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ABSTRACT

In this paper, we introduce the concepts of fuzzy upper and fuzzy lower contra e* (resp. §-semi and §-pre)-continuous
multifunction on fuzzy topological spaces in Sostak sense. Several characterizations and properties of these fuzzy upper
(resp. fuzzy lower) contra e*(resp. §-semi and &-pre)-continuous multifunctions are presented and their mutual
relationships are established in L-fuzzy topological spaces. Later, composition and union between these multifunctions
have been studied.
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1. INTRODUCTION AND PRELIMINARIES

Kubiak [9] and Sostak [12] introduced the notion of (L-) fuzzy topological space as a generalization of L-topological
spaces (originally called (L-) fuzzy topological spaces by Chang [5] and Goguen [6]. It is the grade of openness of an
L-fuzzy set. Berge [4] introduced the concept multimapping F: X — Y where X and Y are topological spaces. After
Chang introduced the concept of fuzzy topology [5], continuity of multifunctions in fuzzy topological spaces have been
defined and studied by many authors from different view points [3]. Tsiporkova et.al, [15, 16] introduced the continuity
of fuzzy multivalued mappings in the Chang’s fuzzy topology [5]. Later, Abbas et.al, [1], [2] introduced the concepts of
fuzzy upper and lower semi-continuous multifunctions, fuzzy upper and lower S-continuous multifunctions in L-fuzzy
topological spaces. Hebeshi., [7] introduced the concepts of fuzzy upper and lower a-continuous multifunctions in
L-fuzzy topological spaces. Recently, Vadivel et.al, [17] and Prabhu et.al, [18] introduced r-fe*o sets and fuzzy
e*-continuity in a smooth topological space. Sujatha et.al [14] introduced fuzzy upper and lower contra e-continuous
multifunctions on fuzzy topological spaces in Sostak sense. In this paper, we introduce the concepts of fuzzy upper and
fuzzy lower contra e*(resp. §-semi and &-pre)-continuous multifunction on fuzzy topological spaces in Sostak sense.
Several characterizations and properties of these multifunctions are presented and their mutual relationships are
established in L-fuzzy topological spaces. Later, composition and union between these multifunctions have been studied.

Throughout this paper, nonempty sets will be denoted by X, Y etc., L = [0, 1] and L, = (0, 1]. The family of all
fuzzy sets in X is denoted by L*. The complement of an L-fuzzy set A is denoted by A¢. This symbol — for a
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multifunction. For a € L, a(x) = a for all x € X. A fuzzy point x, for t € L, is an element of L* such that

_(t ify=x
x(y) = {O ify # x.
other notations are standard notations of L-fuzzy set theory.

The family of all fuzzy points in X isdenoted by Pt(X). A fuzzy point x, € 4 iff t < A(x). All

Let F: X — Y, then F is called a fuzzy multifunction (FM, for short) [1] if and only if F(x) € LY for each x € X. The
degree of membership of y in F(x) is denoted by F(x)(y) = Gg(x, y) for any (x, y) € X X Y. The domain of F,
denoted by domain(F) and the range of F, denoted by rng(F), for any x € X and y €Y, are defined by:
dom(F)(x) = Vyey Gr (x, y) and tng(F)(¥) = Vyex Gr (x, ¥). Let F:X =Y be a FM. Then F is called: (i)
Normalized iff for each x € X, there exixts y, € Y such that Gz (x, y,) = 1. (ii) A crisp iff G.(x, y) = 1 for each
x€EXand y€Y. Let F:X —Y be a FM. Then (i) The image of 1 € L* is an L-fuzzy set F(4) € L' defined by
FA) () = Vyex[ Gr(x, ¥) AA(x)]. (ii) The lower inverse of u €LY is an L-fuzzy set F'(u) € LX defined by
F'(u) (x) = Vyey[ Ge (x, y) Au(y)]. (iii) The upper inverse of u € L' is an L-fuzzy set F*(u) € L* defined by

Fr)(x) = Ayey[ GE(x, ) V 1]

An L-fuzzy topological space (L-fts, in short) [9,12] is a pair (X, 7), where X is a nonempty set and 7: L —» L is a
mapping satisfying the following properties. (i) 7(0) = t(1) = 1, (i) t(uy A 1ty) = t(1y) AT(1y), forany p,, p, € I,
(iii) T(Vier i) = Aiert (), for any {u;};er € I*. Then t is called an L -fuzzy topology on X. For every
A€ LX, 7(A) is called the degree of openness of the L-fuzzy set A. A mapping f: (X, ) - (Y, n) is said to be
continuous with respect to L-fuzzy topologies 7 and n iff (f~1(u)) = n(u) for each u € LY. Let (X, 7) be a an
L-fts. Then for each 1 € L%, r € L,, we define L-fuzzy operators C, and I,: L* x L, — L* as follows:
CCAr)=MuelX A<y, t(1-w =1} LA r)=V{ueLX:A=>pu 1(u) =1}

Let (X, 7) be a fts. For A, u € I* and r € I,, A is called r-fuzzy regular open [8] (for short, r-fro) (resp. r-fuzzy
regular closed (for short, r-frc)) if A = L. (C.(4,7),r) (resp. A = C,(I;(4,7),7)). Let (X, T) be a fts. Then for each
u€lX, x, € P(X) and r € I,, (i) u is called r-open Q,-neighbourhood of x, if x,qu with t(u) = r. (ii) u is called
r-open R,-neighbourhood of x, if x.qu with u = I1.(C,(u, 1), r). We denoted Q,(x,, v) = {u € I*: x,.qu, T(u) =
r}, R (x., ) ={u€*:x.qu, n=1(C,(u r), r)}. Let (X, 7) be a fts. Then for each 1 € I*, x, € P,(X) and
r € I, (i) x, iscalled r-t cluster point of A if for every u € Q,(x;, r), we have ugA. (ii) x, iscalledr-§ cluster point
of A if for every u € R, (x,, ), we have ugA. (iii) An &-closure operator is a mapping D,: 1% x I - I* defined as
follows: 6C.(4, r) or D,(A, r) = V{x; € P.,(X):x, is r-&-cluster point of A}. Equivalently, §C,(4, ) = A{u €
I¥:u = A pisar —frcset} and 61,(4, r) =V{p € I*:u < A, uisar — froset}. Let (X, 7) be a fuzzy topological
space. For A € I*X and r € I, A iscalled r-fuzzy §-closed iff A = §C,(A, r) or D.(4, ).

Let (X, 7) be a fuzzy topological space. For A, u € I* and r € I,,A is called an (i) r-fuzzy §-semiopen [13] (resp.
r-fuzzy §-semiclosed) set if 1 < C.(5-1.(4, 1), r) (resp. I,(8-C.(4, r), r) < A). (ii) r-fuzzy §-preopen [13] (resp.
r-fuzzy & -preclosed) set if A< (6-C,(4, 1), r) (resp. C,(6-1,(4, 1), r) <A). (iii) r-fuzzy a-open [11]
(resp.r-fuzzy a-closed) set if A < I.(C.(I;(4, 1), 1), r) (resp. C,(I(C.(4, 1), r), r) < A). (iv) r-fuzzy [-open [11]
(resp.r-fuzzy B-closed) set if A < C,(I.(C,(4, ), 1), ) (resp. I.(C.(I;(4, ), ), r) < A). (V) r-fuzzy e-open [13]
(resp. r -fuzzy e -closed) set if A<C( - LAr),rvIp ( § - C@Ar),r) (resp.
C.6-L(ALT), AL (6-C (A 1), 1)<A) (Vi r-fuzzy e* -open [17] (resp. r -fuzzy e* -closed) set if
AL C (1 (6-C.(A, 1), 1), 1) (resp. I,(C.(6-1I;(4, r), r), ) <A). [17] Let (X, t) be a fuzzy topological space.
ALuelX and rely, e'I,(A, v)=V{uelX:u<A uis a r-fe*o set } is called the r-fuzzy e*-interior of
AeCcAr)=Npuel*:u=A uisar-fe*c set } is called the r-fuzzy e*-closure of A.

Let F: X — Y be a FM between two L-fts’s (X, ), (Y, n) and r € L,. Then F is called: (i) Fuzzy upper semi (or
Fuzzy upper) (in short, FUS (or FU)) (resp. FUa, FUe and FUp)-continuous at a L-fuzzy point x, € dom(F) iff
x; € F*(u) for each u € LY and n(u) = r, there exists AinlX, t(1) =r (resp. r-fao, r-feo and r-fBo set) and
x; € 1 such that A A dom(F) < F¥(u).F is FU (resp. FUa, FUe and FU)-continuous iff itis FU(resp. FUa, FUe
and FUp)-continuous at every x, € dom(F). (ii) Fuzzy lower semi (or Fuzzy lower) (in short, FLS (or FL)) (resp.
FLa, FLe and FLB)-continuous ata L-fuzzy point x, € dom(F) iff x, € F'(u) for each u € L' and n(u) = r, there
exists 1 € L*, t(1) = r (resp. r-fao, r-feoand r-ffoset) and x, € A suchthat A < F!'(u). F is FL (resp. FLa, FLe
and FLp)-continuous iff it is FL (resp. FLa, FLe and FLp)-continuous at every x, € dom(F). (iii) Fuzzy [1] (resp.
FUa [7], FUe [19] and FUB [2])-continuous if itis FU (resp. FUa, FUe and FUp)-continuous and FL (resp. FlLa,
FLe and FLp)-continuous.
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Let (X, 7) and (Y, n) be a fts’s. The fuzzy sets of the form A x u with 7(4) = r and n(u) = r form a basis for the
product fuzzy topology [3,20] T xn on X XY, where for any (x, y) € X XY, (A X u)(x, y) = min{A(x), u(y)}-
[3,10] Let F: X — Y bea FM between two fts’s (X, ) and (Y, n). The graph fuzzy multifunction G;: X - X XY of
F is defined as Gy (x) = x; X F(x), for every x € X. [14] Let F: X — Y be a FM between two L-fts’s (X, 7), (Y, n)
and r € L,. Then F is called: (i) Fuzzy upper contra e-continuous (FUCe-continuous, in short) at any L-fuzzy point
x; € dom()) iff x, € F“(u) for each u € LV and n(u°) = r, there exists r-feo set A € L* and x, € A such that
ANdom(F) < F¥(u). (ii) Fuzzy lower contra e-continuous (FLCe-continuous, in short) at any L-fuzzy point
x; € dom(F) iff x, € F'(u) for each p € LY and n(u°) = r, there exists r-feo set 2 € L¥ and x, € A such that
A < Fi(w). (iii) Fuzzy upper contra e-continuous (resp. Fuzzy lower contra e-continuous) iff it is FUCe-continuous
(resp. FLCe-continuous) at every x, € dom(F).

2. FUZZY UPPER AND LOWER CONTRA e* (resp. 8-semi and &-pre)-CONTINUOUS MULTIFUNCTIONS
Definition 2.1: Let F: X — Y be a FM between two L-fts’s (X, t), (Y, n) and r € L,. Then F is called:
1. Fuzzy upper contra e* (resp. §-semiand §-pre) (in short, FUCe* (resp. FUCSS and FUCGSP))-continuous at
any L-fuzzy point x, € dom(F) iff x, € F*(u) for each u € LY and n(u)eqr there exists r-fe*o (resp.
r-f6so and r-f5po) set, 1 € L* and x, € A such that A A dom(F) < F“(u).
2. Fuzzy lower contra e* (resp. §-semi and §-pre) (in short, FLCe* (resp. FLC8S and FLCSP))-continuous at
any L-fuzzy point x, € dom(F) iff x, € Ft(u) for each u € LY and n(u¢)geqr there exists r-fe*o (resp.
r-f6so and r-fSpo) set, 1 € LX and x, € A suchthat 2 < F'(u).
3. FUCe* (resp. FUCSS, FUCSP, FLCe*, FLCSS and FLC&P)-continuous iff it is FUCe* (resp. FUCSS,
FUCGP, FLCe*, FLC6S and FLCSP)-continuous at every x;, € dom(F).

Proposition 2.1: If F is normalized, then F is FUCe* (resp. FUCSS and FUCSP)-continuous at an L-fuzzy point
x; € dom(F) iff x, € F*(u) for each pu € LY and n(u°) = r there exists 1 € L*, 1 is r-fe*o (resp. r-f§so and
r-fépo) set and x;, € 1 such that 1 < F*(u).

Theorem 2.1: Let F:X — Y be a FM between two L-fts’s (X, t), (Y, n) and u € LY, then the following are
equivalent: (i) F is FLe*-continuous. (ii) F'(u) is r-fe*o set, for any n(u) = r. (iii) F*(u) is r-fe*c set, for any
N1 =) =7 (iv) e C(F*(),7) < F*(Cy(w, 1)), forany p € LY. (v) L(C-(8I. (F*(w),7),7),7) < F*(C, (1, 7)), for
any u € LY.

Proof:
(i) = (ii): Let x, € dom(F), u € LY, n(u) = r and x, € F(u) then, there exist A € LX, 1 is r-fe*o set and x, € 1
such that 2 < F'(u) and hence x, € e*I (F'(u),r). Therefore, we obtain F'(u) < e*I(F'(u),r). Thus F'(u) is
r-fe*o (resp. r-f§so and r-f§po) set.
(i) = (iii): Let u € LY and n(1 — w) = r hence by (ii), F/(1 — u) = 1 — F¥(u) is r-fe*o. Then F¥*(u) is r-fe*c.
(iii) = (iv): Let u € L¥ hence by (iii), F*(C,(u,7)) is r-fe*c. Then we obtain e*C (F*(u), r) < F*(C,(u, ).
(iv) = (v): Let u € L' hence by (iv), we obtain I,(C, (61, (F*(w),r),7),7) < e*C.(F*(u),r) < F*(C, (1, 7).
(v) = (ii): Let u € LY, n(w) = r, hence by (v), we have
1-Flw=F'Q-pn

2 (C(SL(F* (1 —w),7),7),7)

= 1.(C,(81,(1 = F'(w),),7),7)

= 1= [C(L(6C(F (W), m),7),7)]

F') < C(I(6C.(F*(W),7),7),7).

Hence, F(u) is r-fe*o.
(i) = (i): Let x, € dom(F), u € LY, n(u) =r, with x, € F'(u) we have by (ii), F'(u) is r-fe*o set. Let
F'(u) = A(say), then there exists 1 € LX, 1 is r-fe*osetand x, € A suchthat A < F!(u). Thus F is FLe*-continuous.

Theorem 2.2: Let F:X — Y be a FM and normalized between two L-fts’s (X, 7), (¥, n) and u € LY, then the
following are equivalent: (i) F is FUe*-continuous. (i) F*(u) is r-fe*o set, for any n(u) = r. (iii) Fi(y) is r-fe*c
set, for any n(1—pw) >r. (iv) e C,(F'(w),r) < FY(C,(wr)), for any peL’. (V) L(C. (8L, (F'(w),r),7),1) <
FY(C,y(u, 1)), forany p € L*.

Proof: This can be proved in a similar way as Theorem 2.1.

Corollary 2.1: Let F: X — Y be a FM between two fts’s (X, t), (¥, ) and u € LY. Then we have the following:
(i) If F isnormalized, then F is FUe*-continuous. at x, iff x, € r-fe*o set of F*(w), for each n(u) = r
and x, € F*(w). (ii) F is FLe*-continuous at x, iff x, € r-fe*o set of F!(u), for each n(u) = r and x, € F'(p).
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Remark 2.1: From the above definitions, it is clear that every (FUCSS, FUCa and FUCGSP)(resp. FLC6S, FLCa and
FLC6P)-continuous is FUCe-continuous. Also, it is clear that every FUCe(resp. FLCe)-continuous is FUCS (resp.
FLCp)-continuous and FUCe* (resp. FLCe*)-continuous. Also, every FUCS (resp. FLCS)-continuous is FUCe™ (resp.
FLCe™)-continuous. The converses need not be true in general and it is clear that the following implications are true.
where (FUC-conts, FUC § S-conts, FUC a -conts, FUC § P-conts, FUC e -conts, FUC g -conts, FUC e* -conts)(resp.
FLC-conts, FLC§S-conts, FLCa-conts and FLCS§P-conts, FLCe-conts, FLCS-conts, FLCe*-conts) areabbreviated by
fuzzy upper (resp. fuzzy lower) contra continuous, fuzzy upper (resp. fuzzy lower) contra §-semicontinuous, fuzzy upper
(resp. fuzzy lower) contra a-continuous, fuzzy upper (resp. fuzzy lower) contra §-precontinuous,fuzzy upper (resp.
fuzzy lower) contra e-continuous, fuzzy upper (resp. fuzzy lower) contra S-continuous and fuzzy upper (resp. fuzzy
lower) contra e*-continuous mappings respectively.

From the following examples, we see that the converses of these implications are not true.

Example 1: Let X = {xy, x5}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.8, Gp (x4, ¥,) =
0.9, Gp(xy, y3) = 0.8, Ga(xy, v1) = 1, Ge(x,, ¥,) = 0.7,and Gg(x,, ¥5) = 0.9. Let 1, and A, be a fuzzy subset of
X be defined as 4;(x;) = 0.3, 1,(x;) = 0.1; A,(x;) = 0.1, A,(x,) = 0.2 and u be a fuzzy subset of Y defined as
u(y,) = 0.7, u(y,) = 0.9, u(ys) = 0.8. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r = % then F is FUC[-continuous but not FUCe-continuous because for any
closed set u in (Y, n), F*(u) = 4, is not %—feo setin (X, 7).

Example 2: Let X = {x;, x,}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, Gp (x4, ¥,) =
1, G (xy, y3) = 0, Gp(xy, ¥1) = 0.5, G (x5, ¥,) = ne0, and Gr(x,, y3) = 0.3. Let A, and A, be a fuzzy subset of
X be defined as 4, (x;) = 0.4, 1,(x;) = 0.3; 1,(x;) = 0.2, A,(x,) = 0.4 and u be a fuzzy subset of Y defined as

mu(y,) = 0.6, u(y,) = 0.9, u(y;) = 0. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=%, then F is FLC[B-continuous but not FLCe-continuous because for any
closed set u in (Y, n), F'(u) = 4, is not %—feo setin X.

Example 3: Let X = {xy, x5}, Y ={y1, ¥, y3} and F: X — Y be a FM defined by Gz (x,, y;) = 0.8, Gp(x1, ¥,) =
0.9, G (1, y3) = 0.8, Gz(xy, v1) = 1, Ge(x,, ¥,) = 0.7,and Gg(x,, v5) = 0.9. Let 1, and A, be a fuzzy subset of
X be defined as 4,(x;) = 0.5, 1;(x;) = 0.1; A,(x;) = 0.1, A,(x,) = 0.2 and u be a fuzzy subset of Y defined as

u(y,) = 0.7, u(y,) = 0.9, u(ys) = 0.8. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r = % then F is FUCe*-continuous but not FUCe-continuous because for any
closed set p in (Y, n), F*(u) = 4, is not %—feo setin (X, 7).

Example 4: Let X = {xy, x5}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, Gp (x4, ¥,) =
1, Gr(xy, y3) = 0, G (x5, y,) = 0.5, G (x5, ¥,) =0, and G (x,, y5) = 0.3. Let A, and A, be a fuzzy subset of X
be defined as A;(x;) = 0.5, 1,(x;) =0.3; A,(x;) =0.2, 4,(x,) = 0.4 and u be a fuzzy subset of Y defined as

u(y,) = 0.6, u(v,) = 0.9, u(ys) = 0. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L¥ - L and
n: LY - L as follows:
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1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=%, then F is FLCe*-continuous but not FLCe-continuous because for any
closed set u in Y, F'(u) = 4, is not %—feo setin X.

Example 5: Let X = {x;, x,}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.8, Gp(x1, ¥,) =
0.9, G (1, y3) = 0.8, Gz(xy, ¥1) = 1, Ge(x,, ¥,) = 0.7,and Gg(x,, ¥5) = 0.9. Let A, and A, be a fuzzy subset of
X be defined as 4,(x;) = 0.7, 1,(x;) = 0.7; A,(x;) = 0.2, A,(x,) = 0.1 and u be a fuzzy subset of Y defined as
u(y,) = 0.6, u(y,) = 0.7, u(ys) = 0.9. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologieson X and Y. For r = % then F is FUCe*-continuous but not open in (X, 7).

Example 6: Let X = {x;, x5}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, G (x4, ¥,) =
1, Gr(xy, y3) = 0, G (x5, y,) = 0.5, Gz (x5, ¥,) =0, and Gz (x,, y5) = 0.3. Let A, and A, be a fuzzy subset of X
be defined as A;(x;) = 0.6, 1,(x;) =0.6; A,(x;) =0.2, 4,(x,) = 0.4 and u be a fuzzy subset of Y defined as
u(y,) = 0.6, u(y,) = 0.9, u(ys) = 0.7. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=4y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=§, then F is FLCe*-continuous but not FLCB-continuous because for any
closed set u in (Y, n), Ft(u) = 4, is not %—fuzzy beta open set in X.

Example 7: Let X = {x;, x,}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.8, Gp(x1, ¥,) =
0.9, Gp(x1, y3) = 0.8, Gz(xy, ¥1) = 1, Ge(x,, ¥,) = 0.7,and Gg(x,, ¥5) = 0.9. Let 1, and A, be a fuzzy subset of
X be defined as 4;(x;) = 0.3, 1,(x;) = 0.1; A,(x;) = 0.7, A,(x,) = 0.7 and u be a fuzzy subset of Y defined as
u(y,) = 0.3, u(y,) = 0.1, u(ys) = 0.2. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r = % then F is FUCe-continuous but not FUCea-continuous because for any
closed set p in (Y, n), F*(u) = 4, is not %—fuzzy alpha open setin (X, 7).

Example 8: Let X = {xy, x5}, Y ={y;, ¥, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, Gp (x4, ¥,) =
1, Gr(xy, y3) = 0, G (x5, y,) = 0.5, G (x5, ¥,) =0, and Gz (x,, y3) = 0.3. Let A, and A, be a fuzzy subset of X
be defined as 4;(x;) = 0.4, 1,(x;) =0.3; A,(x;) =09, 4,(x,) = 0.5 and u be a fuzzy subset of Y defined as
u(y,) = 0.4, u(y,) = 0.1, u(ys) = 1. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L¥ - L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=%, then F is FLCe-continuous but not FLCa-continuous because for any
closed set u in (Y, 1), F'(u) = 4, is not %—fuzzy alpha open set in X.
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Example 9: Let X = {x;, x,}, Y ={y;, ¥,, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.8, Gp (x4, ¥,) =
0.9, Gp(x1, y3) = 0.8, Gz(xy, ¥1) = 1, Ge(x,, ¥,) = 0.7,and Gg(x,, v5) = 0.9. Let 1, and A, be a fuzzy subset of
X be defined as 4;(x;) = 0.3, 1,(x;) = 0.1; A,(x;) = 0.7, A,(x,) = 0.7 and u be a fuzzy subset of Y defined as

u(y,) = 0.3, u(l,) = 0.1, u(y;) = 0.2. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L¥ — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=4y, n(w) = > fu=u
0, otherwise, 0, otherwise.

are fuzzy topologieson X and Y. For r = % then
(i) F is FUCe-continuous but not FUC§P-continuous because for any closed set p in (Y, n), F*(u) = 4, isnot
%—fuzzy §-pre openin (X, 7).
(ii) F is FUCS&S-continuous but not FUC-continuous because for any closed set u in (Y, ), F*(u) = 4, is not
%—fuzzy openin (X, 7).

Example 10: Let X = {x;, x,}, Y ={y4, 2, y3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, Gp (x4, ¥,) =
1, Gr(xy, y3) = 0, G (x5, y,) = 0.5, G (x5, ¥,) =0, and G (x,, y3) = 0.3. Let A, and A, be a fuzzy subset of X
be defined as 4;(x;) = 0.1, 1,(x;) =0.3; A,(x;) = 0.9, 4,(x,) = 0.5 and u be a fuzzy subset of Y defined as

u(y,) = 0.6, u(y,) = 0.9, u(ys) = 0. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies [1:L¥ — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(w) = > ifu=u
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=§, then
(i) F is FLCe-continuous but not FLCSP-continuous because for any closed set u in Y, Fi(u) = A, is not
%—fuzzy §-pre open setin X.
(ii) F is FLCSS-continuous but not FLC-continuous because for any closed set p in Y, F'(u) = A, is not %—fuzzy
open setin X.

Example 11: Let X = {x, x,}, Y ={y1, 2, V3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.8, Gp (x4, ¥,) =
0.9, G (1, y3) = 0.8, Gz(xy, ¥1) = 1, Ge(x,, ¥,) = 0.7,and Gg(x,, ¥5) = 0.9. Let 4, and A, be a fuzzy subset of
X be defined as 4;(x;) = 0.6, 1,(x;) = 0.8; A,(x;) = 0.7, A,(x,) = 0.7 and u be a fuzzy subset of Y defined as
u(y,) = 0.3, u(y,) = 0.1, u(ys) = 0.2. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L* — L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1, n(w) = > ifu=u
0, otherwise, 0, otherwise.

are fuzzy topologieson X and Y. For r = % then
(i) F is FUCe-continuous but not FUCGSS-continuous because for any closed set u in Y, F*(u) = A, is not
%—fuzzy §-semi open in X.
(ii) F is FUC&P-continuous but not FUC-continuous because for any closed set u in Y, F*(u) = 4, is not
%—fuzzy openin X.
(iii) F is FUCa-continuous but not FUC-continuous because for any closed set u in Y, F*(u) = 4, isnot %—fuzzy
openin X.

Example 12: Let X = {x;, x,}, Y = {y1, V5, ¥3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, Gp (x4, ¥,) =
1, Gr(xy, y3) = 0, G (x5, y,) = 0.5, G (x5, ¥,) =0, and G (x,, y5) = 0.3. Let A, and A, be a fuzzy subset of X
be defined as A;(x;) = 0.4, 1,(x;) = 0.3; A,(x;) =09, 4,(x,) = 0.5 and u be a fuzzy subset of Y defined as
u(y,) = 0.4, u(y,) = 0.1, u(ys) = 1. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L¥ - L and
n: LY - L as follows:
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1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=§, then (i) F is FLCe-continuous but not FLCG&S-continuous because for any
closed set p in Y, Fl'(u) =21, is not %-fuzzy 6 -semi open set in X. (ii) F is FLCSP -continuous but not
FLC-continuous because for any closed set u in Y, F'(u) = 4, is not %—fuzzy open set in X.

Example 13: Let X = {x;, x,}, Y ={y1, V5, ¥3} and F: X — Y be a FM defined by Gz (x;, y;) = 0.2, Gp (x4, ¥,) =
1, Gr(xy, y3) = 0, G (x5, y,) = 0.5, G (x5, ¥,) =0, and Gz (x,, y3) = 0.3. Let A, and A, be a fuzzy subset of X
be defined as 4;(x;) = 0.7, 1,(x;) =0.5; A,(x;) = 0.9, 4,(x,) = 0.5 and u be a fuzzy subset of Y defined as
u(y,) = 0.4, u(y,) = 0.1, u(ys) = 1. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies 7: L¥ - L and
n: LY - L as follows:

1, ifA=0or1, (1, ifu=0or1,
1 1

(1) = 5 ifA=1y, n(u)={§, ifu=u,
0, otherwise, 0, otherwise.

are fuzzy topologies on X and Y. For r=%, then F is FLCa-continuous but not FLC-continuous because for any

closed set u in Y, F'(u) = 4, is not %—fuzzy open set in X.

Theorem 2.3: Let {F;};,cr be a family of FLe*(resp. FLSS and FLS§P)-continuous between two fts’s (X, ) and (Y, n).
Then U, F; is FLe*(resp. FLSS and FLSP)-continuous.

Proof: Let p € LY, then (Ujer F)'(1) = Vier(F()) by, Theorem 2.3 (ii) in [14]. Since {F;};cr is a family of
FLe*(resp. FLSS and FLSP)-continuous between two fts’s (X, 7) and (Y, ), then F}(u) is r-fe*o (resp. r-f§so and
r-f&po), for any n(u) = r. Then we have (Ujer Fi)'(w) = Vier(FL(w)) is r-fe*o (resp. r-f§so and r-f&po) set for any
n(u) = r. Hence U;er F; is FLe*(resp. FLSS and FLSP)-continuous.

Theorem 2.4: Let {F;};cr be afamily of normalized FUe*(resp. FUSS and FUJ§P)-continuous between two fts’s (X, 1)
and (Y, ). Then F; UF, is FUe*(resp. FUSS and FUG&P)-continuous.

Proof: Let u € LY, then (F, U F,))*(u) = F#*(uw) A F¥*(u) by, Theorem 2.3(iii) in [14]. Since {F;};er is a family of
normalized FUe*(resp. FUSS and FUGSP)-continuous between two fts’s (X, ) and (Y, (1), then (F*(w)) if r-fe*o
(resp. r-f&so and r-f&po), for any n(u) = r for each i € {1,2}. Then for each u € LY, we have (F; U F,)%(u) =
F¥ () AFF() is r-fe*o (resp. r-f§so and r-fépo) set for any n(u) = r. Hence F, UF, is FUL*(resp. FUSS and
FU§P)-continuous.

Definition 2.2: A fuzzy set A in a fts (X, 7) is called r-fuzzy e*(resp. § semi and & pre)-compact iff every family in
{u: pis r-fe*o (resp. r-f5so and r-f6po), u € L¥ and r € L} covering A has a finite subcover.

Definition 2.3: Let F: X — Y be a FM between two fts’s (X, t), (Y,n) and r € L,. Then F is called fuzzy e*(resp. 6§
semi and § pre)-compact valued iff F(x,) is r-fuzzy e*-compact for each x, € dom(F).

Theorem 2.5: Let F: X — Y be a crisp FUe-continuous and fuzzy e*(resp. § semiand § pre)-compact valued between
two fts’s (X, ) and (Y, n). Then the direct image of a r-fuzzy e*-compact in X under F is also r-fuzzy e*(resp. &
semi and & pre)-compact.

Proof: Let A be r-fuzzy e*-compact setin X and {y;: y; isr-fe*osetinY, i € I'} be afamily of covering of F(4). i.e.
F(A) < Viervi-Since 1 = Vy 1%, We have F(A) = F(Vy,eaXxt) = Vyea F (x¢) < Viery;- It follows that for each
"¢ €4, F(x)teq Viery;. Since F is r-fuzzy e*-compact valued, then there exists finite subset I, of I' such that
F(x,) < VneFxt Yn = Yx,- By Theorem 2.1 (viii) in [14], we have x, < F*(F(x;)) < F*(yy,) and A = V3 X¢ =
Vi,er F (Ya,)- Since, n(yy,) =1, then from Theorem 2.2, we have F“(y,,) is r -f e” o-set. Hence
{F (Ve): F*(vy,) isT-fe”o-set, x, € 1} is a family covering the set 4. Since 4 is r-fuzzy e*-compact, then there
exists finite index set N such that A <V,cyF* (thn)- From Theorem 2.1(vii) in [14], we have
F(A) < F(Vpeny F* (thn)) =V,en F (Fu(Vx:n)) < Vaen Vay,, - Then F(A) is r-fuzzy e*-compact. The proof of the
others are similar.
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Theorem 2.6: Let F: X —= Y and H:Y — Z be two FM’s and let (X, 1), (Y, n) and (Z, §) be three fts’s. Then we
have the following: (i) If F and H are normalized, FUe* (resp. § semi and § pre)-continuous, then H o F is FUe*
(resp. & semi and & pre)-continuous. (ii) If F and H are FLe* (resp. § semi and § pre)-continuous, then H o F is
FLe* (resp. § semiand § pre)-continuous.

Proof: (i) Let F and H are normalized, FUe*-continuous and v € LZ. Then from Theorem 2.2 in [14], we have
(H o F)*(v) = F¥*(H*(v)) is fe*o with v(H*(v)) = §(v). Thus H o F is FUe*-continuous. (ii) Similar of (i). The
proof of the others are similar.

Theorem 2.7: Let F: X —= Y and H:Y — Z be two FM’s and let (X, 1), (Y, n) and (Z, §) be three L-fts’s. If F is
FLe* (resp. & semi and & pre)-continuous and H is FL-continuous, then Ho F is FLe*(resp. § semi and &
pre)-continuous.

Proof: Let v € L%, §(v) = r. Since H is FL-continuous, then by Theorem 2.5 in [14], H'(v) is r-fuzzy open setin Y.
Also, F is FLe*-irresolute implies FY(H!(v)) is fe*o set in X. Hence, we have (H o F)!(v) = F{(H'(v)) is r-fe*o.
Thus H o F is FLe*-continuous. The proof of the others are similar.

Theorem 2.8: Let F: X - Y and H:Y — Z betwo FM’s and let (X, 7), (Y, n) and (Z, &) bethree L-fts’s. If F and
H are normalized, F is FUe* (resp. § semi and § pre)-continuous and H is FU-continuous, then H o F is FUe*
(resp. & semi and § pre)-continuous.

Theorem 2.9: Let F: X — Y be a FM between two fts’s (X, ) and (Y, n). If Gy is FLe" (resp. § semi and &§
pre)-continuous, then F is FLe* (resp. § semi and § pre)-continuous.

0, ifx & p,
v(y), ifx€np.
x, € dom(F), u € LY and n(u) = r with x, € F'(u), then we have x, € G}(X X ) and n(X X p) =r. Since Gy is
FLe*-continuous, it follows that there exists A2 € LX, 4 is fe*o and x, € A such that 1 < G}(X x ). From here, we
obtain that 2 < F!(u). Thus F is FLe*-continuous. The proof of the others are similar.

Proof: For the fuzzy sets p € L%, 7(p) =1, v € LY and n(v) = r, we take, (p X v)(x, y) = { Let

Theorem 2.10: Let F:X —Y be a FM between two fts’s (X, 7) and (Y, n). If G, is FUe" (resp. § semi and &§
pre)-continuous, then F is FUe* (resp. § semi and § pre)-continuous.

Theorem 2.11: Let (X, ) and (X;, ;) be L-fts’s (i € I). If a FM F: X — II;,X; is FLe-continuous (where IT;,X;
is the product space), then P; o F is FLe* (resp. § semi and & pre)-continuous for each i € I, where P;:I1;¢;X; — X;
is the projection multifunction which is defined by P;(x;) = {x;} foreach i € I.

Proof: Let p; €L¥o and 7,(u;) =7. Then (P o F)'(u;,) = F'(PL (i) = F'(uyy X My X;). Since F s
FLe" -continuous and 7;(u;, X M, X;) =, it follows that Fl(,ui0 X i, X;) is fe*o set. Then P;oF is an
FLe*-continuous. The proof of the others are similar.

Theorem 2.12: Let (X, t) and (X;, t;) be L-fts’s (i€ ). If a FM F: X — I,/ X; is FUe* (resp. 6§ semi and &
pre)-continuous (where IT;c,X; is the product space), then P, o F is FUe* (resp. § semi and § pre)-continuous for
each i € I, where P;:I1;¢;X; — X; is the projection multifunction which is defined by P;(x;) = {x;} foreach i € I.

Theorem 2.13: Let (X;, 7;) and (Y;, n;) be L-fts’s and F;:X; - Y; be a FM for each i € I. Suppose that
F: ;e X; — ;¢ Y; is defined by F(x;) = g, Fi(x;). If F is FLe* (resp. § semi and § pre)-continuous, then F; is
FLe* (resp. § semiand § pre)-continuous for each i € I.

Proof: Let y; € L't and n;(u;) = 7. Then n;(u; X I;.;Y;) = . Since F is FLe* -continuous, it follows that
Fl(u; X Ty ;Y;) = F(u;) x . ;X; is fe*o. Consequently, we obtain that F'(y;) is r-fe*o for each i € I. Thus, F; is
FLe*-continuous. The proof of the others are similar.

Theorem 2.14: Let (X;, 7;) and (Y;, n;) be L-fts’s and F;:X; - Y; be a FM for each i €. Suppose that

F: ;e X; — ;¢ Y; is defined by F(x;) = U, Fi(x;). If F is FUe* (resp. & semi and § pre)-continuous, then F; is
FUe* (resp. § semiand & pre)-continuous for each i € I.
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