = x,, for some n, then from (2), {x,,} converges to y and
the proof is complete. So we may assume that y # x,, for all n = 0,1,2, ---.Suppose that 1 < % Now
©) ly = xnsall = 1A = 20 + ¥ = Txp) + (1 = 2D (y — x)|

SUy —xn +y = Txpll + (1 = 2Dy — xnll

= (lly = xaIDA [ =222 + (1 = 221y = xa

]
Let
(4) a=W-x)/lly—x,ll and b= —Tx)/lly— xll
then

lla+bll = lly —x, +y — Txp/lly — xulll
and |la]l <1, |Ibl| < 1. Thus from (3) we get

(5) ly = Xaall = 22 || @+ B) || Iy = sall + (1 = 2D 1y =
={22|;@+n)| + @ -20}ly - x,li

Since X is uniformly convex
1
8@) = inf {1 -5 Ce+): lxll < LIyl < 1, 1bx = vl = ]
is positive for ¢ in (0,2]. Also §(0) = 0. From (4) we have

1
|5 @+ »)]| = 1= 801w = Tl /ly - 2l

Since & is monotonically nondecreasing on [0,2]
(6) 5@+ )| < 1= 801, — Txall /M)

Thus from (5) and (6) we have

(7) ly = Xneall < 2201y = %, 1(1 = 8l = Txo [l /M) + (1 = 22)ly = x4l
= {24 =228 (llxp, — Txp|l/ M) = 2)}Hly — xnll
= (1= 228(l1x,, = Tx, [l /M) 1ly — x|l

From (7) and by induction we obtain
(8) Iy = Xnsall < T (1 —228(||% - Tx]-||/M)) M

Suppose {x,, — Tx,} does not converge to zero. Then there exists a subsequence {xk(n)} of {x,} such that
{xk(n) - Txk(n)} converges to some constant « in (0, ). Since § is monotonically nondecreasing and
(1 —228(||x; — ij||/M)) belongs to [0, 1] for each j, we have from (8) for sufficiently large n

ly — xkmen|| < 1 - 264(a/2M)"M

So {xi(m} converges to y, but then from (1) we get the convergence of {Txy,} to y . Therefore {xym) — Txpqm}
converges to zero, a contradiction to the choice of. If 1 > %then 1-1< % , we can apply the same argument as above
by replacing (4) as

ly = xnsall = 1A =D =2 +y = Txy) + (24 = D(y = Tl
SA=Dlly —xp +y = Txpll + 22 = Dlly — Txpll

= (1 =Dlly = xall [5@+b)|| + @1 = Dlly = T,
By induction the roles of 2 and 1 — A we can obtain as earlier a contradiction. Thus T, is asymptotically regular.
Remark 1.1: A theorem similar to our Theorem 1.1 for nonexpansive mappings was proved by Schaefer [15].
Definition 2.1: Let H be a Hilbert space and C be a closed, convex subset of H. A mapping T:C — C is said to be
reasonable wanderer in C if starting at any point x;, in C, its successive steps x,, = T"x, (n = 1,2,3, ... ... ) are such
that the sum of square of their lengths is finite, i.e. Xo_ollXpe1 — x| < 0.
Theorem 2.1: Let H be a Hilbert space and C be a closed, convex subset of H. A mapping T: C — C be a generalized
contraction mapping. Suppose F, the fixed point set of T in C is nonempty. Let T, = Al + (1 — A)T for any given 1

with 0 < A < 1, then T, is a reasonable wonderer from C into C with the same fixed pointas T.

Proof: Forany x € C, set x,, = T;'x and let y be a fixed point of T and, hence of T,. Then
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9) Xpp1 =Y =Axy + (1= DTx, — Ay — (1 =Dy
=Ax, =)+ A -=D(Tx, —y)

Now

(10) ITx, —yll = ITx, — Tyll

< allx, = yll + blllxy — Txull + lly = Tyll] + clllxn, — Tyl + lly — Tx,|I]
< a”xn - J’|| + b”xn - Txn” + C[”xn - J’|| + ”y - Txn”]

< 2w, — ¥l < Nl — as a+2b+2c=1.
Thus we obtain
(11) ITxn = yll < llxy =
Also for any a, we have
(12) a(xn - Txn) = a(xn —y+ty-— Txn) = a(xn - y) - a(Txn - y)

Using (9) we get

(13) | xni1 = yI12 = 2l = ylI> + (1 = D2 Tx, — 112 + 2401 = D(Txn — ¥, %0 — ¥)
< Al = yl? + @ = D2llxn = ylI* + 220 = V(T — ¥, %0 = ¥)
= {2+ @1 = D%xn —ylI? + 2401 = D(Txn — ¥, %0 — ¥)

Using (13) we get
(14) a?llxn = TxnlI? = a®llxn, = ylI? + @®lITx, — ylI? = 2a*(Txp — ¥, %0 — ¥)
< Zazllxn —Y||2 - Zaz(Txn — Vi Xn _y)

Adding (13) and (14) we obtain
(15) | Xni1 = YII? + @2llxn — Topll? < {2a% + 2% + (1 = D}l — ¥l + 2021 = 2) — @} (T — ¥, %, — ¥)

If we assume that a is such that a®> < A(1 — 1), then from (15) and using Cauchy-Schwarz inequality we get
(16) | xni1 = YII? + @®llxn — Tx,l?
<{2a® + 22 + (1 — Dlxp — yII2 + {220 = D) — 2a®}Ix, = ylI* = llxn, — ¥l

Letting a? = A(1 — 2) > 0 and summing up (16) fromn = 0ton = N we get
N N

A =2 Y o = Tall? < ) (= Y117 = [ 10 = 1)

n=0 n=0 2 2 2
< o = yl1* = Il xxysa = 11° < llxo —

Hence Y2 ollx, — Tx, ||? < 0. Since x,,41 — x, = (1 — ) (x, — Tx,,), e obtain
co e 1
l(l - l) Zn:O”xn - Txn”2 = l(l - A) Zn:OW ”xn+1 - xn”2

A
= Gop Tzl = xall? < llxo = yII7
Hence

1-2
i olltnes = Xll? < =2 lxo = ylI? < oo
i.e. T, is reasonable wanderer.

Remark 2.1: A similar theorem for nonexpansive mapping was proved by Browder and Petryshyn [2]. Unfortunately
the theorem is not stated correctly there. The mapping. T; should be defined by T, = Al + (1 — A)T instead of
T, =1+ 1 -MNDT.

Lemma 3.1: Let H be a Hilbert space and C be a nonempty, convex subset of H. Let T:C — C be a generalized
contraction mapping. Suppose F, the fixed point set of T in C is nonempty, then F is convex.

Proof: We may assume that F consists of more than one point; otherwise the result is proved. Let x,y € F. It is enough
to show that z = Ax + (1 — 1)y, 0 < A < 1 belongs to F. Since T is generalized contraction, from (1) we have
ITz — x|l < llz— x|l and [Tz -yl <llz—yll

Now z—x=Ax+(1-ADy—x=—1-D(x—y). Hence x—z=(1—-AD(x—y),and z—y = A(x —y). Thus
we obtain
llx =yl < llx =Tzl + ITz = yll < llx =zl + ||z — yll
=@A=Dllx =yl +Allx =yl = llx =yl
Hence
lx =Tzl + ITz —yll = llx =Tz + Tz — y/|
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If x—Tz=0,then ||Tz—y|| = |lx — y|l < Allx — y||, whence 1 < A, which is not true. Similarly Tz — y = 0 implies
that 1 <1 — 2, whence A < 0, which is not true. Since H is strictly convex, therefore there exists « > 0 such that
Tz—x=a(y—Tz), whence Tz = (1 — B)x + By, where § = /(1 + a). We have Tz — x = S(y — x) and so

Blly —xll =Tz — x|l < llz = x|l = (1 = Dllx — yll

which gives § <1 — 1. Using Tz—y = (1 — B)(x —y), a similar argument gives § =1 —A. Thus § =1—1 and
s0Tz=Ax+ (1 —A)y = z,i.e. zbelongsto F.

Lemma 3.2: ([5], Proposition 2.5, pp.53). Let X be a Banach space and g a convex continuous real-valued function on
X. Then g is weakly lower semi continuous.

Lemma 3.3: ([5] Proposition 1.4, pp.32). Let X be a topological space and C be a compact subset of it. Let g: X = R
be a lower semi continuous function in X. Then there exists x, in C such that g(x,) = inf,ec g(x).

Definition 3.1: Let X be a Banach space. A mapping T:X — X is said to be demiclosed if for any sequence {x,,} such
that x, — x (i.e. x,, converges weakly to x) and Tx,, - y then y = Tx.

Theorem 3.1: Let H be a Hilbert space and T be a generalized contraction asymptotically regular mapping of H into
itself. Suppose T is continuous and I — T is demiclosed. Let F, the fixed point set of T in H be nonempty. Then for each
X, in H, the sequence of iterates {T"x,} converges weakly to a point of F.

Proof: Since F is nonempty we see that a ball B about some fixed point and containing x, is mapped into itself by T;
consequently B contains the sequence of iterates {T™x,}. So we may restrict ourselves to mappings of a ball into itself.
It follows from Lemma 3.1 that F is convex. The continuity of T implies that F is closed. Thus F being closed,
bounded and convex is weakly compact.

Define in F the following mapping g: F —» R* (R* = nonnegative real numbers)
17) 9(y) = infy[IT"xo — yll = lim o [IT"x0 — ylI

(In (17) lim = inf, because the sequence {||T™x, — y||} is nonincreasing, see (18)). The mapping g so defined is
continuous. Indeed,

9(2) = lim||T"xy — z|| < lim||IT"x = yll + lly — zIl = g(¥) + [ly — |

From this inequality it follows that |g(y) — g(2)| < |ly — z||. On the other hand, g is a convex function. In fact
gy + (1 = Dz) = lim||T"x, — (Ay + (1 — D2) ||
= lim||AT"xy — Ay + (1 — D)(T"xy — 2)||
< AMim||T™xy — yl| + (1 — Dlim||T™x, — z||
=g+ (1 -Dyg(2)

Thus using Lemma 3.2 we see that g is weakly lower semi continuous. Now applying Lemma 3.3 we conclude that
there exists a point w in F such that

gw) = a = inf g(y)
YEF

Now we claim that u is unique. Suppose there exists another point v of F such that g(v) = a .Since g is convex, for
0 <21 <1 wehave
gAau+Q-D) < igw+ 1A -Dgw)=da+(1 -Da=«a
Thus
azgAu+ A —-Dv) =inf||T"xy — u+ (1 — Dv||
= infllA(T"xo —u) + (1 = D(T"x, — V)|
> Ainf||T"xy —u|l + (1 — A) inf||T™x, — v||
=gw)+A-VDgw)=ra+(1-NDa=«a

Hence g(Au + (1 — A)v) = a. Since u € F and T is generalized contraction, it follows that

(18) IT"xo —ull = IT"xo — Tull
< allT"  xg — ull + BIIT™ txg — T™xoll + llu — Tull]l +¢[IT" o — Tull + llu — T"x, ]
< allT™ *xg — ull + bIIT™ txg — T x|l + c[IT" 20 — ull + llu — T"x, ]

= —Zfl:z 1T —ull < IT" %o —ull as a+2b+2c = 1.
Thus we obtain
(19) ITxo — yIl < 1T x — ull
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Similarly for v € F it follows that
(20) IT™x — vl < IT" %0 — vl

So, the sequence {||T™x, — ul|} and {||T™x, — v||} are nonincreasing. Therefore
I, —ull = IT"xo —ull » @ and ||x, — vl = IT"x, — vl » «

Thus from the uniform convexity of H, we conclude that [|(x, —u) — (x, —v)|| = 0, i.e. u = v.

Finally it remains to show that the sequence {T™x,} converges weakly to u. Suppose not , then by the reflexivity of H
and the boundedness of the sequence {T™x,}, there exists a convergent subsequence of {T"U)xo} whose limit say z is
different from w. Since T is asymptotically regular, it follows that the sequence {(I — T)(T"x,)} tends to zero as
n — oo ., Since by hypothesis I — T is demiclosed, (I —T)z = 0, i.e. z is a fixed point of T. We claim that z = u.
Indeed, we have

|77 Dx, — u||2 =||T"Dxy —z+ 2z — u||2

= ||T"Dx, — Z||2 + |lz — ul|® + 2Re(T™Pxy — 2,z — u)

Taking limits we obtain

gw) =g +llz —ull

which is possible only if z = u. This completes the proof of the theorem.

Theorem 3.2: Let X be a reflexive Banach space and T an asymptotically regular generalized contraction mapping
from X into itself. Suppose T is continuous and I — T is demiclosed. Let F(T), the fixed point set of T in X be nonempty.
Then, for each x, in X, every subsequence of {T™x,} contains a further subsequence which converges weakly to a
fixed point of T. In particular, if F(T) consists of precisely one point then the whole sequence {T™x,} converges to this
point.

Proof: Let y be in F(T). Since T is generalized contraction, it follows that ||T™x, — y|| < |lx, — ¥l|. So the sequence
{T™x,} is bounded. Thus it follows from the reflexivity of X that every subsequence of {T"U)xo} contains a further
subsequence, which we again denoted by {T"Wx,} such that T"Wx, — y. Now we show that y is a fixed point of T.
Indeed, since T"Wx, — y, it follows that (I — T)T"Wx, —» (I — T)y. On the other hand since T is asymptotically
regular it follows that
(I =T)T"Wxy = T"Wxy — Ty 50  as n— o

Thus (I —T)y =0, i.e. y is a fixed point of T. If F(T) contains only one point y then the whole sequence must
converge to .

Remark 3.1: A theorem similar to our Theorem 3.1 for nonexpansive mapping was proved by Opial [10] and a
theorem similar to our Theorem 3.2 was obtained by Browder and Petryshyn [1].

In the sequel we will prove some strong convergence theorems for sequence of iterates for the generalized contraction
mapping. We will assume that T is continuous in the present section.

Theorem 4.1: Let X be a Banach space and T a generalized contractive asymptotically regular mapping of X into
itself. Suppose that F(T), the fixed point set of T in X is nonempty. Let us assume that T satisfies the following
condition:

(A) (I = T) maps bounded closed sets into closed sets.

Then for any point x, in X, the sequence {T™x,} converges strongly to some point in F(T).

Proof: Let y be a fixed point of T, since T is generalized contraction, it follows that
IT™1x, — yll < IT"x0 — ¥, n=123,..

So the sequence {T"x,} is bounded. Let D be the strong closure of {T™x,}. By condition (A) it follows that (I — T)(D)
is closed. This together with the fact that T is asymptotically regular implies that zero belongs to (I — T)(D) . So there
exists z in D such that (I — T)z = 0. But this implies that either z = T™x, for some n, or there exists a sequence
{T”(f)xo} converging to z. Since z is a fixed point of T, we conclude that in either case the whole sequence {T™x,}
converges to z.

Corollary 4.1: Let X be a Banach space and T a generalized contractive asymptotically regular mapping of X into
itself. Suppose that F(T), the fixed point set of T in X is nonempty. Let us assume that T satisfies the following
condition:

(A) (I = T) maps bounded closed sets into closed sets.
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Then for any point x, in X, the sequence {x,,} defined by
Xns1 = Ax, + (1 = DTx,, 0<1i<1
converges strongly to a fixed point of T.

Proof: Let A besuchthat 0 <A< 1. Let Ty =Al + (1 —A)T. It follows from Theorem 1.1 that T is asymptotically
regular. T satisfies condition (A) if and only if T, is also does. Indeed, we just observe that I — T, = (1 =) —T).
Let us observe that T; is not generalized contraction, however, for any y in F(T) it follows from (2) that

[ITax — yIl < llx — yl|. From this we conclude that the sequence {T"x,} is bounded, hence the corollary follows from
Theorem 4.1.

Definition 4.1: A continuous mapping T from a Banach space X into itself is said to be demicompact if every bounded
sequence {x,} such that {(I — T)(x,,)} converges strongly, contains a strongly convergent subsequence {xn(j)}.

Remark 4.1: It follows from Proposition 11.4 ([5], pp.47) that a demicompact mapping T of a Banach space X into
itself satisfies condition (A). Thus we have the following corollary.

Corollary 4.2: Let X be a uniformly convex Banach space. Let T be a generalized contractive demicompact mapping of
X into itself. Then, for each point x, in X, the sequence {x,,} defined by

Xns1 = Ax, + (1 = D)Tx,, 0<1<1
converges strongly to a fixed point of T.

Remark 4.2: Theorem 4.1, Corollary 4.1 and Corollary 4.2 for nonexpansive mappings were proved by Browder and
Petryshyn [1].

As our final result we prove the following result:

Theorem 4.2: Let X be strictly convex Banach space and D be compact convex subset of X. Let T:D — D be
continuous generalized contraction. Then the fixed point set F(T) of T is nonempty and compactmoreover for any x,
in D and any A such that 0 < A < 1, {T;"x,} converges to a fixed point of T, where

Tix =(1—Ax + ATx, xeX

Proof: By the continuity of T and the Schauder-Tychonoff theorem, it follows that F(T), the fixed point set of T is
compact and nonempty. Let n > 0, x,, = Tj'x,. Since D is compact, {x,} has a convergent subsequence {xk(n)} which
converges to some point x € D. We need to show that x is a fixed point of T. From (1) it follows that {||x,, — v},
where y is a fixed point of T is monotonically non-increasing. So by the continuity of norm and T, we have
(21) llx — J’|| = 1irnn—>c>0||xk(n+1) - y” < lirnn—>c>0||xk(n)+1 - y”

= limn—»oo”T(xk(n)) - yn = ”T/1x - }’||

By (21) and (2) we obtain

(22) 175 =yl = llx — ¥l
Moreover,
(23) ITx —yll = I(1 = Dx + ATx =yl = |[(1 = D(x —y) + A(Tx — )|

S @ =Dllx =yl +AITx =yl = llx = yll

Combining (22) and (23) we conclude that all inequalities in (23) are equalities. So

(243| 1= =)+ ATx =)l = A = Dllx =yl + AITx = yll
An
(25) ITx —yll = llx—yll

By (24) and strict convexity of X, either x =y or Tx —y =t(x —y) for some t > 0. From (25) it follows that
t=1.Thus Tx —y=x—y or x =Tx. Hence x is a fixed point of T. It follows from (23) that the sequence
{llx;, =1} is monotonically non-increasing, hence {x,,} converges to x.

Remark 4.3: The above result was proved by Edelstein [6] for nonexpansive mappings.
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