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ABSTRACT 
In this paper we introduce the notion of mIαψ locally closed set, mIαψ closed and mIαψ locally m∗ closed sets in ideal 
minimal spaces and investigate some of their properties. Further we study the mIαψ submaximal space and derive 
some of their properties.  
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1. INTRODUCTION 
 
O.Njastad [13] introduced the concept of α closed sets in topological spaces. The notion of ψ closed sets are introduced 
by M.K.R.S.Veerakumar [17]. R.Devi et al.,[5] intoduced the concept if αψ closed sets in topological spaces. The 
notion of minimal structures and minimal spaces as a generalization of topology and topological spaces were 
introduced in [11, 12]. Some other results about minimal spaces can be seen in [1, 2, 15]. Ideal in topological spaces 
were introduced by Kuratowski [10] and Vaidyanathaswamy [18]. Jankovic and Hamlet [9] gave the notion on I-open 
sets in ideal topological spaces. O.B.Ozbakir and E.D.Yildirim [14] have defined the minimal local function A∗ m in 
ideal minimal spaces (X, M, I).In Maki [11] et al., introduced the notion of minimal structure and minimal spaces as a 
generalization of topological spaces on a given non empty set. A subfamily M of the power set P(X) of a non empty set 
X is a minimal structure, if ϕ, X ∈ M and (X, M) is called a minimal spaces. A subset A of X is said to be m open [11] 
if A ∈ X, then m − int(A) = ∪{U : U ⊂ A, U ∈ M}. A minimal spaces (X, M) has the property [U] and property [I] if ” 
the arbitrary union of m open sets is m open” and ”the any finite intersection of m open sets is m open” [15] 
respectively. Hewit[8] introduced the submaximallity in general topology. Arhangel’skii et al., [1] a systematic 
formulation on submaximallity in topology. The concept of ideal submaximal space was investicated by Erdal Akici     
et al., [7]. Parimala et al. [16] studied the concept of minimal locally closed set in minimal structure spaces. R.Chitra 
[4] introduced a new concept of m∗ extremely disconnected ideal minimal space. M.Parimala et al., [17] studied 
submaximal in terms of ideal minimal spaces. In this paper, we introduce the notion of mIαψ locally m∗ closed, mIαψ 
submaximal space and we discussed about their properties and relationships.  

 
2. PRELIMINARIES 
 
Definition 2.1: [14] Let (X, M) be a minimal spaces with an ideal I on X and (.) ∗ m: P(X) → P(X) be a set operator. 
For a subset A ⊂ X, A∗m(I, M) = {x ∈ X : Um ∩ A /∈ I for every Um ∈ Um(x)} is called the minimal local function of A. 
Throughout this paper A∗ m(I, M) is denoted by simply  A∗m.  
 
Lemma 2.2: [14] Let (X, M) be a minimal structure space with I, I ′ ideals on X and A ⊂ X and B ⊂ X. Then  

(a) A∗m ∪ B∗m ⊂ (A ∪ B) ∗m  
(b) A∗m = m − cl(A∗m) ⊂ m − cl(A) 
(c) (A∗m) ∗m  ⊂ A∗m  
(d) A ⊂ B ⇒ A∗m ⊂ B∗m  
(e) I ⊂ I ′ ⇒ A∗m (I ′ ) ⊂ A∗m (I) 
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Lemma 2.3:  [14] The set operator m-cl∗ satisfies the following conditions: 

(1) A ⊂ m − cl∗(A) 
(2) m − cl∗(ϕ) = ϕ  and  mcl∗(X) = X  
(3) If A ⊂ B then m − cl∗(A) ⊂ m − cl∗(B) 
(4) m − cl∗(A) ∪ m − cl∗(B) ⊂ m − cl∗(A ∩ B)  

 
Lemma 2.4: [14] If (X, M) has property [I], then m−cl ∗(m−cl∗(A)) = m−cl ∗(A) and m − cl ∗(A) ∪ m − cl∗(B) = m − 
cl∗(A ∪ B).  
 
Lemma 2.5: [14] If (X, M) has property [U], and I = ϕ then A∗m = m − cl(A). In this case m − cl∗(A) = m − cl(A)  
 
Lemma 2.6: [14] Let (X, M, I) be an ideal minimal spaces and A ⊂ X. If A is m∗ dense in itself, then  
A∗m = mcl(A∗m) = mcl(A) = mcl∗(A).  
 
Definition 2.7:  Let (X, M) be a minimal space is called 

(1) m∗ dense in itself [14] if A ⊂ A∗m. 
(2) m∗ closed [14] if A∗m ⊂ A.  
(3) mg closed [6] if mcl(A) ⊆ U whenever A ⊆ U and U is m open. 
(4) mgs closed [6] if mscl(A) ⊆ U whenever A ⊆ U and U is m open. 
(5) mπg closed [6] if mcl(A) ⊆ U whenever A ⊆ U and U is mπopen. 
(6) mπgs closed [6] if mscl(A) ⊆ U whenever A ⊆ U and U is mπopen. 

 
Definition 2.8: Let (X, M, I) be an ideal minimal spaces is called 

(1) mI closed [14] if A ⊂ m − int(A∗m) 
(2) mIg closed [14] if A∗m ⊆ U whenever A ⊆ U and U is m open 

 
Lemma 2.9: [4] m∗ dense sets are pre m I open sets. 
 
Definition 2.10: [4] A subsets H of Y is defined as a m∗ dense set if mcl∗ (H) = Y. 
 
Lemma 2.11: [17] Let Y be an ideal minimal space, if a subset H is a pre m I open set, then H can be expressed as  
H = K ∩ L, where K is m open set and L is m∗ dense set. 
 
3.  MINIMAL IDEAL αψ SUBMAXIMAL IN MINIMAL STUCTURE SPACES 
 
Definition 3.1:  Let H be a subset of mIαψ locally m∗  closed set if there exist mIαψ open set S and m∗  closed set T 
then H = S ∩ T. 
 
Definition 3.2: A subset H of an ideal minimal space (Y, M, I) is mIαψ closed if mcl∗ ⊆ V whenever H ⊆ V and V is 
mαψ open.  
 
Theorem 3.3: Let G be a m closed set then G is mIαψ closed set.  
 
Proof: Let u s tak e V be a mαψ op en and  G ⊆ V. Here G is m closed set in Y, then mcl(G) = G, which implies      
mcl(G) ⊆ V. Therefore mcl∗ (G) ⊆ mcl(G) ⊆ V. Since mcl∗ (G) = G ∪ G∗ m and G ⊆ V, therefore G∗ m ⊆ V, where V 
is mαψ open. Hence G is mIαψ closed set. 
 
Theorem 3.4: Let us consider a ideal minimal space (Y, M, I) and A ⊂ Y is m∗ dense in itself then the following are 
equivalent.  

(i) H is mIαψ locally m∗ closed set. 
(ii) H = S ∩ mcl∗ (H) where S is mIαψ open set. 
(iii) mcl∗ (H) − H = H∗m − H and also mIαψ closed set. 
(iv) H ∪ (Y − mcl∗ (H)) = H ∪ (Y − H∗m and also mIαψ open sets. 
(v) H ⊂ mint(H ∪ (Y − H∗m)). 

 
Proof: 
(i) ⇒ (ii): If H is mIαψ locally m∗ closed set, then H = S ∩ T where S is mI αψ open and T is m∗ closed, that is T∗m ⊂ T. 
Since H = S ∩ T, we have H ⊂ S and H ⊂ mcl∗ (H). Hence H ⊂ S ∩ mcl∗ (H). Since T is m∗ closed and H ⊂ T, mcl∗ 
(H) ⊂ mcl∗ (T), which implies S ∩ mcl∗ (H) ⊂S ∩ mcl∗(T) ⊂ S ∩ T = H. Then H = S ∩ mcl∗(H). 
 
(ii) ⇒ (iii): Let mcl∗ (H) − H = H∗m − H = H∗m ∩ (Y − H) = H∗m ∩ (Y − (S ∩ mcl∗ (H))) = H∗ m ∩ (Y − S). Then        
H∗ m ∩ (Y − S) ⊂ U, which implies (Y − S) ⊂ ((Y − H∗ m) ∪ U. Since S is mIαψ open set (Y − S) is mIαψ closed set. 
Therefore by Definition [3.2], we have mcl∗ (Y − S) ⊂ ((Y − H∗ m) ∪ S. Also H∗ m ∩ mcl∗ (Y − S) ⊂ U.  
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Now  H∗m ∩ (Y − S) ⊂ H∗ m and H∗ m ∩ (Y − S) ⊂ (Y − S) by Lemma [2.4], H∗ m ∩ (Y − S))∗ m ⊂ (H∗ m) ∗ m ⊂ 
H∗m and  H∗m ∩ (Y − S)) ∗m ⊂ (Y − S)∗m ⊂ mcl∗ (Y − S). Hence (H∗m ∩ (Y − S)) ∗m ⊂ H∗m ∩ mcl∗ (Y − S) ⊂ U. Also 
mcl∗ (H) − H = H∗ m ∩ (Y − S). Hence we get (mcl∗ (H) − H) ∗m ⊂ H∗m ∩ mcl∗ (Y − S) ⊂ U. That is (mcl∗ (H) − H) 
∗m ⊂ U and U is mαψ open set. Therefore mcl∗ (H) − H) ∗ m ⊂ U whenever mcl∗ (H) − H ⊂ U, U is mαψ open set this 
implies that mcl∗ (H) − H = H∗m − H is a mIαψ closed set. 
 
(iii)⇒ (iv): Since mcl∗ (H)−H is mIαψ closed. (Y − (mcl∗ (H)−H)) is mIαψ open, which implies H ∪ (mcl∗ (H) − H)) 
⇒ H ∪ (Y − (H − ∪H∗m)) is mIαψ open and hence H ∪ (Y − H∗m) is mIαψ open. 
 
(iv) ⇒ (v): Since H ⊂ (H ∪(Y −H∗m)), mint(H) ⊂ mint(H ∪(Y −H∗m)). Therefore H ⊂ mint(H) ⊂ mint(H ∪ (Y − H∗m)) 
and hence H ⊂ mint(H ∪ (Y − H∗m)). 
 
(v) ⇒ (i): By (v) we have H ∪ (Y − H∗m) ⊂ mint(H ∪ (Y − H∗m)). By (v), H ∪(Y −H∗m)) = H ∪(Y −H∗m) is mIαψ open 
set.  Also H ∪(Y −H∗m))∩mcl∗ (H) = (H ∩ mcl∗ (H)) ∪ (Y − mcl∗ (H)) ∩ mcl∗ (H))) = (H ∩ (H ∪ H∗m)) ∪ ϕ = H ∪ (H 
∩ H∗m) ∪ ϕ = H. Since H is m∗ dense set.  Also H is m∗ dense set,  H ⊂ H∗m. Hence mcl∗ (H) = H∗ m. Therefore (mcl∗ 
(H) ∗m = (H∗m) ∗m = H∗m = mcl∗ (H).  That is (mcl∗ (H)) ∗m ⊂ mcl * (H). Hence mcl∗ (H) is m∗ closed set. That is           
H = (H ∪ (Y − H∗m) ∩ mcl∗ (H) such that H = (H ∪ (Y − H∗m)) is mIαψ open and mcl∗ (H) is m∗ closed. Therefore H 
is mIαψ locally m∗ closed set. 
 
Theorem 3.5: An ideal minimal space with property [I], then the conditions are equivalent,  

(i) Each subset Y is mIαψ locally m∗ closed set.  
(ii) Each m∗ dense set is mIαψ open set.  

 
Proof: 
(i) ⇒ (ii): This is proved by Theorem [3.4]. 
 
(ii)⇒ (i): Let G ⊂ Y. Let U = G ∪ (Y − mcl∗ (G)). Then mcl∗ (U) = mcl∗ (G ∪ (Y − mcl∗ (G)). Then mcl∗ (U) = mcl∗ 
(G∪(Y −mcl∗ (G))) = (G∪(Y −mcl∗ (G)))∪G∪(Y −mcl∗ (G)))∗ m = (G∪(Y −mcl∗ (G)))∗ m = (G∪(Y −mcl∗ (G)))∪G∗ 
m ∪(Y −mcl∗ (G))∗ m = mcl∗ (G)∪ mcl∗ (Y −mcl∗ (G)) = mcl∗ (G)∪(Y −mcl∗ (G)) = Y. Then we have mcl∗ (U) = Y. 
Then by definition of m∗ dense set. By (ii) U is mIαψ open set. Hence by Theorem [3.4] G is mIαψ locally m∗ closed 
set. 
 
Definition 3.6: Let (Y, M, I) be an ideal minimal spaces is called mIαψ submaximal if each m∗ dense subset of Y is 
mIαψ open. 
 
Remarks 3.7:  

(i) Property [U] refers union of two mIαψ closed set is a mIαψ closed set.  
(ii) Property [I] refers any two intersection of mIαψ closed set is a mIαψ closed set. 

 
Theorem 3.8: An ideal minimal space satisfying the property [I] then the following statements are equivalent.  

(i) An ideal minimal space is a mIαψ submaximal space. 
(ii) If H is a pre m I open set then H is a mIαψ open set.  

 
Proof: 
(i) ⇒ (ii): Let (Y, M, I) be a mIαψ submaximal space and H ⊂ Y be a pre m I open set, then H = K ∩ L, where K is a m 
open set and L is a m∗ dense set. Here Y is mIαψ submaximal space and L is mIαψ open set by definition. Also K is 
mIαψ open set. Then by property [I], H is also mIαψ open.  
 
(ii)⇒ (i): Let H be m∗ dense subset of Y, then by Lemma [2.4] H is pre m I open set.  By assumption H is a mIαψ open 
set. Hence Y is mIαψ submaximal space. 
 
Theorem 3.9: Let (Y, M, I) be an ideal minimal space if the property [I] satisfies then the following statements are 
equivalent.  

(i) Y is mIαψ submaximal space.  
(ii) If H ⊆ Y, then H is mIαψ locally m∗ closed set. 
(iii) Any m∗ dense set and a mIαψ open subset of Y.  

 
Proof:  
(i) ⇒ (ii): Let (Y, M, I) be a mIαψ submaximal space by definition each m∗ dense set is mIαψ open set by Theorem 
[3.5], every m∗ dense and mIαψ open is mIαψ locally m∗ closed set. 
(ii)⇒ (iii): Let H be m∗ dense set by (ii), H is mIαψ locally m∗ closed set. By Theorem [3.4], there exists mIαψ open 
set K such that H = K∩mcl∗ (H). Now consider H is m∗ dense set, then mcl∗ (H) = Y.  
Hence H = K ∩ mcl∗ (H) = K ∩ Y = K and K is mIαψ open set in Y .  
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(ii)⇒ (i): Here A is m∗ dense set by (iii) H = K ∩L, where K is mIαψ open set and L is m∗ dense set.  
Hence mcl∗ (L) = Y. Since L is m∗ closed set mcl∗ (L) = L = Y. Therefore H = K ∩ L = K ∩ Y = K and it is mIαψ 
open set. Hence Y is mIαψ submaximal space. 
 
Theorem 3.10: An ideal minimal space (Y, M, I), the following statements are equivalent. 

(i) (Y, M, I) is a mIαψ submaximal space. 
(ii) If H is not mIαψ open set, then H − (mint(mcl∗ (H))) ≠ ϕ. 

 
Proof 
(i) ⇒ (ii): Contradiction, H − (mint(mcl∗ (H))) = ϕ. Hence H ⊂ mint(mcl∗ (H))), which means H is pre m I open set. 
Let Y is a mIαψ submaximal space, by Theorem [3 .8] H is mIαψ open which  is contrary by the assumption. Hence      
H − (mint(mcl∗ (H))) = ϕ. 
 
(ii)⇒ (i): Assume H is pre m I open set but it is not mIαψ open set, then by (ii) H − mint(mcl∗ (H)) ≠ ϕ, which implies 
H * mint(mcl∗ (H)). That is H is not pre m I open set which is contradiction by our assumption. Hence H is mIαψ open 
set and hence by Theorem [3.8] Y is mIαψ submaximal space. 
 
Theorem 3.11: An ideal minimal space (Y, M, I), if the property [I] satisfies, then the following statements are 
equivalent.  

(i) (Y, M, I) is a mIαψ submaximal space. 
(ii) The mIαψ open set γ = {K − H : K is mIαψ open and mint∗ (H) = ϕ}.  

 
Proof: 
(i) ⇒ (ii): Let Y be a mIαψ submaximal space. Assume η = {K − H: K is mIαψ open and mint∗ (H) = ϕ}. To prove       
γ = η. Let us take an element A ∈ γ. Since A = A − ϕ and mint∗ (ϕ) = ϕ, A ∈ η. Hence γ ⊂ η. Let A ∈ η, to prove A is 
mIαψ open set. Since A ∈ η , A can be written  as A = K − H such that K is a mIαψ open and mint ∗ (H) = ϕ. Also         
A = H − K = K ∩ (Y − H). Since mint ∗ (H) = ϕ, Y − mint∗ (Y − H) = mcl∗ (H) = Y . Hence Y − H is m ∗ dense set.  
Since Y is mIαψ submaximal Y − H is m∗ dense implies (Y − H) is mIαψ open set. Hence A = K ∩ (Y − H) is mIαψ 
open set and so      η ⊂ γ. Therefore η = γ.  
 
(ii)⇒ (i): Assume H is pre m I open set, by Lemma [2.4] H be the intersection of the sets S and T such that S is m open 
and T is m∗ dense. Hence mcl∗ (T) = Y and so mint∗ (Y −T) = ϕ. That is H = S∩T = S−(Y −T) and mint∗ (Y −T) = ϕ. 
By Theorem [3.3] S is mIαψ open set. Therefore H ⊂ γ and hence H is mIαψ open set. By assumption, the pre m I open 
set A is mIαψ open. Hence by Theorem [3.8] Y is mIαψ submaximal space.  
 
Theorem 3.12: Let (Y, M, I), satisfying the property [I], then the following statements are equivalent.  

(i) (Y, M, I) is a mIαψ submaximal space. 
(ii) There exist a mIαψ closed set mcl∗ (H) − H for each subset H of Y. 

 
Proof: 
(i) ⇒ (ii): Assume Y be mIαψ submaximal and let H ⊂ Y. To prove mcl∗ (H) − H is mIαψ closed set. It is enough to 
prove Y − (mcl∗ (H)−H) is mIαψ open. That is to prove that mcl∗ (H ∪ (Y − (mcl∗ (H))) = mcl∗ (H) ∪ mcl∗ (Y − mcl∗ 
(H))) = Y. Hence (Y − (mcl∗ (H) − H)) is a m∗ dense set. Also since Y is mIαψ submaximal space, by definition each 
m∗ dense set is mIαψ open set.  Hence (Y − (mcl∗ (H) − H)) is mIαψ open set. Threfore (mcl∗ (H) − H) is mIαψ closed 
set.  
 
(ii)⇒ (i): Let (mcl∗ (H) − H) is mIαψ closed  set and let H ⊂ Y is m∗ dense set in Y. Hence mcl∗ (H) = Y implies         
(Y − H) is mIαψ closed set.  So H is mIαψ open. Hence Y is mIαψ submaximal space. 
 
REFERENCES 
 

1. M.Alimohammady and M.Roohi, Fixed point in minimal spaces, Nonlinear Anal. Model.Control, 10 (2005), 
305-314. 

2. M.Alimohammady and M.Roohi,Linear minimal space, Chaos Solitons Fractals,33 (2007),1348-1354. 
3. A.V.Arhangel’skii and P.J.Collins, On submaximal space, Topology Application, 64(3), (1995), 219-241. 
4. R.Chitra, m∗ extrem ely disconnected ideal m inim al space, International Journal of A dvances in Pure and 

Applied Mathematics, 1(3), (2011), 39- 51.  
5. R.Devi,A.Selvakumar and M.Parimala, αψ closed sets in topological spaces (Submitted).  
6. Ennia Rosas,Neelamegarajan Rajesh and Carlos Carpintero, Some new types of open and closed sets in 

minimal structures -I 1 ,International Mathematical Forum 4,2009,pp 44,2169-2184. 
7. Erdal Ekici and Takashi Noiri, Properties of I submaximal ideal topological spaces, Filomat, 24(4), (2010), 

87-94. 
8. E.Hewit, A problem of set theoretic topology, Duke Math.J. 10, (1943), 309-333. 



M. Parimala and R. Jeevitha∗  / Minimal Ideal αψ Submaximal in Minimal Structure Spaces / IJMA- 9(11), Nov.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                         10  

 
9. D.Jankovic and T.R.Hamlett, Compatible extension of ideals, Boll.Un.Mat.Ital., B(7)6, (1990),295-310. [10] 

K.Kuratowski, Topology,Vol. I,Academic Press (New York, 1996).  
10. H.Maki. J.Umehara and T.Noiri,Every topological space is pre T1/2=, Mem.Fac.Sci.Kochi Univ.Ser.A math., 

17(1996), 33-42.  
11. H.Maki,On generalizing semi open sets and pre open sets in :Meeting on topological Spaces Theory and its 

Application (August, 1996),pp.13-18.  
12. O.Njastad,On some classes of nearly open sets, Pacific J.Math,15(1965),961- 970.  
13. O.B.Ozbakir and E.D.Yildirim, On some closed sets in ideal minimal spaces, Acta Math.Hungar.,125(3) 

(2009),227-235.  
14. V.Popa and T.Noiri. On m-continuous functions, Anal .Univ.”‘Dunarea de Jos”’ Galati, Ser. 

Mat.Fiz.Mec.Teor. (2), 18(2000), 31-41.  
15. M.Parimala, D.Arivuoli and R.Perumal, On some locally closed sets in ideal minimal spaces, International 

Journal of Pure and Applied Mathematics. 113(12), (2017), 230-238.  
16. M.Parimala and D.Arivuoli, Submaximallity in terms of ideal minimal spaces (submitted)  
17. R.Vaidyanathaswamy, The localization theory in set topology, Proc.Indian Acad.Sci., Sect S, 20(1944),      

54-61.  
18. M.K.R.S.Veerakumar Between semi closed sets and semi pre closed sets Rend. Istit.Mat.Univ.Trieste 

XXXII, (2000), 25-41 
 

Source of support: Nil, Conflict of interest: None Declared. 
[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


