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ABSTRACT 
In this paper, we introduce semi*regular-Ti(i = 0,1,2) spaces using semi*regular open sets and investigate their 
properties. We give characterizations for these spaces. We study the relationship among themselves and with known 
separation axioms.  We further study relationships among themselves and with the already existing concepts.  
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1. INTRODUCTION 
 
S.G.Crossely and S.K.Hildebrand [7] defined semi closure of sets and irresolute functions.  S.Maheswari and Prasad [3] 
et.al defined and studied the separation axioms, namely semi-Ti, i=0, 1, 2. Recently S.Pious Missier and A.Robert [9] 
introduced separation axioms, namely Semi*𝛼-Ti i = 0, 1, 2 in a topological space. Here we study semi*r-Regular,    
s*r-Regular, semi*r-normal and s*r-Normal spaces using semi*regular open sets and investigate their properties.  
 
2. PRELIMINARIES 
 
Definition 2.1: A subset A of a Topological space (X, τ) is called a Semi*regular open set (briefly s*r-open) if there 
exists a regular open set U in X such that U⊆A⊆Cl*(U). The Class of all Semi*regular open sets in (X, τ) is denoted by 
S*RO(X, τ) or simply S*RO (X). 
 
Theorem 2.2 For a subset A of a topological space (X, τ) the following are equivalent.  

(i) A is Semi* regular open  
(ii) A=Cl*(r-int (A))  
(iii) Cl*(A) = Cl*(r-int(A))  
(iv) Cl*(A)=Cl*(A∩int(cl(A)))  

 
Theorem 2.3: Arbitrary Union of Semi*regular open sets in X is Semi*regular open set in X.  
 
Theorem 2.4: If A is Semi*regular open in X, then A can be expressed as A=U∪B where (i) U is regular open in X (ii) 
B is nowhere dense in X (iii) U∩B=Ø.  
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Theorem 2.5:  

(i) Every Semi*regular open set is Semi*𝛼-open.  
(ii) Every Semi*regular open set is Semi*pre-open.  
(iii) Every Semi*regular open set is Semi*open.  
(iv) Every Semi* regular open set is Semi open.  
(v) Every Semi*regular open set is Semi 𝛼-open.  
(vi) Every Semi*regular open set is Semi pre-open.  
(vii) Every Semi*regular open set is regular generalized open set.  
(viii) Every Semi*regular open set is generalized pre regular open set.  
(ix) Every Semi*regular open is regular weakly generalized open set.  

 
Theorem 2.6: If A is any subset of a topological space X, then the following statements hold: 

(i) s*rCl(A) is semi*regular closed set  in X. In fact, it is the smallest semi*regular closed in X containing A. 
(ii) A is semi*regular closed if and only if s*rCl(A)=A. 

 
3. Semi*regular-T0 Spaces 
 
Definition 3.1: A space X is said to be semi*regular-T0 if whenever x and y are distinct points in X there is a 
semi*regular open set in X containing one of x and y but not the other. 
 
Theorem 4.2: 

(i) Every semi*regular-T0 space is semi*𝛼-T0. 
(ii) Every semi*regular-T0 space is semi*Pre-T0. 
(iii) Every semi*regular-T0 space is semi*-T0. 
(iv) Every semi*regular-T0 space is semi-T0. 
(v) Every semi*regular-T0 space is semi 𝛼-T0. 

 
Proof: 

(i) Suppose X is a semi*regular-T0 space. Let x and y be two distinct points in X. Since X is semi*regular-T0 
space, there exists a semi*regular open set U containing one of x and y but not the other. By Theorem 3.5(i), U 
is a semi*𝛼-open set. Hence X is semi*𝛼-T0.  

(ii) Suppose X is a semi*regular-T0 space. Let x and y be two distinct points in X. Since X is semi*regular-T0 
space, there exists a semi*regular open set U containing one of x and y but not the other. By Theorem 2.5(ii), 
U is a semi*preopen set. Hence X is semi*Pre-T0.  

(iii) (iii),(iv)&(v) follows from the fact that every semi*regular open set is semi*open, semiopen and semi 𝛼-open.  
 
Remark 3.3: The converse of each of the statements of the above theorem is not true as given by the following 
examples. 
 
Example 3.4: 

(i) Let X = {a, b, c, d} 𝛕 = {𝛟, {a}, {b}, {a, b},{a, b, c}, X}. Clearly X is semi*𝛼-T0 but not semi*regular-T0.  
(ii) Let X = {a, b, c, d} 𝛕 = {𝛟, {a}, {b, c, d}, X} Here X is semi*pre-T0 but not semi*regular-T0. 

 
Theorem 3.5: A space X is a semi*regular-T0 space if and only if the semi*regular closure of distinct points are 
distinct. 
 
Proof: Let x and y be two distinct points of a semi*regular-T0 space X. 
Then by definition 4.1, there exist a semi*regular open set U containing one of x and y but not the other. If x∈U and 
y∉U then U is a semi*regular open set containing x that does not intersect {y}.  
 
By Theorem 3.6, x∉s*rCl({y}). But x∈s*rCl({x}), so we get s*rCl({x})≠ s*rCl({y}). 
 
Similarly we can prove the case when y∈U and x∉U. Thus the semi*regular closure of x and y are distinct. On the 
other hand suppose the semi*regular closure of distinct points are different. Let x and y be two distinct points of X. 
Then s*rCl({x})≠ s*rCl({y}). Hence there exist a point z in X such that z lies in only one of the two sets s*rCl({x}) 
and s*rCl({y}), say s*rCl({x}).  
 
If x∈s*rCl({y}) then z ∈ s*rCl({x})⊆s*rCl({y}) which implies z∈s*rCl({y}) which is a contradiction to z∉s*rCl({y}). 
Therefore x ∉ s*rCl({y}). Hence X\s*rCl({y}) is a semi*regular open set containing x but not y. Therefore X is 
semi*regular-T0.  
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Theorem 3.6: Let f: X→Y be a bijection. Then the following are true 

(i) If f is semi*regular open and X is T0, then Y is semi*regular-T0 
(ii) If f is pre-semi*regular open and X is semi*regular-T0, then Y is semi*regular-T0 
(iii) If f is semi*r-continuous and Y is T0, then X is semi*regular-T0 
(iv) If f is semi*r-irresolute and Y is semi*regular-T0, then X is semi*regular-T0. 

 
Proof:  

(i) Suppose f is semi*regular open and X is T0. Let y1≠y2∈Y. Since f is a bijection, there exist x1, x2 in X such that 
f(x1) = y1 and f(x2) = y2 with x1≠ x2. Since X is T0, there exists an open set U in X containing one of x1 and x2 
but not the other. Since f is semi*regular open bijection, 

(ii) f(U) is a semi*regular open set in Y containing y1 or y2 but not the other. Thus Y is semi*regular-T0. 
(iii) Let f be semi*regular open and X be a semi*regular-T0 space. Let y1≠y2∈Y .Since f is a bijection, there exist 

x1, x2 in X such that f(x1) = y1 and f(x2) = y2 with x1≠x2. Since X is semi*regular-T0, there exists a 
semi*regular open set U in X containing one of x1 and x2 but not the other. Since f is pre-semi*regular open 
bijection, f(U) is a semi*regular open set in Y containing y1 or y2 but not the other. Thus Y is semi*regular-T0. 

(iv) Suppose f: X→Y is semi*r-continuous and Y is T0. Let x1 and x2 in X with x1 ≠ x2. Let y1 = f(x1) and              
y2 = f(x2). Since f is one to one, y1 ≠ y2. Since Y is T0, there exists an open set V in Y containing y1 or y2 but 
not the other. Since f is semi*r-continuous, f−1(V) is a semi*regular open set containing one of x1 and x2 but 
not the other. Thus X is semi*regular-T0. 

(v) Let f: X→Y be semi*regular-irresolute and Y be semi*regular-T0. Let x1 x2 ∈ X with x1 ≠ x2. Let y1 = f(x1) 
and y2 = f(x2). Since f is one to one, y1 ≠ y2. Since Y is semi*regular-T0, there exists a semi*regular open set V 
in Y containing y1 or y2 but not the other. Since f is semi*r-irresolute f−1(V) is semi*regular open set in X 
containing one of x1 and x2 but not the other. This proves X is semi*regular-T0. 

 
4. Semi*regular-T1 Spaces 
 
Definition 4.1: A space X is said to be semi*regular-T1 if whenever x and y are distinct points in X, there are 
semi*regular open sets containing each but not the other. 
 
Theorem 4.2: 

(i) Every semi*regular-T1 space is semi*𝛼-T1. 
(ii) Every semi*regular-T1 space is semi*Pre-T1. 
(iii) Every semi*regular-T1 space is semi*-T1. 
(iv) Every semi*regular-T1 space is semi-T1. 
(v) Every semi*regular-T1 space is semi 𝛼-T1. 

 
Proof:  

(i) Suppose X is a semi*regular-T1 space. Let x and y be two distinct points in X. Since X is semi*regular-T1, 
there exist semi*regular open sets U and V with x∈U but y ∉ U and y∈V but x∉V. By Theorem 3.5(i), U and 
V are semi*𝛼-open sets. Hence X is semi*𝛼-T1. 

(ii) Let X be semi*regular-T1 space. Let x and y be two distinct points in X. Since X is semi*regular-T1, there are 
semi*regular open sets U and V with x∈U but y∉ U and y∈V but x∉V. By Theorem 3.5(ii), U and V are 
semi*pre-open sets. Hence X is semi*pre-T1. 

(iii) (iv) & (v) follows from the fact that every semi*regular open set is semi*open, semiopen and semi 𝛼-open.  
 
Remark 4.3: The converse of the above statements are not true as shown in the following examples. 
 
Example 4.4:  

(i) Let X = {a, b, c, d} 𝛕 = {ϕ, {a}, {b}, {a, b},{a, b, c}, X}. Here X is semi*𝛼-T1 but not semi*regular-T1. 
(ii) Let X = {a, b, c, d} 𝛕 ={ϕ, {a}, {b}, {a, b}, {a, b, c}, X}. Here X is semi*-T1 but not semi*regular-T1. 

 
Theorem 4.5: For a topological space X the following are equivalent: 

(i) X is a semi*regular-T1 space. 
(ii) Each one point set in X is semi*regular closed in X. 
(iii) Each subset of X is the intersection of semi*regular open sets containing it. 
(iv) The intersection of all semi*regular open sets in X containing the point x equals {x}. 

 
Proof: 
(i) ⇒ (ii): Suppose X is semi*regular-T1 space. Let x∈X. Then for every y≠x, there exists a semi*regular open set Uy in 
X containing y but not x. Hence y∈Uy⊆X\{x}. Therefore X\{x}=∪{Uy:y∈X\{x}}. By Theorem 3.3, X\{x} is 
semi*regular open in X. Therefore {x} is semi*regular closed. 
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(ii)⇒ (iii): Let A⊆X. Then for each x∈X\A, {x} is semi*regular closed in X and hence X\{x} is semi*regular open. 
Clearly A⊆X\{x} for each x∈X\A. Therefore A⊆∩{X\{x}:x∈X\A}. On the other hand, if y ∉A, then y∈X\A and y 
∉X\{y}. This implies y ∉∩{X\{x}: x∈X\A}. Hence ∩{X\{x}:x∈X\A}⊆A. Therefore A= ∩{X\{x}: x∈X\A} which 
proves (iii). 
 
(iii) ⇒ (iv): Taking A = {x}, by (iii) A = {x} = ∩{U: U is semi*regular open and x ∈ U}  
This proves (iv). 
 
(iv)⇒ (i): Let x, y∈ X with y≠x. Then y ∉ {x} = ∩{U: U is semi*regular open and x∈U}. Hence there exists a 
semi*regular open set U containing x but not y. Similarly there exists a semi*regular open set V containing y but not x. 
Thus X is semi*regular-T1.  
 
Theorem 4.6: Let f: X→Y be a bijection. 

(i) If f is a semi*regular-continuous and Y is T1, then X is semi*regular-T1. 
(ii) If f is a semi*regular-irresolute and Y is semi*regular-T1, then X is semi*regular-T1. 
(iii) If f is a semi*regular open and X is T1, then Y is semi*regular-T1 
(iv) If f is a pre-semi*regular open and X is semi*regular-T1, then Y is semi*regular-T1 
(v) If f is a semi*regular closed and X is T1, then Y is semi*regular-T1 
(vi) If f is a pre-semi*regular closed and X is semi*regular-T1, then Y is semi*regular-T1 

 
Proof:  

(i) Suppose f is semi*regular-continuous bijection and Y is T1. Let x1,x2∈X with x1 ≠ x2. Let y1 = f(x1) and         
y2 = f(x2). Since f is one to one, y1≠y2. Since Y is T1, there exist open sets U and V such that y1∈U but            
y2 ∉ U and y2∈V but y1∉V. Since f is a bijection, x1∈f−1 (U) but  

(ii) x2 ∉f−1(U) and x2∈f−1(V) but x1 ∉ f−1(V). Since f is semi*regular-continuous, f−1(U) and f−1(V) are 
semi*regular open sets in X. Thus X is semi*regular-T1. 

(iii) Suppose f is semi*regular-irresolute bijection and Y is semi*regular-T1. Let x1, x2 ∈ X with x1≠ x2. Let         
y1 = f(x1) and y2 = f(x2). Since f is one to one, y1≠y2. Since Y is semi*regular-T1, there exist semi*regular 
open sets U and V such that y1∈U but y2 ∉ U and y2∈V but y1∉V. Since f is a bijection, x1∈f−1(U) but           
x2∉f−1(U) and x2∈f−1(V) but x1∉ f−1(V). Since f is semi*regular-irresolute, f−1(U) and f−1(V) are semi*regular 
open sets in X. Thus X is semi*regular-T1. 

(iv) Suppose f is a semi*regular open bijection and X is T1. Let y1≠y2∈Y. 
(v) Since f is a bijection, there exist x1,x2 ∈ X such that f(x1) = y1 and f(x2) = y2 with x1≠ x2. Since X is T1, there 

exist open sets U and V in X such that x1 ∈ U but x2∉U and x2 ∈ V but x1 ∉ V. Since f is semi*regular open, 
f(U) and f(V) are semi*regular open sets in Y such that y1= f(x1) ∈ f(U) and y2 = f(x2) ∈ f(V). Since f is a 
bijection, y2 = f(x2)∉f(U) and y1= f(x1)∉f(V). Thus Y is semi*regular-T1. 

(vi) Suppose f is a pre-semi*regular open bijection and X is semi*regular-T1. Let y1 ≠ y2∈Y. Since f is a bijection, 
there exist x1, x2 ∈ X such that f(x1) = y1 and f(x2) = y2 with x1 ≠ x2. Since X is semi*regular-T1, there exist 
semi*regular open sets U and V in X such that x1 ∈ U but x2∉U and x2 ∈ V but x1 ∉ V. Since f is pre-
semi*regular open, f(U) and f(V) are semi*regular open sets in Y such that y1 = f(x1) ∈ f(U) and                    
y2 = f(x2) ∈ f(V). Since f is bijection, y2 = f(x2)∉ f(U) and y1 = f(x1) ∉ f(V). Thus Y is semi*regular-T1. 

(vii) Suppose f is a semi*regular closed bijection and X is T1. Let y ∈ Y .Since f is a bijection, there exists x∈X 
such that f(x) = y. Since X is T1, {x} is closed in X. Since f is a semi*regular closed map, f({x}) = {y} is 
semi*regular closed. Since every singleton set in Y is semi*regular closed, by Theorem 3.5, Y is 
semi*regular-T1. 

(viii) Suppose f is a pre-semi*regular closed bijection and X is semi*regular-T1. Let y∈Y. Since f is bjiection, there 
exists x∈X such that f(x)= y. Since X is semi*regular-T1, {x} is closed in X. Since f is a semi*regular closed 
function, f({x}) = {y} is semi*regular closed. Since every singleton set in Y is semi*regular closed, by 
Theorem 3.5, Y is semi*regular-T1.  

 
Theorem 4.7: Every contra-semi*regular-continuous function from a semi*regular-connected space onto a T1 is 
necessarily constant. 
 
Proof: Let f: X→Y be a contra-semi*regular-continuous function. Let X be semi*regular-connected and Y be T1. Since 
Y is T1, for each y∈Y, {y} is closed in Y. Since f is contra-semi*regular-continuous, f−1({y}) is semi*regular open in 
X. Therefore {f−1({y}): y∈Y} is a collection of pairwise disjoint semi*regular open sets in X. Since X is semi*regular-
connected, f−1({y0})=X for some unique y0∈Y. Hence f(X) = {y0}. Thus f is a constant function.  
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Theorem 4.8: Every contra-semi*regular-irresolute function from a semi*regular-connected space onto a semi* 
regular-T1 is necessarily constant. 
 
Proof: Let f: X→Y be a contra-semi*regular-irresolute function. Let X be semi*regular-connected and Y be 
semi*regular-T1. Since Y is semi*regular-T1, by theorem 5.5, for each y∈Y, {y} is semi*regular closed in Y. Since f is 
contra-semi*regular-irresolute, f−1({y}) is semi*regular open in X. Therefore {f−1({y}): y∈Y} is a collection of 
pairwise disjoint semi*regular open sets in X. Since X is semi*regular-connected, f−1({y0}) = X for some unique y0∈Y. 
Hence f(X) = {y0}. Thus f is a constant function.  
 
Theorem 4.9: Every contra-strongly semi*regular-irresolute function from a connected space onto a semi*regular-T1 is 
necessarily constant. 
 
Proof: Let f: X→Y be a contra-strongly semi*regular-irresolute function. Let X be connected and Y be semi*regular-
T1. Since Y is semi*regular-T1, by Theorem 5.5, for each y∈Y, {y} is semi*regular closed in Y. Since f is contra- 
strongly semi*regular-irresolute, f−1({y}) is open in X. Therefore {f−1({y}): y∈Y} is a collection of pairwise disjoint 
semi*regular open sets in X. Since X is semi*regular-connected, f−1({y0}) = X for some unique y0∈Y. Hence            
f(X) = {y0}. Thus f is a constant function.  
 
5. Semi*regular-T2 Spaces 
 
Definition 5.1: A space X is said to be semi*regular-T2 if whenever x and y are distinct points in X, there are disjoint 
semi*regular open sets U and Vin X containing x and y respectively. 
 
Theorem 5.2: 

(i) Every semi*regular-T2 space is semi*𝛼-T2. 
(ii) Every semi*regular-T2 space is semi*pre T2. 
(iii) Every semi*regular-T2 space is semi*-T2. 
(iv) Every semi*regular-T2 space is semi-T2. 
(v) Every semi*regular-T2 space is semi 𝛼-T2 
(vi) Every semi*regular-T2 space is semi-pre-T2. 

 
Proof:  

(i) Suppose X is a semi*regular-T2 space. Let x and y be two distinct points in X. Since X is semi*regular-T2, 
there exist disjoint semi*regular open sets U and V such that x∈U and y∈V respectively. By Theorem 2.5(i), 
U and V are disjoint semi*𝛼-open sets such that x ∈ U and y ∈ V respectively. Hence X is semi*𝛼-T2. 

(ii) Let X be a semi*regular-T2 space. Let x and y be two distinct points in X. Since X is semi*regular-T2, there 
exist disjoint semi*regular open sets U and V such that x∈U and y∈V respectively. By Theorem 2.5(ii), U and 
V are disjoint semi*pre-open sets such that x ∈ U and y ∈ V. Hence X is semi*pre-T2 

(iii) follows from the fact that every semi*regular open set is semi*open. 
(iv) Suppose X is a semi*regular-T2 space. Let x and y be two distinct points in X. Since X is semi*regular-T2, 

there exist disjoint semi*regular open sets U and V such that x∈U and y∈V respectively. By Theorem 2.5(iv), 
U and V are disjoint semi-open sets such that x ∈ U and y ∈ V. Hence X is semi-T2. (v), (vi) Follows from the 
fact that every semi*regular open set is semi 𝛼-open and semi pre-open. 

 
Theorem 5.3: For a topological space X the following are equivalent: 

(i) X is semi*regular-T2 space. 
(ii) Let x ∈ X. Then for each y ≠ x, there exists a semi*regular open set U such that x ∈ U and y ∉ s*rCl(U) 
(iii) For each x∈X, ∩ {s*rCl(U):U∈ S*RO(X) and x∈U }= {x}. 

 
Proof:  
(i) ⇒ (ii): Suppose X is a semi*regular-T2 space. Let x ∈ X and y ∈ X with y ≠ x. Then there exist disjoint semi*regular 
open sets U and V such that x ∈ U and y ∈ V. Since V is semi* regular open, X \V is semi*regular closed and              
U ⊆X \V. This implies that s*rCl(U)⊆ X\V. Since y ∉X \V, y ∉s*rCl(U). 
 
(ii) ⇒ (iii): If y ≠ x then there exist a semi*regular open set U such that x∈ U and y ∉ s*rCl(U).  
Hence y ∉ ∩{s*rCl(U):U ∈ S*RO(X) and x∈U}. This proves (iii). 
 
(iii) ⇒ (i): Let y≠x in X. Then y ∉ ∩{s*rCl(U):U ∈ S*RO(X) and x∈U}. This implies that there exist a semi*regular 
open set U such that x∈U and y ∉ s*rCl(U). Then V = X \ s*rCl(U) is semi* regular open and y∈V. Now U∩V = U 
∩(X \ s*rCl(U))⊆ U ∩(X \ U)=𝛟. This proves (i). 
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Theorem 5.4: Let f : X→Y be a bijection 

(i) If f is semi*regular-continuous and Y is T2, then X is semi*regular-T2. 
(ii) If f is semi*regular-irresolute and Y is semi*regular-T2, then X is semi*regular-T2. 
(iii) If f is semi*regular open and X is T2, then Y is semi*regular-T2. 

 
Proof:  

(i) Suppose f is semi*regular-continuous and Y is T2. Let x1, x2 ∈X with x1 ≠ x2. Let y1 = f(x1) and y2 = f(x2). 
Since f is one to one y1 ≠ y2. Since Y is T2 there exist disjoint open sets U and V containing y1 and y2 
respectively. Since f is semi*regular-continuous bijection, f−1(U) and f−1(V ) are disjoint semi*regular open 
sets in X containing x1 and x2 respectively. Thus X is semi*regular-T2.  

(ii) Proof is similar to (i) 
(iii) Suppose f is semi*regular open and X is T2. Let y1≠y2 ∈ Y. Since f is a bijection, there exist x1, x2 in X such 

that f(x1) = y1 and f(x2) = y2 with x1 ≠x2. Since X is T2, there exist disjoint open sets U and V in X such that 
x1∈U and x2 ∈ V. Since f is semi*regular open, there exist semi*regular open sets in Y such that                     
y1 = f(x1) ∈ f(U) and y2 = f(x2) ∈ f(V). Since f is a bijection, f(U) and f(V) are disjoint in Y. Thus Y is 
semi*regular-T2. 

 
REFERENCES 
 

1. Charles Dorsett, Semi-Regular Spaces, Soochow Journal of Mathematics,Vol.8, Dec 1982 
2. Charles Dorsett, Semi-T2, Semi-T1 and Semi-T1 Topological spaces, Ann. Soc. Sci. Bruxelles, 92(1978),       

143-150 
3. S.Maheswari and R.Prasad, Some New Separation Axioms,  Ann. Soc. Sci. Bruxelles, 89(1975),395-402 
4. S.Maheswari and R.Prasad, On S-Regular Spaces, Glasnik Mat.Ser. III, 10 no.30(1975),347-350 
5. S.Maheswari and R.Prasad, On S-Normal Spaces, Bull. Math.Soc. Sci. Math.R.S.Roumanie, T22 (70) (1978),   

27-30. 
6. J.Dontchev, Contra-continuous functions and strongly s-closed spaces, Internat. J. Math. & Math. Sci. 19(2), 

1996, 303-310.  
7. S.G. Crossley and S.K. Hildebrand, Semi-topological properties, Fund. Math.74, 1972, 233-254.  
8. M. Caldas, Weak and Strong forms of irresolute maps, Internat. J. Math. & Math. Sci. 23(4), 2000, 253-259.  
9. A. Robert and S. Pious Missier, Semi-Star-Alpha-Open Sets and Associated Functions, International Journal 

of Computer Applications, 104(16), 2014, 0975 – 8887. 
10. S. Pious Missier and R. Krishnaveni,   A Stronger form of Semi Star Open Sets, IJMA- 7(7), 2016. 

 
Source of support: Nil, Conflict of interest: None Declared. 

[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


