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OSCILLATION CRITERIA
FOR SECOND ORDER DIFFERENCE EQUATIONS WITH NONLINEAR NEUTRAL TERM
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ABSTRACT

In this paper, the authors obtain some new sufficient conditions for the oscillation of all solutions of certain class of
second order difference equations with nonlinear neutral term. Examples are included to illustrate the main results.
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INTRODUCTION

Consider the nonlinear neutral difference equation of the form

A (anA(xn + DrXi_g )) + anfﬂ_l =0,n=> ng Q)
where n, is a nonnegative integer, subject to the following conditions:
(Hy) 0 < @ < 1 and g are ratios of odd positive integers;
(H,) {a,} is a positive real sequence for all n = ny;
(Hs) {p,} and {q,,} are nonnegative real sequences for all n = n;
(H.,) k is a positive integer and [ is a nonnegative integer.

Let & = max {k,[}. By a solution of equation (1), we mean a real sequence {x,} defined for all n > n, — 6, that
satisfies equation (1) for all n > n,. A solution of equation (1) is called oscillatory if its terms are neither eventually
positive nor eventually negative, and nonoscillatory otherwise. If all solutions of the equation are oscillatory then the
equation itself called oscillatory.

In the past few years, there has been a great interest in studying the oscillatory and asymptotic behavior of neutral type
difference equations, see [1-3, 9] and the references cited therein.

In [5], Thandapani et.al investigated the oscillation of all solutions of the equation
A (anA(xn — PnXe_k )) + qnxﬁﬂ_l =0,n= ng 2

where p > 0is a real number, k and [ are positive integers, 0 < a < 1 and g are ratios of odd positive integers, and

1
Zﬁ:no a =

A special case of the equation studied by Yildiz and Ogunmez [10] has the form

A? (xn + pnxf_k) + qnxf_l =0,n= n, (3)
where {p,,} is a real sequence, {q,,} is a nonnegative real sequence, and @ > 1 and 8 are again ratios of odd positive
integers. They too discussed the oscillatory behavior of solutions of equation [3].
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In [6] and [8], Thandapani et.al considered equation (1) and obtained criteria for the oscillation of solutions provided

either
=1
Z Z 4)
an
n=ng
or
=1
z ~<w (5)
an
n=ng

Using some inequalities and Riccati type transformation.

Motivated by this observation, in this paper we obtain sufficient conditions for the oscillation of all solutions of
equation (1) in the two cases (4) and (5). Our method of proof is different from that of in [6, 8, 10, 11], and hence our
results are new and complement to those reported in [5, 6, 8, 10, 11]. Example are presented to illustrate the main
results.

OSCILLATION RESULTS

In this section, we obtain sufficient conditions for the oscillation of all solutions of the equation (1). We set
Zn = Xn + pnxrtf—k'

Due to the form of our equation, we only need to give proofs for the case of eventually positive solutions since the
proofs for the eventually negative solutions would be similar.

We begin with the following theorem.
Theorem 1: Assume that (H;) — (H,) and (4) hold. If

Z qn(Ml_a - pn)ﬁ = (6)

n=nq

holds for all constants M > 0, then every solution of equation (1) is oscillatory.

Proof: Assume to the contrary that equation (1) has an eventually positive solution {x,}, say x, > 0,x,_, > 0, and
Xn_; > 0forall n > n, for some n; = n,. From equation (1), we have

A(anA Zn) = _qnx1/f+1_l <0,n= n,. (7)

In view of condition (4), it is easy to see that A z, > 0 for all n = n,. Now, it follows from the definition of z,,, and
using z, = M > 0 for alln > n,, we have
Xn = Zn — pnxrtf—k = (Zrll_a - pn)Zr? 2 (Ml_a - pn)zr‘f:n = ny. (8)

From (7) and (8), we have
A(anA Zn) + qn(Ml_a - pn+1—l )stfl_l S O,Tl 2 nl' (9)

Summing equation (9) from n, to n and using z,, = M, the last inequality yields
n

Mk Z qs(M*™* —pgy ) <o

s=ny

which contradicts (6) as n — oo. This completes the proof of the theorem.

In the next theorem, we reduce the oscillation of equation (1) to that of a first order delay difference equation. Define
-1
R, = S !
n - as .
S=ngp

Theorem 2: Assume that (H,) — (H,) and (4) hold. If the first order delay difference equation
Aw, + Qn(Ml_a - pn+1—l)BRZ€1_1W;1xf1_l =0 (10)
is oscillatory, then every solution of equation (1) is oscillatory.

Proof: Assume to the contrary that equation (1) has an eventually positive solution {x,}, say x,, > 0, x,_; > 0, and
Xp_; > 0 forall n = n, for some n, > n,. Proceeding as in proof of Theorem 1 we obtain (9).
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Now

n—-1
asAz
Zp =2Zn, + Z % > a,Az,R,, n=2n (11)
s=nq s

where we have used {a, A z,,} is positive and decreasing for all n = n,. Combining (9) and (11), we obtain
A(anA Zn) + Qn(Ml_a - pn+1—l)'BR:fl—l(an+1—lA Zn+1—l)aﬁ =0n= n.

Set w,, = a,Az,. Then {w,,} is a positive solution of the inequality
Awy + g, (M1 — Pn+1—z)ﬁRZf1—lWaﬁ <0,

n+i-1 =

It follows from Lemma 2.7 of [7], the corresponding difference equation (10) also has a positive solution, which is a
contradiction. The proof is now completed.

Remark 1: Employing sufficient conditions for oscillation of equation (10), one can obtain easily verifiable criteria for
the oscillation of all solutions of equation (1).

Corollary 3: Assume that (H;) — (H,) and (4) hold. If e = 1,1 = 2, and
n—-1

-1y
limyinf . G = pey ) Rep > (—) (12)

s=n-l+1
then every solution of equation (1) is oscillatory.

Proof: Condition (12) and Theorem 7.5.1 of [3] implies oscillation of equation (10). The assertion now follows from
Theorem 2. This completes the proof.

Corollary 4: Assume that (H;) — (H,) and (4) hold. If a8 < 1, and

Z qn(M'™% — Pn+1—z)asz1—z =®
n=nq

then every solution of equation (1) is oscillatory.

Proof: Condition (13) and Theorem 1 of [4] implies oscillation of equation (10). The assertion now follows from
Theorem 2. The proof is now completed.

Corollary 5: Assume that (H;) — (H,) and [4] hold. If e > 1, = 2, and there existsa A > ﬁlog af such that

lim [g,(M'™® = pps1-)P Ryt exp(—e™) >0
then every solution of equation (1) is oscillatory.

Proof: Condition (14) and Theorem 2 of [4] implies oscillation of equation (10). The conclusion now follows from
Theorem 2, and the proof is completed.

Our next results are for the case where (5) holds in place of (4). We let

2 1
n= -
s=n as

We will also need the condition
Kl—a Aa_
_ (1 _ pn n k) > 0

n — — —
A%l a Kl aAn
for all constant K>0 and all n = n; = n,.

Theorem 6: Let ¢ = 1 and (H,) — (H,), (5) and (15) hold. If there exists a positive nondecreasing real sequence {p,,}
such that

n

. _ as_(Ap )?

Illl_rg sup Z [psQS(Ml “— o) _W = @, (16)
s=nyq

and

C as_(Aps)®

. _ -1

rlll_fg sup [psqs(Ml % — Ps+1—z)ﬁ - W} = o, 17)

s=ny

hold for all constants M > 0 and K > 0, then every solution of equation (1) is oscillatory.
© 2018, IJMA. All Rights Reserved 85



B. Kamarajl* and R. Vasuki®/
Oscillation Criteria for Second Order Difference Equations with Nonlinear Neutral Term / IJMA- 9(8), August-2018.

Proof: Assume to the contrary that equation (1) has an eventually positive solution such that x, > 0, x,_, > 0, and
Xn_; > 0foralln = ny; = ny. From equation (1) that (7) holds, we then have either A z,, > 0 or A z, < 0 eventually.
If A z, > 0 holds, then we can proceed as in the proof of Theorem 1, we obtain (9). Define

a, Az
L n > ny. (18)

WTl =pn

n-1
Then w,, > 0 for n = n,, and from (18) and (19), we obtain

_ Ap p Az%*
Aan < —Pn qn(l\/l1 *— pn+1—l)ﬁ + = Wnt1 — = Wnt1 o?ﬁ l' (19)
Pn+1 Pn+1 z,7,
By Mean value theorem, we have
A ngl <ap Zn+1 1A Zn-1
and from (19), we obtain
_ Apni1 p
AWn < _pnqn(Ml % — pn+1—l)ﬁ + “ Wni1 — aﬁz—nwrzwl (20)
Pn+1 Pn+19n-1

for n = n,, where we have used a, A z, is decreasing and z, is increasing. Using the completing square in (20), and
then summing the resulting inequality from n, to n, we obtain

as_(Aps)?
Z [ps QS(Ml — Ds+1- l) S4a,8p: < Wn,

s=nq

which contradicts (16) as n — oo.

Next assume that A z,, < 0 for all n = n,. Define

a,Az
Zaﬁn,nz ny. (21)

n

U, =

Thus u,, < 0 for all n > n, and from (7) we have
a,Az,
Az <

,§ = N
aS

Summing the last inequality from n to j, we obtain
J

1

Zig1 —Zn < QA zZy ) —

aS

) : s=n

and then letting j — oo gives
a,Az, A,

Zn

_ af-1 ap A
Thus — &% a"AaZB") v < 1forn > n,.Since —a,A z, > 0and (7) and (21) hold, we have
Z.

> -1,n=n,. (22)

—TapT S u,A% <o, (23)
where L = —ay,,, Az, . On the other hand from (22),
Z
A(A—n) =>0,n=>n,. (24)
n

From the definition of z, and (24), we have
Nk _a
Z‘I’l

— a a
Xn = Zn = PnXn-k = Zn — PnZn-k = Zn — Pn Aa

a

> (Kl‘“A}[‘" - pnA—Z_k> z&,n = n,, (25)
n

where we have used j—" > K > 0 forall n > n,. From (7) and (25), we obtain

n

A(anAZn) = _an1/13+1 1Z, nfl—l'n = ny.

From (18), we have

AapAzy)  anlz, | op
B = af ap Az,",n = n,.

n+1 Zn Zn+1

Au, =
z
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By Mean value theorem

(1[3—1 . .
Az ZB { B n+[13 ?Zn' if (XB >1 (28)
oz, Az, ifaf <1,
So combining (28) and (27) and then using the fact that A z,, < 0 gives
Aa,Az u2
Au, S—( Zﬁ n)—a L
Zn+1 2
< —~GnEf — aBKTAL T n >y, (29)
where we have used er:ll > 1 for alln > n,. Multiplying (29) by Ay;,, and then summing it fromn, ton — 1, we
have
n-1 2
Z As+1A Us + Z As+1qs s+1-1 T Z aB K- lAaﬁ 1A an <0. (30)
s=nyq s=ny S=ny "

By summation by parts formula and Mean value theorem, we obtain

aﬁ’u aB 1
Z AL Aug > ASPu, — AP, + z — (31)
S

s=n4 s=n4

From (31) and (30), we obtain

1
ap aﬁuSA -t < af-1 aB-1 ,ap un
A u, — Ay unl-i- —_— af K*P7 A A5+1a
s=nq s n1 n
+ z As+1q5 s41-1 =0
s=ny

n- aﬁKl—aﬁAaﬁ—l
B
10,47,
when using (23). ThIS contradicts (17) as n — oo, and the proof is now completed.

1 B
SLB + Ap Un,

s+1q5 s+1 1T

Corollary 7: Letaf > 1 and (H;) — (H,), (5) and (15) hold. If condition (17) and [ = 2 hold, and there exists a
1> ﬁlog af such that (14) holds then every solution of equation (1) is oscillatory.

Proof: The proof follows from Corollary 5 and Theorem 6. This completes the proof.

Theorem 8: Let 0 < aff < 1 and (Hy) — (H,), (5) and (15) hold. If condition (13) holds, and

1
: af-1 - | =
lim sup Z e e (32)

s=ngy

for all constant K > 0, then every solution of equation (1) is oscillatory.

Proof: Proceeding as in the proof of Theorem 6, we see that A z, > 0 or A z, < 0 eventually. If Az, > 0 for all
n = n, then by Corollary 4, we obtain a contradiction to (13). Next we assume that Az, < 0 for all n = n,.
Proceeding as in the proof of Theorem 6 we obtain (26). Define

a,Az,

U, = N> ny. (33)

ZTl
Thus u, < 0 foralln > n,.

From (33) and (26), we see that
Zal? u2
Aup < —quEP, L >, (34)

Zn+1 an

Since {z,,} is positive and decreasing there exists a constant K > 0 such that z, < K for all n = n > 1. Using the last
inequality in (34), we obtain
B 2

En i
Lll__'n> n]_-

Au, < —q, K1-aF =
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Multiplying the last inequality 4,,,, and then summing it from n; to n — 1, we have
-1

n-1

af-1 us
Apuy — Ay Uy, + K AS+1qS ov1 T +As+1a <0

S
s=ny s=ny

which on using completing the square yields

n—-1

af-1 B 1
Z K As+1qus+1_l - 4a.A <1+ Anlunl
stis+1

s=nq

when using (22). This contradicts (32) as n — o, and the proof is now complete.

EXAMPLES
In this section, we present some examples to illustrate our main results.

Example 1: Consider the neutral difference equation

1
! 1.3 4(n+1) 2 _—
A <2n+1 A <xn + nx"—1>> + ((2n+1)(2n+3) + n(n+2)) Xp-1 =0n=1. (35)
1 _ 4(n+1) 2 _1 _ _ B ) )
Here a, = ——, p, = 7 &= Ginen Theen)' ¥ T 3 B =3, k=2and [ =2. Simple calculation shows that

2n+1
R, =n? —1and we see that all conditions of Corollary 3 are satisfied. Hence every solution of equation (35) is

oscillatory, and in fact {x,} = {(—1)3"} is are such oscillatory solution of equation (35).

Example 2:.Consider the neutral difference equation

1 1
A (m (xn + %x;_2>> +-x5_,=0n>1 (36)

Here a, =n, p, = % qn = % a= é B = E'k =1landl = 2.1t is easy to see that all conditions of Corollary 4 are

satisfied, and hence every solution of equation (36) is oscillatory.

:IH

Example 3: Consider the neutral difference equation

1
, 1
A ((Tl +1D(n+ 2)A (xn + D .,31 )) +4(n+ Z)an_l =0,n=>1. (37)
Herea, = (n+ 1)(n + 2),p, —n(n+1),qn =4n+2)%a==, =3 k=1and!l=2.
2
Simple calculation shows that 4,, = + 1,af =1and K3(n +1)s (1 - —) > 0. The conditions (16) and (17) are
n3

also satisfied with p,, = 1. Therefore by Theorem 8, every solution of equation (37) is oscillatory.
We conclude this paper with the following remark.

Remark 3.4: In this paper, we obtain oscillation criteria for equation (1) by employing comparison method and Riccati
type transformation involving both « and . Therefore the results presented in this paper are new and complement to
the existing results reported in the literature. Further condition (15) is some what restrictive and it implies that we must
have {p,} = 0 asn — oo. It would be good to obtain a result that did not require this added condition.
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