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ABSTRACT
In the present paper, we introduce the notion of expansive mapping over a modular metric space and wish to study fixed
point of expansive type mapping over such spaces.

1. INTRODUCTION

In 1984, Wang et.al in (see [4]) had initiated a fixed point theorem for an expansive mapping T over a metric space. A
mapping T over a metric space (X,d) is said to be expansive if there is a real constant ¢ > 1 such that
d(T(x), T(y)) = cd(x,y) for all x,y € X (see [4]). In 2007, M. Saha (see[3]) had proved a fixed point theorem for a
class of expansive mappings strictly larger than those of Wang et. al (see [4]). In 2008, Chistyakov (see[1]) introduced the
notion of modular metric spaces generated by F-modular and obtained some results on the spaces. Keeping on the same
idea Chistyakov (see[2]) had been able to define the notion of a modular on an arbitrary set and develop the theory of
metric spaces generated by modular called the modular metric spaces.In this paper we have been able to investigate some
results on fixed points of expansive mapping over a modular metric space.

2. SOME BASIC IDEAS AND DEFINITIONS
In order to prove our main results, we need to recall the following definition.

Definition 2.1: (see [1]) Let X be a nonempty set. A function w: (0,0) X X X X — [0, 0] is said to be metric modular
on X denoted by w;, if satisfying the following conditions for all x, y, z € X.

(i) wy(x,y)=0foral A>0iff x=y

(i) wy(x,y) =wy(y,x) forall >0

(i) Wy, (0, y) < wy(x,2) + wy, (z,y)forall 4,4 > 0.
The pair (X, w;) is called a modular metric space and symbolically we write X,,.

The function 0 < A = w, (x,y) € [0,00] is a non-increasing on (0,). If 0 < u < A then from (i)-(iii) implies that
Wy (%, y) < w3, (6,%) + W, (%, y) < w,(x,y).
Let’s recall the following set X, = X, (x;) = {x € X: w,(x,x,) = 0 as 4 = o}.
Definition 2.2: Let X, be a modular metric space
(i) The sequence (x,) in X, is said to be convergentto x € X, if w,(x,,x) = 0,as n - oo forall 1> 0.
(if) The sequence (x,) in X, is said to be cauchy if w,(x,,,x,) = 0 as m,n — o forall 1 > 0.
(iii) A modular metric space X,, is said to be complete if every cauchy sequence is converges to an element of X .

Theorem 2.3: (see [1]) If w is a metric modular on X, then the modular set X, is a metric space with metric given by
dd (x,y) =inf{A > 0:wy(x,y) < 1}, x,y € X,,.

Theorem 2.4: (see [1]) Let w be a modular on a set X, Given a sequence (x,) < X, and x € X, we have
dd (xy, x) » 0 as n - o iff w;(x,,x) > 0as n - oo forall 2 > 0. A similar assertion holds for a cauchy sequences.
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3. MAIN RESULTS

Theorem 3.1: Let X, be a w-complete modular metric space and T: X, — X,, isa continuous map which is onto itself
such that w;(Tx,Ty) = aw,(y,Ty) + bw,(x,y) holds for all x,y € X,, where a,b are non-negative reals with
a+ b >1.Then T has afixed point and the fixed point is unique only when b > 1.

Proof: Since T is onto. We define a sequence(x,,) in X, s.t x,,_,; = Tx,.If we assume x, = x,,,, forall n € N, then
T has a fixed point. We therefore assume x,, # x,,,. Now from the given condition we have
wy (X0, X%1) = W (Txy, Txz)
= awy (x5, Tx,) + bwy(xq,x5)
= awy(x,,x1) + bwy(xq,x5)
= (a + b)w; (x3,x1).

Therefore we have w; (x,,x;) < ﬁwl(xo,xl) = rw; (xq,x,) Where r = ﬁ.

Similarly w; (x,, x3) < rw; (%, %) < 12w, (x,, x1).Proceding in this way we get w; (x,, Xpi1) < 7™ wy (g, x,) for all
A >0 Therefore, limw;, (x,,x,+,) =0. For each ¢ >0 and 4> 03 n, € N such that w,(x,,x,+,) <¢&, for all

n € N with n > n, .Without loss of generality we assume m,n € N and m >n. Since > 0, therefore

(m-n)

In_a €N suchthat w_a (XnXpyy) <—— foralln=n_a
m-n

(m-n) — (m-n)

Now we have mn>n 1 ,

(m-n)
w/l(xn'xm) < (")L(xn'xrwl) + (‘)L(xn+1'xn+2)+ """"" +(“)L(xm—1'xm)
Sm—n e m—ns m-n
<—+—+...... +—
=E&.

This implies that (x,,) is a cauchy sequence in X,.By completeness of X, limx,, = z € X, (say). Now by using the
continuity of T we have z = limx,, = limTx,,,; = T(lim(x,,,)) = Tz, which shows that z is a fixed point of T.

For uniqueness of z, if possible, let z, be another fixed point of T such that Tz, = z,.

Now w;(z,2z;) = wy(Tz,Tz,) = aw,;(z,,Tz,) + bw,(2,z;) = bwy(z, z,).

Therefore we have (b — 1)w;(2,2,) <0= wy(2,2,) =0if b>12 w(z,2) =0VA>0=z=2z.

Similarly we can prove the following theorem.

Theorem 3.2: Let X, be a w-complete modular metric space and T: X, — X,, isa continuous map which is onto itself
such that w,;(Tx,Ty) = aw, (x,Tx) + bw,;(x,y) holds for all x,y € X, where a,b are non-negative reals with
a+ b >1.Then T has afixed point and the fixed point is unique only when b > 1.

Theorem 3.3: Let X, be a w-complete modular metric space and T: X, — X, is a continuous mapping which is onto
suchthat w; (Tx,Ty) = aw, (x, Tx) + bw; (y, Ty) + cw;(x,y) holds for all x,y € X, where a, b, c are non-negative
realswith a <1 and a+ b+ ¢ > 1. Then T has a fixed point and the fixed point is unique only when ¢ > 1.

Proof: Since T is onto, we define a sequence(x,) in X, s.t x,,_,; = Tx,.If we assume x, = x,,,, for all n € N then
T has a fixed point. We therefore assume x,, # x,,,,. Now from the given condition we have
wy (X9, x1) = w3 (Txy, Txy)

= awy(x,,Tx;) + bwy (x5, Txy) + cwy (x4, %3)

= awy(xq,x0) + bwy(xy,x1) + cwy(x1,x5)

= awy (x1,x0) + (b + c)wy (x3,%1)

1-a 1-a
Therefore wy (xz, %) < +—w; (%0, %;) = Ty (xo,%,), Where r = ——.
Similarly w; (x5, x3) < 1wy (%, %) < 12w, (xg, %1 ). Proceding in this way we get w; (x,, Xpy1) < ™ wy (0, x,) forall
A > 0 Therefore limw, (x,,,x,4,) = 0. Foreach ¢ > 0 and 4 > 03n, € N such that w;(x,,x,,,) <€ ,forall n € N
with n = n,.Without loss of generality we assume m,n € N and m > n.
Since > 0, therefore In_a2 € N suchthat w a2 (x,, xp41) < ﬁ forall n>=n 2
m-n

(m-n) (m-n)

A
(m-n)
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Now we have mn>n 1 ,

(m-m)
W3 (X, X)) S0 2 (X, Xpp) F 0 2 (g1, Xpgo)Feeeennn. +w 2 (X1, Xm)
m-n m-n m-n
€ € €
< + s +
m-—-n m-—n m-—n
=¢

This implies that (x,,) is a cauchy sequence in X,.By completeness of X, limx,, = z € X,, (say). Now by using the
continuity of T we have z = limx,, = limTx,,,, = T(lim(x,,,) = Tz, which shows that z is a fixed point of T.

For uniqueness of z, if possible let z; be another fixed point of T such that Tz, = z,.
Now w;(z,z,) = w3 (T2, Tz; = aw;(2,Tz) + bw,(z1,Tz,) + cw,(2,2,) = cw, (2, z1).
Therefore VA > 0 we have (¢ — Dw,(2,2,) < 0> wy(z,z,) =0if c >1 =2 wy(z,2) =0VA>0=>2z=z.

Theorem 3.4: Let X, be a w-complete modular metric space and and T: X, — X, isacontinuous map which is onto
itself such that w;(Tx,Ty) = aw,;(x,Tx) + bwy, (v, Ty) + cwy(x,y) + dw, (x,Ty) + ew;(y,Tx) holds for all
x,y € X, where a,b,c are non-negative reals with a < 1 and a + b + ¢ > 1. Then T has a fixed point and the fixed
point is unique only when ¢ +d + e > 1.

Proof: Since T is onto. We define a sequence(x,,) in X, s.t x,_; = Tx,. Now from the given condition we have
wy (xg,%1) = Wy (Txy,Txy)
= awy(x;,Tx;) + bw;y (x5, Txy) + cwy (%1, %) + dwy (%1, Tx,) + ewy (x5, Txy)
= aw; (X1, %) + bwy (xz, 1) + cwy (X1, %) + dwy (X1, %1) + ewy (x5, %)
= awy(x;,x0) + bwy(xy,x1) + cwy(x1,x5)
1-a 1-a

Therefore we have w; (x,,x;) < mwa(xo,xl) = rw; (xy,x,) Where r = P

Similarly w; (x5, x3) < 1wy (%, %) < 12w, (X, %1 ). Proceding in this way we get w; (x4, Xpi1) < ™ wy (g, x,) forall
A >0 Therefore limw,(x,,x,4+,) =0. For each ¢ >0 and 1 >03n, €N such that w,(x,,x,4,) <&, for all

n € N with n = n,.Without loss of generality we assume m,n € N and m > n. Since 2> 0,

(m-n)

therefore an_2 € N such that w 1 (xp, Xp41) < ﬁ foralln>n 1

A
(m-n) m-n (m-n)

Now we have mn>n 1 ,

(m-n)
W3, X)) S0 2 (X, Xpp) F 0 2 (g1, Xpgo)Feeeennn. +w 2 (X1, Xm)
m-n m-n m-n
€ € €
< + s +
m—-n m-—n m-—n
=¢

This implies that (x,,) is a cauchy sequence in X,.By completeness of X, limx,, = z € X,, (say). Now by using the
continuity of T we have z = limx,, = limTx,,,, = T(lim(x,,,) = Tz, which shows that z is a fixed point of T.

For uniqueness of z, if possible let z; be another fixed point of T such that Tz, = z;. Now,

w;(2,21) = wy(Tz,Tz,) = aw;(z,Tz) + bw;(2,,Tz,) + cw;(z,2,) + dw;(2,Tz,) + ewy(2,,Tz) = cw,(z,2z,) +
+dw,(z,z;) + ew; (24, 2).

Thereforewe have (c+d+e—1)w;(2,2)) 0= w3(2,2,) = 0> wy(2,2) =0VA> 0=z = z,.

Theorem 3.5: Let X, be a w-complete modular metric space and and T and S is a continuous mapping of X onto
itself such that w,;(Sx,Ty) = aw,(x,5x) + bw,(y,Ty) + cw;(x,y) holds for all x,y € X, where a,b,c are
non-negative reals with a <1 and a + b+ ¢ > 1. Then both T and S have a fixed point and the fixed point is unique
only when ¢ > 1.

Proof: Let x, € X,,. Since T and S is onto. We define a sequence(x,,) in X, S.t Xy, = SXpp41 ANA X401 = TXopyo-

Now from the given condition we have

W3 (Xon) Xons1) = W3 (SXon41, TXon42)

= awy (Xons1,SXons1) + bWy (Xont2 TYons2) + €0y (Xoni1) X2n42)
= (a+ b)wy(xy,x;).
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1-a 1-a
Therefore w; (Xzn41, X2n42) < e D2 (X2n) X2n41) = TW3 (Xan, Xane1), Where 7= e

Similarly w; (X2n, X2n41) < 703 (X2n-1, X20)-
So for arbitrary n we get w; (X, Xp41) < T@3 (X041, Xn)-

Therefore w; (X, Xp41) < 77w;5 (%5, x,). Therefore limw, (x,,x,4+,) =0 For each ¢ >0 and 1 > 03 n, € N such
that w; (%, xp41) < g, for all n € N with n > n,. Without loss of generality we assume m,n € N and m > n. Since

A
———> 0, therefore In_1 € N suchthat w_a (¥, Xn41) < —— forall n=n_a
m-n

(m-n) (m-n) - (m-n)

Now we have m,n>n 1 ,

(m-n)
w/l(xn'xm) < (")L(xn'xrwl) + (‘)L(xn+1'xn+2)+ """"" +(“)L(xm—1'xm)
m-n m-n m-n
& & &
< + Foon +
m—-—-nmn m-—n m-—-n
=&

This implies that (x,,) is a cauchy sequence in X,,

Since X, is complete, there exist z € X, such that x,, - z € X,,. Now by using the continuity of S and T we have
z = limx,,, = limSx,,,; = S(lim(x,,,4,) = Sz. Similarly Tz = z which shows that z is a common fixed point of S
and T.

For uniqueness of z, if possible let z; be another common fixed point. Now we have w;(z,z;) = w,(Sz,Tz, =
aw;(z,82) + bw,(z,,Tz,) + cw;(2,2,) = cw;(z,2z,) . Therefore we have (c—1)w;(z,2z,) < 0= wy(z,2z,) =0
S wy(z,2)=0VA>0=>z=2z.

Theorem 3.6: Let X, be a w-complete modular metric space and T and S is a continuous mapping of X onto it itself
such that w, (Sx,Ty) = aw;(x,Sx) + bw,; (¥, Ty) + cw, (x,y) holds for all x,y € X, where a, b, c are non-negative
reals with a <1 and a+ b+ ¢ > 1. Then both T and S have a common fixed point and the fixed point is unique
only when ¢ > 1.

Proof: Let x, € X,,.Since T and S is onto. We define a sequence(x,,) in X, S.t Xy, = SXpp41 ANA X501 = TXopys-
Now from the given condition we have

W3 (Xon, Xone1) = 03 (SX2n41, TXon42)

= awy (Xont1,SXons1) T bWy (Xany2, TYone2) + €03 (Xon41, Xons2)
aw; (Xan41, X2n) + bWy (Xont2, Yone1) T €03 (Xani1, X2nt2)
(b + c)wi (X2n41, X2n42)

1-a 1-a
Therefore w; (Xzn+1, X2n+2) S 7 W2 (X0, X2nt1) = 703 (X2n, Xop4q) Where r = —.

Similarly w; (%25, X2n41) < Ty (X20-1, X2n)-

So for arbitrary n we get wy(x,, Xpt1) < 7wy (Xp41, X,). Therefore w; (x,, Xpp1) < 7" w5 (X041, X,). Since X, is
complete, there exist z € X, such that x,, = z € X,,.Now by using the continuity of S and T we have
z = limx,, = limSx,,,; = S(lim(x,,,,1) = Sz.

Similarly Tz = z, which shows that z is a common fixed point ofS and T. For uniqueness of z, If possible let z; be
another common fixed point.Now we have

wy(2,21) = w;(S52,Tzy) = aw;(z,52) + bw, (2,,Tz,) + cw;(z,2,) = cw, (2, z,).
Therefore we have (¢ — Dw;(2,2,) < 0= w(2,2,) =0 2 wy(2,2) =0VA>0=z=2z.

Theorem 3.7: Let X, be a w-complete modular metric space and (T,,) be a sequence of continuous mapping of X
onto itself such that w,(T,"'x, Y}mjy) > aw; (x, T/"x) + bw, (v, Y}mjy) + cw, (x,y) holds for all x,y € X,, where

a, b, c are non-negative realswith a <1 and a+ b + ¢ > 1 and (m,) isthe sequence of non-negative integers. Then
(T,) has a unique fixed point in X,,,.

Proof: Define S, = T,Z”"" - We get w;(85;x,S5y) = aw,(x, Six) + bw, (¥, S;y) + cwy(x,y) . Since each (T,) is
continuous and onto itself. So we define x,, = S,,x,,,,- Now by routine calculation we can see that (S,,) have a unique
common fixed point z (say) i.e S,z =z forall z=1,2,...
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Therefore T,z = T, (Sp2) = T (T, "2) = T, ™(T,2). So it follows that T,, have a unique fixed point z.

Theorem 3.8: Let w be a metric modular on X and X, be a modular metric space induced by w. If X, be a complete
modular metric space and T is a continuous mapping of X, onto itself such that

w3 (Tx, Ty) = aw; (x,y) + b{w; (x, Tx) + w, (y, Ty)} + cmax{w; (x,Ty), w,(y,Tx)} holds for all x,y € X,, where
a, b, c are non-negative reals with b <1 and a + 2b > 1. Then T has a fixed point and the fixed point is unique only
when a + ¢ > 1.

Proof: Since T is onto. We define a sequence(x,,) in X, s.t x,,_; = Tx,.Now from the given condition we have
wy (X9, x1) = w3 (Txy, Txy)
> aw; (xq,x5) + b{w; (xq, Txy) + wy (x5, Txy)} + cmax{w, (x1,Tx,), w3 (x5, Tx;)}
= awy (Txy,x;3) + b{wy (xq, %) + w; (x2,x1)} + cmax{w; (x4, %), w; (X2, %)}
= awy(xq,x5) + bwy(xq,x0) + bwy (x5, %1) + cwy (x5, %)
= awy(x,,x5) + bwy(xq,x0) + bw; (x5, %1).

1-b 1-b
Therefore we have w;(x;,x;) < mwz(xl,xo) =rwy(x,,x, . Where r= - and 0<r<1 . Therefore,

limw, (x,,%,4+,) = 0. So for each ¢ >0 and A > 03 ny, € N such that w;(x,, x,+1) <&, for all n €N with
n = n,. Without loss of generality we assume m,n € N and m > n. Since > 0, therefore In_ a2 € N such that

(m-n) (m-n)
&
w2 (X, Xp) <—Tforalln=n_2a
m-n m-n (m-n)
Now we have mn>n_a
(m-n)
Wy (X, X)) S w 2 (X Xpp1) T 0 2 (g1, Xpgz)Feennnnn. +w 2 (Xm_1,Xm)
m-n m-n m-n
€ €
< + s +
m-—-n m-—n m-—n
=¢.

This implies that (x,,) is a cauchy sequence in X,,. Therefore z is a fixed point of T.

For uniqueness of z, if possible let z; be another fixed point of T such that Tz, = z,.

Then wy(z,z,) = w;(Tz,Tz,)
> aw;(24,2,) + b{w, (2, Tz,) + w,(2,,Tz,)} + cmax{w, (z,,T7,), w; (25, Tz,)}
= aw,(zy,2,) + cw; (24, 2,)

Therefore we have
(a+c—1Dwy(2,2)) 20> wy(2,2)) =0 2 w(2,2)) =0VA> 0>z = z,.
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