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ABSTRACT 
In this paper, we study Generalized Fibonacci-Like Sequence Mn defined by the recurrence relation Mn = Mn-1 + Mn-2, 
for all (n ≥ 2)  With M0 = 8 and M1 = 8√𝑛, n being a fixed positive integer. we shall defined Binet ’s formula and 
generating function of Generalized Fibonacci – Like sequence. Mainly, Induction method and Binet‘s formula will be 
used to establish properties of Generalized Fibonacci – Like sequence.  
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1. INTRODUCTION 
 
The generalization of Fibonacci and Lucas Sequence leads to several nice and interesting Sequence [3] [10] 
 
The Sequence of Fibonacci number (𝐹𝑛) is defined by    

Fn = Fn-1 + Fn-2, n ≥ 2, F0 = 0, F1 = 1.                                                                                                                (1.1)  
 
The Sequence of Lucas number {𝐿𝑛} is defined by  

 Ln = Ln-1 + Ln-2, n ≥ 2, L0 = 2, L1 = 1                                                                                                              (1.2) 
 
The Binet’s formula for Fibonacci Sequence is Given by  

Fn = 𝛼
𝑛−𝛽𝑛

𝛼−𝛽
  = 1

√5
 ��𝟏+√𝟓

𝟐
�
𝒏
−  �𝟏−√𝟓

𝟐
�
𝒏

 �                                                                                                           (1.3) 

Where    𝛼 = 1+√5
2

  ≈  Golden ratio ≈ 1.618 

𝛽 = 1−√5
2

  ≈  -- 0.618 
 
Similarly, the Binet’s formula for Lucas Sequence is given by  

Ln = 𝛼𝑛 +  𝛽𝑛  = ��𝟏+√𝟓
𝟐
�
𝑛

+  �1−√5
2
�
𝑛

 �                                                                                                           (1.4)       

 
Ln denotes the nth Lucas number of the Sequence. The first few number of this sequence are:  

2, 1, 3, 4, 7, 11, 18, 29, 47, . . . . .     
 
In this paper, we present various properties of the Generalized Fibonacci – Like Sequence {𝑀𝑛} defined by  

Mn = Mn-1 + Mn-2 , for all n ≥2                                                                                                                         (1.5) 
With M0 = 8 and M1 = 8√𝑛 , n being a fixed positive integer.  
 
The few terms of the Sequence {𝑀𝑛} are  

8, 8√𝑛  and 8+8√𝑛,  8+16√𝑛,  16+24√𝑛,  and so on. 
 

Corresponding Author: Bhupendra Singh Gehlot 
Department of Mathematics, PMB Gujarati Science College, Indore (M.P.), India. 

 
 
 

http://www.ijma.info/�


Bhupendra Singh Gehlot / Generalized Fibonacci-Like Sequence and Fibonacci Sequence / IJMA- 9(11), Nov.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                         12  

 
2. ADDITION OF TWO FIBONACCI SEQUENCES  
 
Let us we consider Generalized Fibonacci number, with the recursion formula Mn+1 = Mn + Mn-1, and an arbitrary initial 
numbers M0 & M1;  
where 

M0 = 8, M1 = 8√𝑛 
M2 = M1 + M0 = F2 M1 + F1 M0 

= 1 * 8√𝑛  + 1 * 8 
= 8√𝑛 + 8 
= 8 + 8√𝑛 

 
M3 = M2 + M1 = F3 M1 + F2 M0 

= 2 * 8√𝑛 + 1 * 8 
= 16√𝑛 + 8 
= 8 + 16√𝑛 

 
M4 = M3 + M2 = F4 M1 + F3 M0 

= 3 * 8√𝑛 + 2 * 8 
= 24√𝑛 + 16 
= 16 + 24√𝑛 
__ __ __ 
__ __ __ 
__ __ __ 

Mn = M1 Fn + M0 Fn-1, n≥2 
Mn = 8√𝑛  Fn + 8 Fn-1, n≥2 

 
3. PRELIMINARY RESULTS OF GENERALIZED FIBONACCI – LIKE SEQUENCE  
 
First we Introduce some basic results of Generalized Fibonacci – Like Sequence and Fibonacci Sequence. 
 
The recurrence relation (1.1) has the characteristic Equation. 

X2 – X – 1 = 0 which has two roots  𝛼 = 𝟏+√𝟓
𝟐

  and β =  1−√5
2

                                                                                       (3.1) 
 
Now notice a few things about 𝛼 and β  

𝛼 + β = 1;  𝛼 − β = √5 and  𝛼β = - 1  
 
By substituting Binet’s formula for Fn, Fn-1 gives; 

Mn = M1 Fn + M0 Fn-1 
Mn = M1 �

𝛼𝑛−𝛽𝑛

𝛼−𝛽
� + M0 �

𝛼𝑛−1− 𝛽𝑛−1

𝛼−𝛽
� 

= 1
𝛼−𝛽

[𝑀1𝛼𝑛 −  𝑀1𝛽𝑛 +  𝑀0𝛼𝑛−1 −  𝑀0𝛽𝑛−1] 

= 1
𝛼−𝛽

[(𝑀1𝛼𝑛 +  𝑀0𝛼𝑛−1)− ( 𝑀1𝛽𝑛 + 𝑀0𝛽𝑛−1)] 

= 1
𝛼−𝛽

 ��𝑀1𝛼𝑛 + 𝑀0𝛼𝑛

𝛼
� − �𝑀1𝛽𝑛 + 𝑀0𝛽𝑛

𝛽
�� 

= 1
𝛼−𝛽

�𝛼𝑛 �𝑀1 + 𝑀0
𝛼
� − 𝛽𝑛 �𝑀1 + 𝑀0

𝛽
�� 

𝛼𝛽 = −1 =  −𝛽 =
1
 𝛼

 ,− 𝛼 =
1
𝛽 

= 1
𝛼−𝛽

[𝛼𝑛(𝑀1 −𝑀0𝛽)− 𝛽𝑛(𝑀1 −𝑀0𝛼)]                                                                                                 (3.2) 
 
Equation (3.2) we called Binet’s type formula for Generalized Fibonacci numbers.  
 
The Generating function of {𝑀𝑛} is defined as  
                                 = ∑ 𝑀𝑛𝑋𝑛∞

𝑛=0  = 8+8�√𝑛−1�𝑥
1−𝑥−𝑥2

 
 
4. PROPERTIES OF GENERALIZED FIBONACCI – LIKE SEQUENCE  
 
Sum of Generalized Fibonacci – Like terms: 
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Theorem 4.1: Sum of First n terms of the Generalized Fibonacci – Like Sequence {𝑀𝑛} is  

M1 + M2 + M3 + - - - + Mn = ∑ 𝑀𝑘 = 𝑛
𝑘=1 Mn+2 – M2 

                                                              = Mn+2 – �8 + 8√𝑛� 
 
Proof: In this the following relation holds: 

M1 = M3 – M2 
M2 = M4 – M3 
M3 = M5 – M4 
__ __ __ 
__ __ __ 
__ __ __ 
__ __ __ 
Mn-1 = Mn+1 - Mn 
Mn = Mn+2 – Mn+1 

 it follows the terms wise addition of all above equation that  
M1 + M2 + M3 + - - - + Mn = Mn+2 – M2 

                                           = Mn+2 – �8 + 8√𝑛� 

 
This identity becomes M1 + M2 + M3 + - - - + M2n =∑ 𝑀𝑘

2𝑛
𝑘=1  

                                                                  = M2n+2 – �8 + 8√𝑛� 
 
Theorem 4.2: sum of the first n terms with odd indices is. 

M1 + M3 + M5 + - - - + M2n-1 =∑ 𝑀2𝑘−1
𝑛
𝑘=1  

                                               = M2n – M0 
                                               = M2n – 8 

 
Proof: In this the following relation holds: 

M1 = M2 – M0  
M3 = M4 – M2 
M5 = M6 – M4   
__ __ __ 
__ __ __  
M2n - 1 = M2n – M2n – 2 

 
Term wise addition of all above equations, gives  

M1 + M3 + M5 + - - - + M2n-1 = M2n - M0 
                                               = M2n – 8 

Theorem 4.3: Sum of the first n terms with even indices is  
M2 + M4 + M6 + - - - + M2n =∑ 𝑀2𝑘

𝑛
𝑘=1  

                                             = M2n+1 – 8√𝑛 
 
Theorem 4.4: Sum of the square of first n terms of the Generalized Fibonacci – Like Sequence is   

M2
1 + M2

2 + M2
3 + - - - + M2

n = ∑ 𝑀𝑘
2𝑛

𝑘=1   
                                                = Mn Mn+1 – M0 M1 

 
Proof:  In this the following relation holds:  

𝑀1
2 = M1 M2 – M0 M1 

𝑀2
2 = M2 M3 – M1 M2 

𝑀3
2 = M3 M4 – M2 M3 

__ __ __ 

__ __ __ 

__ __ __ 
𝑀𝑛

2 = Mn Mn+1 – Mn-1 Mn 
 
It follows from term wise addition of all the above equation that  

 𝑀1
2 + 𝑀2

2 + 𝑀3
2 + - - - + 𝑀𝑛

2 = 𝑀𝑛 𝑀𝑛+1 - 𝑀0 𝑀1 = 𝑀𝑛 𝑀𝑛+1 - 64√𝑛 
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5. CONNECTION FORMULAE 
 
Theorem 5.1: Let n be a positive integer then  

Mn+1 + Mn-1 = M1 Ln + M0 Ln-1, n≥1  
 
Proof: We shall prove this identities by induction on n. 
For n = 1  

 𝑀2 +   𝑀0 = 8√𝑛 L1 + 8 L0 
�8 + 8√𝑛� + 8 = 8√𝑛 × 1 + 8 × 2  
16 +  8√𝑛 = 8√𝑛 + 16 

 
Which is true for n = 2 

 𝑀3 +   𝑀1 = 𝑀1𝐿2 + 𝑀0𝐿1 
�8 + 16√𝑛� + 8√𝑛 = 8√𝑛 × 3 + 8 × 1 
                                = 24√𝑛 + 8 
8 + 24√𝑛  which is true . 

 
Suppose that identity holds for n = k – 2 and n = k – 1, Then  

 𝑀𝑘−1 +   𝑀𝑘−3 =  𝑀1𝐿𝑘−2 +   𝑀0𝐿𝑘−3  
 𝑀𝑘  +   𝑀𝑘−2 =  𝑀1𝐿𝑘−1 +   𝑀0𝐿𝑘−2 

 
Adding equation and equation, we get                                                                                

(𝑀𝑘−1  +    𝑀𝑘) +  ( 𝑀𝑘−3  +   𝑀𝑘−2) =  𝑀1[𝐿𝑘−1 + 𝐿𝑘−2] +𝑀0[𝐿𝑘−2 + 𝐿𝑘−3] 
                                                              = ( 𝑀1𝐿𝑘  +  𝑀0𝐿𝑘−1) 

Which is our identity when n = k. Hence 
 𝑀𝑛+1 +   𝑀𝑛−1 =  𝑀1𝐿𝑛 +   𝑀0𝐿𝑛−1 

 
Theorem 5.2: Let n be a positive integer then  

Mn+1 – Mn-1 = M1 Fn + M0 Fn-1, for all n ≥ 1 
 
Proof: we shall prove this identity by induction on n .  
For n = 1  

𝑀2 -   𝑀0 =  𝑀1𝐹1 +   𝑀0𝐹0 
�8 + 8√𝑛� - 8 = 8√𝑛 × 1 + 8 × 0 
8√𝑛 = 8√𝑛 

 
Which is true. for n = 2 

M3 – M1 = M1 F2 + M0 F1 

8 + 16√𝑛 - 8√𝑛 = 8√𝑛  × 1 + 8 × 1 
8 + 8√𝑛 = 8√𝑛 + 8 Which is true. 

 
Suppose that identity holds for n = k – 2 and n = k – 1 , Then 

 𝑀𝑘−1 +   𝑀𝑘−3 =  𝑀1𝐹𝑘−2 +   𝑀0𝐹𝑘−3 
 𝑀𝑘 +   𝑀𝑘−2 =  𝑀1𝐹𝑘−1 +   𝑀0𝐹𝑘−2  

 
Adding equation and equation, we get 

( 𝑀𝑘−1  +    𝑀𝑘 )−  ( 𝑀𝑘−3  +    𝑀𝑘−2 ) =  𝑀1[𝐹𝑘−1 + 𝐹𝑘−2] +  𝑀0[𝐹𝑘−2 + 𝐹𝑘−3]        
 𝑀𝑘+1 -   𝑀𝑘−1 =  𝑀1𝐹𝑘 +   𝑀0𝐹𝑘−1 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑜𝑢𝑟 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑖𝑦 𝑤ℎ𝑒𝑛 𝑛 = 𝑘.  
Hence, 𝑀𝑛+1 -   𝑀𝑛−1 =  𝑀1𝐹𝑛 +   𝑀0𝐹𝑛−1  , for all n ≥ 1  

 
Theorem 5.3: Let n be a positive integer then 

�
𝑀𝑛 𝐹𝑛 1
𝑀𝑛+1 𝐹𝑛+1 1
𝑀𝑛+2 𝐹𝑛+2 1

� = [𝐹𝑛 𝑀𝑛+1 −  𝐹𝑛+1 𝑀𝑛]      

 

𝐏𝐫𝐨𝐨𝐟: -Let   Δ = �
𝑀𝑛 𝐹𝑛 1
𝑀𝑛+1 𝐹𝑛+1 1
𝑀𝑛+2 𝐹𝑛+2 1

�  

 
Suppose  𝑀𝑛 = 𝑎, 𝑀𝑛+1 = 𝑏, 𝑀𝑛+2 = 𝑎 + 𝑏 

𝐹𝑛 =  𝑝,    𝐹𝑛+1 =  𝑞, 𝐹𝑛+2 =  p + q 
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Now                     Δ = �
𝑎 𝑝 1
𝑏 𝑞 1

𝑎 + 𝑏 𝑝 + 𝑞 1
� 

 
Applying R1 → R1 – R2 

Δ = �
𝑎 − 𝑏 𝑝 − 𝑞 0
𝑏 𝑞 1

𝑎 + 𝑏 𝑝 + 𝑞 1
� 

 
Applying R2 → R2 – R1 

Δ = �
𝑎 − 𝑏 𝑝 − 𝑞 0

𝑏 − (𝑎 + 𝑏) 𝑞 − (𝑝 + 𝑞) 0
𝑎 + 𝑏 𝑝 + 𝑞 1

� 

Δ = �
𝑎 − 𝑏 𝑝 − 𝑞 0
−𝑎 −𝑝 0
𝑎 + 𝑏 𝑝 + 𝑞 1

� 

    = [𝑝𝑏 − 𝑎𝑞] 
    = [𝐹𝑛  𝑀𝑛+1 −  𝑀𝑛 𝐹𝑛+1] 

 
Theorem 5.4: Let n be a positive integer then  

 �
𝑀𝑛 𝐿𝑛 1
𝑀𝑛+1 𝐿𝑛+1 1
𝑀𝑛+2 𝐿𝑛+2 1

� = [𝐿𝑛 𝑀𝑛+1 −  𝐿𝑛+1 𝑀𝑛] 

 
REFERENCE 
 

1. A.F. Horadam, The Generalized Fibonacci Sequence, the American Math Monthly, 68 No.5 (1961), 455-459. 
2. A.T. Benjamin and J.J.Quinn, Recounting Fibonacci and Lucas identities, College Math, J., 30,  No.5 (1999), 

359-366 . 
3. B. Singh, O. Sikhwal, and S. Bhatnagar, Fibonacci – Like Sequence and its Properties, It. J. Contemp Math. 

Science, Vol.5, 2010, No.18, 857- 868. 
4. D.M. Burton, Elementary Number Theory, Tata McGraw – Hill, Publishing Company Ltd., New Delhi, 2006.   
5. J.Z. Lee and J.S. Lee, some properties of Generalization of the Fibonacci Sequences, the Fibonacci Quarterly, 

1987, No.2, 110 – 117. 
6. L. Carlitz, some Fibonacci and Lucas identities, the Fibonacci Quarterly, No.8 (1970) , 61 – 73. 
7. N.N. Vorobyov, The Fibonacci Numbers, D.C. Health Company , Boston , 1963.     
8. S. Vaja, Fibonacci and Lucas Number and the golden section, Ellis Horwood Limited, Chichester, England, 

1989. 
9. V.C. Harris, On Identities involving Fibonacci Numbers, the Fibonacci Quarterly, Vol.3(1965), 214 – 218. 
10. V.H. Badshah, M.S.  Teeth and M.M Dar, Generalized Fibonacci – Like Sequence and its properties, int. J. 

Contemp Math. Sciences, Vol. 7, 2012, No.24, 1155 – 1164.   
 

Source of support: Nil, Conflict of interest: None Declared. 
[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


