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ABSTRACT 

The notion of quasi-𝑆 -metric space is introduced based on the definition of 𝑆 -metric space. We observe some 
properties (or consequences) of quasi- 𝑆 -metric space. We also introduce the notion of 𝜓-contraction and                     
𝜑-Contraction in quasi-S-metric space and prove two fixed point theorems followed by examples to illustrate the 
validity of our theorems. 
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1. INTRODUCTION 
 
The polish mathematician Stefen Banach [11] established the remarkable Banach Contraction Principle in 1922. The 
Banach Contraction Principle of fixed point is important as a source of existence and uniqueness theorems in different 
branches of Sciences. 
 
Metric spaces are very important in mathematics and applied sciences. Many researchers put their effort and interest in 
the area of fixed point theory and established many generalizations of metric spaces in different ways [10]. 
 
In 1992, B.C.Dhage [2] introduced the notion of D-metric space. In 2007, S.Sedghi, N.Shobe and H.Zhou [15] 
introduced D*-metric spaces, which is a modification of D-metric space. Later on many researchers proved fixed point 
theorems in D*-metric spaces [7, 9]. 
 
In 2006, Z.Mustafa, B.I.Sims [21] introduced the new structure or generalization of metric space which is called a       
G-metric space. Many researchers extended their interest in this area [3, 4, 9, 20, 22, 23] and proved fixed point 
theorems. 
 
In 2012, S.Sedghi et al. [16] introduced the notion of S-metric space which is a generalization of G-metric space [21] 
and D*-metric space [15] and proved fixed point theorems. Many researchers extended their interest in S-metric spaces 
and proved fixed point theorems [1, 5, 6, 8, 17, 18]. 
 
In this paper we introduce a new structure called quasi-S-metric space [QSMS] which is based on the definition of      
S-metric space, a generalization of S-metric space and also provided examples. 
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We introduce the notion of 𝜓-contraction and 𝜑 -Contraction in qSMS and proved fixed point theorems for                   
𝜓-contractive and 𝜑 -Contractive self maps on a qSMS. Our results improved the results of K.P.R.Sastry, 
K.K.M.Sarma, P.Krishna Kumari and Sunitha Choudari [6]. 
 
2. PRELIMINARIES 
 
In this section we present the necessary definitions and results which are used either tacitly or explicitly in the next 
section. 
 
In 2006, Z.Mustafa and B. Sims [21] introduced the notion of 𝐺- metric spaces as a generalization of metric spaces.  
 
2.1 Definition (Mustafa and B. Sims [21]) 
Let 𝑋  be a non-empty set and  𝐺 ∶ 𝑋 × 𝑋 × 𝑋 → [0, ∞)  be a function satisfying the following conditions, for all 
𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋, 
(2.1.1) 𝐺(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧 
(2.1.2) 0< 𝐺(𝑥, 𝑥, 𝑦), for all 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦 
(2.1.3) 𝐺(𝑥, 𝑥, 𝑦) ≤ 𝐺(𝑥, 𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 with 𝑥 ≠ 𝑦 
(2.1.4) 𝐺(𝑥, 𝑦, 𝑧) = 𝐺�𝜋(𝑥, 𝑧, 𝑦)� where 𝜋 is a permutation in  {𝑥, 𝑦, 𝑧} 
(2.1.5) 𝐺(𝑥, 𝑦, 𝑧) ≤ 𝐺(𝑥, 𝑎, 𝑎) + 𝐺(𝑎, 𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋 (Rectangle inequality). 
            𝐺 is called a 𝐺-metric on 𝑋 and (𝑋, 𝐺) is called a 𝐺-metric space. 
 
In 2007, Sedghi et al. [15] introduced the notion of a D*-metric as follows. 
 
2.2 Definition (S. Sedghi et al. [15]) 
Let 𝑋 be a non-empty set. A generalized metric (or 𝐷∗  metric) on 𝑋   is a function 𝐷∗: 𝑋3 → 𝑅+  that satisfies the 
following conditions: for each 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋, 
(2.2.1) 𝐷∗(𝑥, 𝑦, 𝑧) ≥ 0  
(2.2.2) 𝐷∗(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧 
(2.2.3) 𝐷∗(𝑥, 𝑦, 𝑧) = 𝐷∗(𝜋{𝑥, 𝑦, 𝑧}) (Symmetry) where 𝜋 is a permutation function  
(2.2.4) 𝐷∗(𝑥, 𝑦, 𝑧) ≤ 𝐷∗(𝑥, 𝑦, 𝑎) + 𝐷∗(𝑎, 𝑧, 𝑧)  
The pair (𝑋, 𝐷∗) is called a Generalized metric space or D*-metric space. 
 
The notion of partial metric is due to Matthews [12, 13] 
 
2.3 Definition (Matthews [12, 13]) 
A partial metric on a non-empty set 𝑋 is a function  𝑝 ∶ 𝑋 × 𝑋 → [0, ∞) such that for all 𝑥, 𝑦, 𝑧 ∈ 𝑋, 
(2.3.1) 𝑝(𝑥, 𝑥) = 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑦) if and only if 𝑥 = 𝑦 
(2.3.2) 𝑝(𝑥, 𝑥) ≤ 𝑝(𝑥, 𝑦) and 𝑝(𝑦, 𝑦) ≤ 𝑝(𝑥, 𝑦) 
(2.3.3) 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑥) 
(2.3.4) 𝑝(𝑥, 𝑦) ≤ 𝑝(𝑥, 𝑧) + 𝑝(𝑧, 𝑦) − 𝑝(𝑧, 𝑧) 
The pair (𝑋, 𝑝) is called a Partial metric space (PMS). 
 
In 2012, Sedghi et al. introduced the notion of S-metric spaces as follows: 
 
2.4 Definition (S. Sedghi, N. Shobe, A. Aliouche [16]) 
Let 𝑋 be a non-empty set. An 𝑆-metric on 𝑋  is a function 𝑆: 𝑋3 → [0, ∞) that satisfies the following conditions: for all 
𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋. 
(2.4.1) 𝑆(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 
(2.4.2) 𝑆(𝑥, 𝑦, 𝑧) ≤ 𝑆(𝑥, 𝑥, 𝑎) + 𝑆(𝑦, 𝑦, 𝑎) + 𝑆(𝑧, 𝑧, 𝑎) 
The function 𝑆 is called an 𝑆- metric on 𝑋 and the pair (𝑋, 𝑆) is called an 𝑆-metric space. 
 
The following are examples of S-metric spaces (Sedghi et al. [16]) 
 
2.5 Examples 
 
2.5.1 Let 𝑋 = 𝑅𝑛, 
         𝑆(𝑥, 𝑦, 𝑧) = |𝑦 + 𝑧 − 2𝑥| + |𝑦 − 𝑧|, then (𝑋, 𝑆) is an 𝑆-metric space. 
 
2.5.2 Let 𝑋 = 𝑅𝑛,  
         𝑆(𝑥, 𝑦, 𝑧) = |𝑥 − 𝑧| + |𝑦 − 𝑧|, then (𝑋, 𝑆) is an 𝑆-metric space. 
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2.5.3 Let (𝑋, 𝑑) be a metric space.  
         Define 𝑆(𝑥, 𝑦, 𝑧) = 𝑑(𝑥, 𝑧) + 𝑑(𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 
         Then 𝑆 is an 𝑆-metric space. 
 
We observe the following in 𝑆-metric spaces (Sedghi et al. [16]) 
 
2.6 Observations 
Let (𝑋, 𝑆) be an 𝑆-metric space. Then 
 
2.6.1 𝑆(𝑥, 𝑥, 𝑦) = 𝑆(𝑦, 𝑦, 𝑥) 
 
2.6.2 𝑆(𝑥, 𝑥, 𝑧) ≤ 2𝑆(𝑥, 𝑥, 𝑦) + 𝑆(𝑧, 𝑧, 𝑦) and 
 
2.6.3 𝑆(𝑥, 𝑦, 𝑦) ≤ 𝑆(𝑥, 𝑥, 𝑦). 
 
In 2016, Sedghi et al. introduced the notion of 𝑆𝑏-metric space as a generalization of 𝑆-metric space as follows 
 
2.7 Definition (S. Sedghi et al. [14])  
Let 𝑋  be a non-empty set and 𝑏 ≥ 1  be a real number. Suppose that a mapping 𝑆𝑏 ∶ 𝑋3  →  [0, ∞�)  is a function 
satisfying the following properties: 
(2.7.1) 0 < 𝑆𝑏 (𝑥, 𝑦, 𝑧)for all 𝑥, 𝑦, 𝑧 ∈  𝑋 with  𝑥 ≠ 𝑦 ≠ 𝑧 
(2.7.2) 𝑆𝑏 (𝑥, 𝑦, 𝑧) = 0 if and only if  𝑥 = 𝑦 = 𝑧 
(2.7.3) 𝑆𝑏 (𝑥, 𝑦, 𝑧) ≤ 𝑏(𝑆𝑏 (𝑥, 𝑥, 𝑎) + 𝑆𝑏 (𝑦, 𝑦, 𝑎) + 𝑆𝑏 (𝑧, 𝑧, 𝑎)) for all 𝑥, 𝑦, 𝑧, 𝑎 ∈  𝑋. 
Then the function 𝑆𝑏 is called an 𝑆𝑏-metric on 𝑋 and the pair (𝑋, 𝑆𝑏) is called an 𝑆𝑏-metric space. 
 
2.8 Remark: It should be noted that the class of 𝑆𝑏-metric spaces is effectively larger than that of 𝑆-metric spaces 
 
3. MAIN RESULTS 
 
In this section we introduce the notion of quasi-𝑆-metric space (qSMS) based on the definition of S-metric space and 
provide examples. We also introduce the notion of 𝜓-contraction and 𝜑-contraction on a quasi-𝑆-metric space and 
prove fixed point theorems for 𝜓-contractions and 𝜑-contractions. 
 
3.1 Definition 
A quasi-𝑆-metric on a non-empty set 𝑋 is a function  𝑞 ∶ 𝑋 × 𝑋 × 𝑋 → [0, ∞) such that, for all 𝑥, 𝑦, 𝑧 ∈ 𝑋, 
(3.1.1) 𝑞(𝑥, 𝑥, 𝑥) = 𝑞(𝑦, 𝑦, 𝑦) = 𝑞(𝑧, 𝑧, 𝑧) = 𝑞(𝑥, 𝑦, 𝑧) if and only if 𝑥 = 𝑦 = 𝑧 
(3.1.2) max{𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑦, 𝑦, 𝑡), 𝑞(𝑧, 𝑧, 𝑡)} ≤ 𝑞(𝑥, 𝑦, 𝑧), for 𝑡 ∈ {𝑥, 𝑦, 𝑧} 
(3.1.3) 𝑞(𝑥, 𝑦, 𝑧) is invariant of any permutation of 𝑥, 𝑦, 𝑧 
(3.1.4) 𝑞(𝑥, 𝑦, 𝑡) ≤ 𝑞(𝑥, 𝑧, 𝑡) + 𝑞(𝑧, 𝑦, 𝑡) − 𝑞(𝑧, 𝑧, 𝑡) for all , 𝑦, 𝑧, 𝑡 ∈ 𝑋 . 
The pair (𝑋, 𝑞) is called a quasi-𝑆-metric space. 
 
3.2 Observation: 
 
3.2.1. 𝑞(𝑥, 𝑦, 𝑦) = 𝑞(𝑥, 𝑥, 𝑦) 
 
Proof: From (3.1.2) 

max{𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑦, 𝑦, 𝑡), 𝑞(𝑧, 𝑧, 𝑡)} ≤ 𝑞(𝑥, 𝑦, 𝑧), for 𝑡 ∈ {𝑥, 𝑦, 𝑧} 
 
By taking 𝑡 = 𝑦, 𝑧 = 𝑦, we have 

max{𝑞(𝑥, 𝑥, 𝑦), 𝑞(𝑦, 𝑦, 𝑦), 𝑞(𝑦, 𝑦, 𝑦)} ≤ 𝑞(𝑥, 𝑦, 𝑦) 
∴ 𝑞(𝑥, 𝑥, 𝑦) ≤ 𝑞(𝑥, 𝑦, 𝑦)                                                                                                                            (3.2.1.1) 

 
By taking 𝑡 = 𝑥, 𝑧 = 𝑥, we have 

max{𝑞(𝑥, 𝑥, 𝑥), 𝑞(𝑦, 𝑦, 𝑥), 𝑞(𝑥, 𝑥, 𝑥)} ≤ 𝑞(𝑥, 𝑦, 𝑥) 
⟹ 𝑞(𝑦, 𝑦, 𝑥) ≤ 𝑞(𝑥, 𝑦, 𝑥) = 𝑞(𝑦, 𝑥, 𝑥)                                                       
⟹ 𝑞(𝑦, 𝑦, 𝑥) ≤ 𝑞(𝑦, 𝑥, 𝑥)  ⟹ 𝑞(𝑥, 𝑦, 𝑦) ∴ 𝑞(𝑥, 𝑥, 𝑦)                                                                               (3.2.1.2) 

 
From (3.2.1.1) and (3.2.1.2) 

 𝑞(𝑥, 𝑥, 𝑦) = 𝑞(𝑥, 𝑦, 𝑦) 
 
3.3 Definition: A sequence {𝑥𝑛} in the quasi-𝑆-metric space (𝑋, 𝑞) converges to a point 𝑥 ∈ 𝑋 if 
𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥) → 𝑞(𝑥, 𝑥, 𝑥). We write this as 𝑥𝑛 → 𝑥. 
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3.4 Definition: A sequence {𝑥𝑛} in the quasi-𝑆-metric space (𝑋, 𝑞) is called a Cauchy sequence  
if lim𝑚,𝑛→∞ 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚) exists and is finite. 
 
3.5 Definition: A quasi-𝑆-metric space is called complete if every Cauchy sequence {𝑥𝑛} in 𝑋 converges to a point 
𝑥 ∈ 𝑋 so that 𝑞(𝑥, 𝑥, 𝑥) = lim𝑚,𝑛→∞ 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚) 
 
3.6 Now we observe the following: 
 
3.6.1 If 𝑥𝑛 → 𝑥, then 𝑞(𝑥, 𝑥, 𝑥) = 0 
 
Proof: If  𝑥𝑛 → 𝑥, we have 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥) → 0 
 
From (3.1.2) 

max{𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑦, 𝑦, 𝑡), 𝑞(𝑧, 𝑧, 𝑡)} ≤ 𝑞(𝑥, 𝑦, 𝑧), for 𝑡 ∈ {𝑥, 𝑦, 𝑧} 
 
Taking 𝑡 = 𝑥, 𝑦 = 𝑧 = 𝑥𝑛 

max{𝑞(𝑥, 𝑥, 𝑥), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥)} ≤ 𝑞(𝑥, 𝑥𝑛 , 𝑥𝑛) → 0 as 𝑛 → ∞ 
⟹ 𝑞(𝑥, 𝑥, 𝑥) = 0 

 
3.6.2 If 𝑥𝑛 → 𝑥, then 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛) → 0 as 𝑛 → ∞ and 𝑞(𝑥, 𝑥𝑛 , 𝑥𝑛) → 0 as 𝑛 → ∞ 
 
Proof: Since  𝑥𝑛 → 𝑥, we have 𝑞(𝑥𝑛, 𝑥𝑛 , 𝑥) → 0 
 
From (3.1.2) 

max{𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑡), 𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑡)} ≤ 𝑞(𝑥𝑛, 𝑥, 𝑥𝑛) for 𝑡 ∈ {𝑥, 𝑥𝑛} 
 
Taking 𝑡 = 𝑥𝑛 

max{𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛), 𝑞(𝑥, 𝑥, 𝑥𝑛), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛)} ≤ 𝑞(𝑥𝑛 , 𝑥, 𝑥𝑛) 
∴ 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛) → 0, 𝑞(𝑥, 𝑥, 𝑥𝑛) → 0 

 
3.6.3 If 𝑥𝑛 → 𝑥, 𝑥𝑛 → 𝑦, then 𝑞(𝑥, 𝑦, 𝑥𝑛) → 0 as 𝑛 → ∞ 
 
Proof: Since 𝑥𝑛 → 𝑥, we have 𝑞(𝑥𝑛 , 𝑥𝑛, 𝑥) → 0 and 𝑥𝑛 → 𝑦, we have 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑦) → 0 
 
From (3.1.4), we have 

𝑞(𝑥, 𝑦, 𝑥𝑛) ≤ 𝑞(𝑥, 𝑥𝑛 , 𝑥𝑛) + 𝑞(𝑥𝑛 , 𝑦, 𝑥𝑛) → 0 as 𝑛 → ∞ 
 
Hence 𝑞(𝑥, 𝑦, 𝑥𝑛) → 0 as 𝑛 → ∞ 
 
3.6.4 The limit is unique i.e. 𝑥𝑛 → 𝑥, 𝑥𝑛 → 𝑦 ⟹ 𝑥 = 𝑦 
 
If 𝑥𝑛 → 𝑥, 𝑥𝑛 → 𝑦, then 𝑞(𝑥𝑛 , 𝑥𝑛, 𝑥) → 0  and 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑦) → 0   
 
From (3.1.2) 

max{𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑡), 𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑡)} ≤ 𝑞(𝑥𝑛, 𝑥, 𝑥𝑛) 
⟹ max{𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛), 𝑞(𝑥, 𝑥, 𝑥𝑛), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛)} ≤ 𝑞(𝑥𝑛 , 𝑥, 𝑥𝑛) 
∴  𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛) → 0, 𝑞(𝑥, 𝑥, 𝑥𝑛) → 0 

 
Similarly we get 𝑞(𝑦, 𝑦, 𝑥𝑛) → 0  
 
From (3.1.4) 

 𝑞(𝑥, 𝑦, 𝑥𝑛) ≤ 𝑞(𝑥, 𝑥𝑛 , 𝑥𝑛) + 𝑞(𝑥𝑛 , 𝑦, 𝑥𝑛) − 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛) → 0 as 𝑛 → ∞ 
∴  𝑞(𝑥, 𝑦, 𝑥𝑛) → 0 as 𝑛 → ∞ 

 
From (3.1.2) 

max{𝑞(𝑥, 𝑥, 𝑥), 𝑞(𝑦, 𝑦, 𝑥), 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥)} ≤ 𝑞(𝑥, 𝑦, 𝑥𝑛) → 0 as 𝑛 → ∞ 
∴  𝑞(𝑦, 𝑦, 𝑥) = 0 

 
From (3.1.1) 

0 = 𝑞(𝑥, 𝑥, 𝑥) = 𝑞(𝑦, 𝑦, 𝑦) = 𝑞(𝑥, 𝑦, 𝑦) ⟹𝑥 = 𝑦 
 
 Therefore the limit is unique. 
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3.6.5 If 𝑥𝑛 → 𝑥, then 𝑞(𝑧, 𝑧, 𝑥𝑛) → 𝑞(𝑧, 𝑧, 𝑥) 
 
From (3.1.2), we have 𝑞(𝑧, 𝑧, 𝑥𝑛) ≤ 𝑞(𝑧, 𝑥, 𝑥𝑛) 
                                                      ≤ 𝑞(𝑧, 𝑥𝑛 , 𝑥𝑛) + 𝑞(𝑥𝑛 , 𝑥, 𝑥𝑛) − 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛) 
 

∴ 0 ≤ 𝑞(𝑧, 𝑥, 𝑥𝑛) − 𝑞(𝑧, 𝑧, 𝑥𝑛) ≤ 𝑞(𝑥𝑛 , 𝑥, 𝑥𝑛) − 𝑞(𝑥𝑛, 𝑥𝑛 , 𝑥𝑛)                                                                (3.6.5.1) 
                                                                                       (since 𝑞(𝑧, 𝑥𝑛 , 𝑥𝑛) = 𝑞(𝑧, 𝑧, 𝑥𝑛) → 0 as 𝑛 → ∞) 
 
Now 𝑞(𝑧, 𝑥𝑛 , 𝑥) ≤ 𝑞(𝑧, 𝑥, 𝑥) + 𝑞(𝑥, 𝑥𝑛 , 𝑥) − 𝑞(𝑥, 𝑥, 𝑥)    (by (3.1.4)) 

∴ lim𝑛→∞ sup 𝑞(𝑧, 𝑥𝑛 , 𝑥) ≤ 𝑞(𝑧, 𝑥, 𝑥) ≤ 𝑞(𝑧, 𝑥𝑛 , 𝑥)   (by (3.1.2)) 
∴ lim𝑛→∞ sup 𝑞(𝑧, 𝑥𝑛 , 𝑥) ≤ 𝑞(𝑧, 𝑥, 𝑥) ≤ lim𝑛→∞ inf 𝑞(𝑧, 𝑥𝑛, 𝑥)    
∴ lim𝑛→∞ 𝑞(𝑧, 𝑥𝑛 , 𝑥) = 𝑞(𝑧, 𝑥, 𝑥) or 𝑞(𝑧, 𝑧, 𝑥) 
∴ From (3.6.5.1)  

0 ≤ lim
𝑛→∞

�𝑞(𝑧, 𝑥, 𝑥𝑛) − 𝑞(𝑧, 𝑧, 𝑥𝑛)� ≤ 0 
0 ≤ 𝑞(𝑧, 𝑧, 𝑥) − lim

𝑛→∞
𝑞(𝑧, 𝑧, 𝑥𝑛) ≤ 0 

∴ lim𝑛→∞ 𝑞(𝑧, 𝑧, 𝑥𝑛) = 𝑞(𝑧, 𝑧, 𝑥) or 𝑞(𝑧, 𝑧, 𝑥𝑛) → 𝑞(𝑧, 𝑧, 𝑥) 
 
Now we introduce a notation 
 
3.7 Notation: Let Φ= {𝜑  𝜑: [0, ∞) → [0, ∞), where 𝜑 is continuous, increasing, 𝜑(𝑡) = 0 if 𝑡 = 0 and 𝜑(𝑡) < 𝑡 if  
𝑡 > 0 and ∑ 𝜑𝑛(𝑡) < ∞}. 
 
3.8 Definition: Let (𝑋, 𝑞) be a quasi-𝑆-metric space, 𝑇 be a self map on 𝑋 and 𝜓 ∈ Φ.  
 
Suppose  𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜓(max{𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)})  for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 . Then 𝑇  is 
called a 𝜓-contraction on 𝑋. 
 
Now we prove the first main theorem for a 𝜓-contraction on a complete quasi-𝑆-metric space. 
 
3.9 Theorem: Let (𝑋, 𝑞) be a complete quasi-𝑆-metric space and 𝜓 ∈ Φ.  
Suppose 𝑇: 𝑋 → 𝑋 is a 𝜓-contraction. That is  

𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜓 (max{𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)}) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.             (3.9.1)  
Then 𝑇 has a unique fixed point. 
 
Proof: Let 𝑥0 ∈ 𝑋. 
 
Write 𝑥𝑛+1 = 𝑇𝑥𝑛 for 𝑛 = 0,1,2, … 
 
If  𝑥𝑛 = 𝑥𝑛+1 for some 𝑛, then 𝑥𝑛 is a fixed point of 𝑇 
 
Hence we may suppose that 𝑥𝑛 ≠ 𝑥𝑛+1 for 𝑛 = 0,1,2, … 
 
Consider 
 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3) = 𝑞(𝑇𝑥𝑛 , 𝑇𝑥𝑛+1, 𝑇𝑥𝑛+2) 

≤ 𝜓 �max � 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2), 𝑞(𝑥𝑛 , 𝑇𝑥𝑛 , 𝑇𝑥𝑛),
𝑞(𝑥𝑛+1, 𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1), 𝑞(𝑥𝑛+2, 𝑇𝑥𝑛+2, 𝑇𝑥𝑛+2)�� 

= 𝜓 �max � 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2), 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+1),
𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2), 𝑞(𝑥𝑛+2, 𝑥𝑛+3, 𝑥𝑛+3)�� 

≤ 𝜓�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)�                                                                                                           (3.9.4) 
< 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) 
 

∴ {𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)} ↓ 0 
 
From (3.9.4) by induction, we get 

𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3) ≤ 𝜓𝑛�𝑞(𝑥0, 𝑥1, 𝑥2)�                                                                                                     (3.9.5)  
 
By   induction, we get 

 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+𝑘) ≤ 𝜓(𝑡) + 𝜓2(𝑡) + 𝜓3(𝑡) + ⋯ + 𝜓𝑘−2(𝑡)     
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For any 𝑛, and 𝑘 = 3,4, …     where 𝑡 = 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) 

∴ 𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚) ≤ 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑚) → 0 as 𝑚, 𝑛 → ∞ 
= 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+𝑘)  (m>n) 
≤ 𝜓(𝑡) + 𝜓2(𝑡) + 𝜓3(𝑡) + ⋯ + 𝜓𝑘−2(𝑡) (where 𝑡 = 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)) 
≤ 𝜓𝑛�𝑞(𝑥0, 𝑥1, 𝑥2)�  (by 3.9.5) 
≤ ∑ 𝜓𝑛+𝑙𝑘−2

𝑙=1 �𝑞(𝑥0, 𝑥1, 𝑥2)� → 0 as 𝑛 → ∞ 
∴  𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚) → 0 as 𝑚, 𝑛 → ∞ 
∴ {𝑥𝑛} is Cauchy. 

Now we show that 𝑇 has a fixed point 
Suppose 𝑥𝑚 → 𝑙 (since 𝑋 is complete) 
 
Consider 

𝑞(𝑇𝑙, 𝑇𝑙, 𝑥𝑚+1) = 𝑞(𝑇𝑙, 𝑇𝑙, 𝑇𝑥𝑚) 

≤ 𝜓 �max � 𝑞(𝑙, 𝑙, 𝑥𝑚), 𝑞(𝑙, 𝑇𝑙, 𝑇𝑙),
𝑞(𝑙, 𝑇𝑙, 𝑇𝑙), 𝑞(𝑥𝑚 , 𝑇𝑥𝑚 , 𝑇𝑥𝑚)�� 

= 𝜓 �max �𝑞(𝑙, 𝑙, 𝑥𝑚), 𝑞(𝑙, 𝑇𝑙, 𝑇𝑙),
𝑞(𝑥𝑚 , 𝑥𝑚+1, 𝑥𝑚+1) �� 

Letting 𝑚 → ∞, we get  

𝑞(𝑇𝑙, 𝑇𝑙, 𝑙) ≤ 𝜓 �max �𝑞(𝑙, 𝑙, 𝑙), 𝑞(𝑙, 𝑇𝑙, 𝑇𝑙),
𝑞(𝑙, 𝑇𝑙, 𝑇𝑙), 𝑞(𝑙, 𝑙, 𝑙)��   (by (3.6.5)) 

≤ 𝜓(max{𝑞(𝑙, 𝑙, 𝑙), 𝑞(𝑙, 𝑇𝑙, 𝑇𝑙)}) 
= 𝜓�𝑞(𝑙, 𝑇𝑙, 𝑇𝑙)�    (by (3.6.1)) 
≤ 𝜓�𝑞(𝑇𝑙, 𝑇𝑙, 𝑙)� 
 

∴ 𝑞(𝑇𝑙, 𝑇𝑙, 𝑙) ≤ 𝜓�𝑞(𝑇𝑙, 𝑇𝑙, 𝑙)� 
∴ 𝑞(𝑇𝑙, 𝑇𝑙, 𝑙) = 0 
∴ 𝑇𝑙 = 𝑙 
∴ 𝑙 is a fixed point of 𝑇 

Now we show that fixed point of T is unique 
 
Suppose 𝑥 and 𝑦 are two fixed points of 𝑇 
 
So 𝑇𝑥 = 𝑥, 𝑇𝑦 = 𝑦 
 
From (3.9.1)  

𝑞(𝑥, 𝑥, 𝑦) = 𝑞(𝑇𝑥, 𝑇𝑥, 𝑇𝑦) 

  ≤ 𝜓 �max � 𝑞(𝑥, 𝑥, 𝑦), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥)
𝑞(𝑥, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑦, 𝑇𝑦, 𝑇𝑦)�� 

  = 𝜓 �max �𝑞(𝑥, 𝑥, 𝑦), 𝑞(𝑥, 𝑥, 𝑥)
𝑞(𝑥, 𝑥, 𝑥), 𝑞(𝑦, 𝑦, 𝑦)�� 

  = 𝜓(max{𝑞(𝑥, 𝑥, 𝑦), 𝑞(𝑥, 𝑥, 𝑥), 𝑞(𝑦, 𝑦, 𝑦)}) 
  ≤ 𝜓�𝑞(𝑥, 𝑥, 𝑦)� 

(From (3.1.2), we have 𝑞(𝑥, 𝑥, 𝑥) ≤  𝑞(𝑥, 𝑥, 𝑦), 𝑞(𝑦, 𝑦, 𝑦) ≤  𝑞(𝑦, 𝑦, 𝑥)) 
∴ 𝑞(𝑥, 𝑥, 𝑦) ≤ 𝜓�𝑞(𝑥, 𝑥, 𝑦)� 
∴  𝑞(𝑥, 𝑥, 𝑦) = 0 
∴ 𝑥 = 𝑦 

Thus fixed point of 𝑇 is unique. 
 
3.10 Corollary: Let (𝑋, 𝑞) be a complete quasi-𝑆-metric space. Let 𝑇: 𝑋 → 𝑋 and 0 ≤ 𝜆 < 1. 
 
Suppose 𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜆 𝑞(𝑥, 𝑇𝑦, 𝑇𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.  
 
Then 𝑇 has a unique fixed point. 
 
Proof: Define 𝜓(𝑡) = 𝜆𝑡 for 𝑡 ≥ 0. Then 𝜓∈ Φ and from (3.9.1), we have 

𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜆𝑞(𝑥, 𝑦, 𝑧) = 𝜓�𝑞(𝑥, 𝑦, 𝑧)� 

≤ 𝜓 �max � 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥)
𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)�� 

 
Now the result follows from theorem 3.9. 
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3.11 Definition: Let (𝑋, 𝑞) be a quasi-𝑆-metric space, 𝑇 be a self map on 𝑋 and 𝜑 ∈ Φ.  

Suppose  𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜑

⎝

⎜
⎛

𝑚𝑎𝑥

⎝

⎛
𝑚𝑎𝑥 � 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥),

𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)� ,

1
2

𝑚𝑎𝑥 �𝑞(𝑥, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑥, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑦, 𝑇𝑥, 𝑇𝑥),
𝑞(𝑦, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑧, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑧, 𝑇𝑦, 𝑇𝑦) �

⎠

⎞

⎠

⎟
⎞

 ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋.    

Then 𝑇 is called a 𝜑-contraction on 𝑋. 
 
Now we prove our second main theorem, which involves the members of the class Φ. 
 
3.12 Theorem: Let (𝑋, 𝑞) be a Complete quasi-𝑆-metric space, 𝜑 ∈  Φ and let   𝑇 ∶  𝑋 →  𝑋 be such that  

𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜑

⎝

⎜
⎛

𝑚𝑎𝑥

⎝

⎛
𝑚𝑎𝑥 � 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥),

𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)� ,

1
2

𝑚𝑎𝑥 �𝑞(𝑥, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑥, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑦, 𝑇𝑥, 𝑇𝑥),
𝑞(𝑦, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑧, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑧, 𝑇𝑦, 𝑇𝑦) �

⎠

⎞

⎠

⎟
⎞

 ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋.    

Then 𝑇 has a unique fixed point. 
 
Proof: Let  𝑥0 ∈ 𝑋, and define inductively 𝑥𝑛+1  =  𝑇𝑥𝑛 ,𝑛 = 0, 1, 2, . .. 
 
If 𝑥𝑛+1  =  𝑥𝑛 for some 𝑛, then 𝑥𝑛 is a fixed point of 𝑇.  
 
Hence we may suppose that 𝑥𝑛+1  ≠  𝑥𝑛  for  𝑛 = 0, 1, 2, . . . 
 
Consider 

𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) = 𝑞(𝑇𝑥𝑛−1, 𝑇𝑥𝑛, 𝑇𝑥𝑛+1) 

≤ 𝜑

⎝

⎜⎜
⎛

max

⎝

⎜⎜
⎛

𝑚𝑎𝑥 �𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1), 𝑞(𝑥𝑛−1, 𝑇𝑥𝑛−1, 𝑇𝑥𝑛−1),
𝑞(𝑥𝑛 , 𝑇𝑥𝑛 , 𝑇𝑥𝑛), 𝑞(𝑥𝑛+1, 𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1) � ,

1
2

𝑚𝑎𝑥 �
𝑞(𝑥𝑛−1, 𝑇𝑥𝑛 , 𝑇𝑥𝑛), 𝑞(𝑥𝑛−1, 𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1),
𝑞(𝑥𝑛 , 𝑇𝑥𝑛−1, 𝑇𝑥𝑛−1), 𝑞(𝑥𝑛 , 𝑇𝑥𝑛+1, 𝑇𝑥𝑛+1)
, 𝑞(𝑥𝑛+1, 𝑇𝑥𝑛−1, 𝑇𝑥𝑛−1), 𝑞(𝑥𝑛+1, 𝑇𝑥𝑛 , 𝑇𝑥𝑛)

�
⎠

⎟⎟
⎞

⎠

⎟⎟
⎞

 

≤ 𝜑

⎝

⎜⎜
⎛

max

⎝

⎜⎜
⎛

𝑚𝑎𝑥 � 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1), 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛),
𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+1), 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2)� ,

1
2

𝑚𝑎𝑥 �
𝑞(𝑥𝑛−1, 𝑥𝑛+1, 𝑥𝑛+1), 𝑞(𝑥𝑛−1, 𝑥𝑛+2, 𝑥𝑛+2),

𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛), 𝑞(𝑥𝑛 , 𝑥𝑛+2, 𝑥𝑛+2)
, 𝑞(𝑥𝑛+1, 𝑥𝑛 , 𝑥𝑛), 𝑞(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛+1)

�
⎠

⎟⎟
⎞

⎠

⎟⎟
⎞

 

 
From (3.1.2) we have 

𝑞(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛) ≤ 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1) 
𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+1) ≤ 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) 
𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+2) ≤ 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛) 
𝑞(𝑥𝑛−1, 𝑥𝑛+1, 𝑥𝑛+1) ≤ 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1) 
𝑞(𝑥𝑛−1, 𝑥𝑛+2, 𝑥𝑛+2) ≤ 𝑞(𝑥𝑛−1, 𝑥𝑛+1, 𝑥𝑛+2) 
𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑛) ≤ 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) 
𝑞(𝑥𝑛 , 𝑥𝑛+2, 𝑥𝑛+2) ≤ 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) 
𝑞(𝑥𝑛+1, 𝑥𝑛, 𝑥𝑛) ≤ 𝑞(𝑥𝑛+1, 𝑥𝑛−1, 𝑥𝑛) 
𝑞(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛+1) ≤ 𝑞(𝑥𝑛+1, 𝑥𝑛 , 𝑥𝑛+2) 

∴ 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝜑

⎝

⎜⎜
⎛

max

⎩
⎪
⎨

⎪
⎧ 𝑚𝑎𝑥 �𝑞(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛+1), 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1),

𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2), 𝑞(𝑥𝑛+1, 𝑥𝑛, 𝑥𝑛+2)� ,

1
2

𝑚𝑎𝑥 �
𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1), 𝑞(𝑥𝑛−1, 𝑥𝑛+1, 𝑥𝑛+2),

𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2), 𝑞(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+2),
𝑞(𝑥𝑛+1, 𝑥𝑛−1, 𝑥𝑛), 𝑞(𝑥𝑛+1, 𝑥𝑛 , 𝑥𝑛+2)

�
⎭
⎪
⎬

⎪
⎫

⎠

⎟⎟
⎞

 

                                = 𝜑 �max �max{𝑞(𝑥𝑛−1,𝑥𝑛,𝑥𝑛+1),𝑞(𝑥𝑛,𝑥𝑛+1,𝑥𝑛+2)},   
1
2𝑞(𝑥𝑛−1,𝑥𝑛+1,𝑥𝑛+2)

�� 

                                = 𝜑 �max �
𝑚𝑎𝑥{𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1), 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)},

1
2

[𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1) + 𝑞(𝑥𝑛 , 𝑥𝑛+2, 𝑥𝑛+1)] ��  (by (3.1.4)) 

∴ 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝜑(max{𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1), 𝑞(𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+2)}) 
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If 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) is maximum, we get 

𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝜑�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)� 
Then 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) = 0 
 
Hence 𝑥𝑛+1 = 𝑥𝑛 which is a contradiction, by (3.1.1) 
 
Therefore 𝑞(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛+1) is maximum 

i.e.,   𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2) ≤ 𝜑�𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1)� 
                                          < 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1)                                                                                                           (3.12.1) 

 
Hence {𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1)} is a strictly decreasing sequence 
 
Suppose  { 𝑞(𝑥𝑛−1, 𝑥𝑛, 𝑥𝑛+1)} ↓ 𝛼 
 
On letting 𝑛 → ∞, we get 

lim
𝑛→∞

𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1) = 𝛼 ≤ 𝜑(𝛼) 
 
Hence 𝛼 = 0 
 
Therefore 𝑞(𝑥𝑛−1, 𝑥𝑛 , 𝑥𝑛+1) → 0 as 𝑛 → ∞ 
 
Now we show that {𝑥𝑛} is Cauchy 
 
Consider 

𝑞(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛+𝑘) ≤ 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+𝑘)    (by 3.1.2) 
= 𝑞(𝑥𝑛+1, 𝑥𝑛+𝑘 , 𝑥𝑛+2) 
≤ 𝑞(𝑥𝑛+1, 𝑥𝑛+3, 𝑥𝑛+2) + 𝑞(𝑥𝑛+3, 𝑥𝑛+𝑘 , 𝑥𝑛+2) − 𝑞(𝑥𝑛+3, 𝑥𝑛+3, 𝑥𝑛+2) 
≤ 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3) + 𝑞(𝑥𝑛+2, 𝑥𝑛+𝑘 , 𝑥𝑛+3) 
= 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3) + 𝑞(𝑥𝑛+2, 𝑥𝑛+4, 𝑥𝑛+3) + 𝑞(𝑥𝑛+4, 𝑥𝑛+𝑘 , 𝑥𝑛+3) 
≤ 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3) + 𝑞(𝑥𝑛+2, 𝑥𝑛+3, 𝑥𝑛+4) + 𝑞(𝑥𝑛+3, 𝑥𝑛+𝑘 , 𝑥𝑛+4) 

 
Therefore by induction we get 
𝑞(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛+𝑘) ≤ 𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3) + 𝑞(𝑥𝑛+2, 𝑥𝑛+3, 𝑥𝑛+4) + ⋯ + 𝑞�𝑥𝑛+(𝑘−2), 𝑥𝑛+(𝑘−1), 𝑥𝑛+𝑘� 
                                ≤ 𝜑�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)� + 𝜑�𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3)� + ⋯ + 𝜑(𝑞�𝑥𝑛+(𝑘−3), 𝑥𝑛+(𝑘−2), 𝑥𝑛+(𝑘−1)� 
                                                                                                                                                                                (by 3.9.2) 
Now 

𝜑�𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3)� ≤ 𝜑 �𝜑�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)�� 
  = 𝜑2�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)� 

 
𝜑�𝑞(𝑥𝑛+2, 𝑥𝑛+3, 𝑥𝑛+4)� ≤ 𝜑 �𝜑�𝑞(𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+3)�� 

                                            = 𝜑 �𝜑 �𝜑�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)��� 

                                            = 𝜑3�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)� 
 
Therefore by induction  

∴ 𝜑 �𝑞�𝑥𝑛+(𝑘−3), 𝑥𝑛+(𝑘−2), 𝑥𝑛+(𝑘−1)�� = 𝜑 �𝑞�𝑥𝑛+(𝑘−4), 𝑥𝑛+(𝑘−3), 𝑥𝑛+(𝑘−2)�� 

                                                                       ≤ 𝜑 �𝜑𝑘−3�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)�� 
                                                                       = 𝜑𝑘−2�𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)� 

 
∴ 𝑞(𝑥𝑛+1, 𝑥𝑛+1, 𝑥𝑛+𝑘) ≤ 𝜑(𝑡) + 𝜑2(𝑡) + ⋯ + 𝜑𝑘−2(𝑡) → 0 as 𝑘 → ∞, where 𝑡 = 𝑞(𝑥𝑛 , 𝑥𝑛+1, 𝑥𝑛+2)  
                                                                                                                                                            (Since 𝜑 ∈Φ) 
∴  𝑞(𝑥𝑛 , 𝑥𝑛 , 𝑥𝑚) → 0 as 𝑚, 𝑛 → ∞ 

 
Therefore {𝑥𝑛} is Cauchy. 
 
Let {𝑥𝑛}→ 𝑝 as 𝑛 → ∞ 
 
Now we show that 𝑝 is a fixed point of 𝑇 



K. P. R. Sastry, K. K. M. Sarma and P. Krishna Kumari* /  
Fixed Point Theorems for 𝜓-Contractions and 𝝋-Contractions in quasi-S-metric spaces / IJMA- 9(12), Dec.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                         9  

 
Consider 

𝑞(𝑇𝑝, 𝑇𝑝, 𝑥𝑚+1) = 𝑞(𝑇𝑝, 𝑇𝑝, 𝑇𝑥𝑚) 

≤ 𝜑

⎝

⎜⎜
⎛

max

⎩
⎪
⎨

⎪
⎧ 𝑚𝑎𝑥 � 𝑞(𝑝, 𝑝, 𝑥𝑚), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝),

𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑥𝑚 , 𝑇𝑥𝑚 , 𝑇𝑥𝑚)� ,

1
2

𝑚𝑎𝑥 �
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑥𝑚 , 𝑇𝑥𝑚),
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑥𝑚 , 𝑇𝑥𝑚),
𝑞(𝑥𝑚 , 𝑇𝑝, 𝑇𝑝), 𝑞(𝑥𝑚 , 𝑇𝑝, 𝑇𝑝)

�
⎭
⎪
⎬

⎪
⎫

⎠

⎟⎟
⎞

 

 
On letting 𝑚 → ∞ 

 𝑞(𝑇𝑝, 𝑇𝑝, 𝑝) ≤ 𝜑

⎝

⎜⎜
⎛

max

⎝

⎜⎜
⎛

𝑚𝑎𝑥 � 𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝),
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝)� ,

1
2

𝑚𝑎𝑥 �
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝),
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝),
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝)

�
⎠

⎟⎟
⎞

⎠

⎟⎟
⎞

 

                        = 𝜑 �max �
𝑚𝑎𝑥{𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝)},

1
2

𝑞(𝑝, 𝑇𝑝, 𝑇𝑝) �� 

                        ≤ 𝜑�𝑞(𝑝, 𝑇𝑝, 𝑇𝑝)� = 𝜑 (𝑞(𝑇𝑝, 𝑇𝑝, 𝑝)) by (3.2.1) 
 

∴  𝑞(𝑇𝑝, 𝑇𝑝, 𝑝) ≤ 𝜑�𝑞(𝑇𝑝, 𝑇𝑝, 𝑝)� < 𝑞(𝑇𝑝, 𝑇𝑝, 𝑝), a contradiction if 𝑇𝑝 = 𝑝 
∴ 𝑇𝑝 = 𝑝  

 
Thus 𝑝 is a fixed point of 𝑇. 
 
Now we show that fixed point of T is unique 
 
Let 𝑝 and 𝑟 be fixed points of 𝑇 then 𝑇𝑝 = 𝑝 and 𝑇𝑟 = 𝑟 
 
Consider 

𝑞(𝑝, 𝑝, 𝑟) = 𝑞(𝑇𝑝, 𝑇𝑝, 𝑇𝑟) 

≤ 𝜑

⎝

⎜⎜
⎛

max

⎝

⎜⎜
⎛

𝑚𝑎𝑥 � 𝑞(𝑝, 𝑝, 𝑟), 𝑞(𝑝, 𝑇𝑝, 𝑇𝑝),
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑟, 𝑇𝑟, 𝑇𝑟)� ,

1
2 𝑚𝑎𝑥 �

𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑟, 𝑇𝑟),
𝑞(𝑝, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑝, 𝑇𝑟, 𝑇𝑟),
𝑞(𝑟, 𝑇𝑝, 𝑇𝑝), 𝑞(𝑟, 𝑇𝑝, 𝑇𝑝)

�
⎠

⎟⎟
⎞

⎠

⎟⎟
⎞

 

= 𝜑

⎝

⎜⎜
⎛

max

⎝

⎜⎜
⎛

𝑚𝑎𝑥 �𝑞(𝑝, 𝑝, 𝑟), 𝑞(𝑝, 𝑝, 𝑝),
𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑟, 𝑟, 𝑟) � ,

1
2 𝑚𝑎𝑥 �

𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑝, 𝑟, 𝑟),
𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑝, 𝑟, 𝑟),
𝑞(𝑟, 𝑝, 𝑝), 𝑞(𝑟, 𝑝, 𝑝)

�
⎠

⎟⎟
⎞

⎠

⎟⎟
⎞

 

= 𝜑 �max �
𝑚𝑎𝑥{𝑞(𝑝, 𝑝, 𝑟), 𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑟, 𝑟, 𝑟)},

1
2 𝑚𝑎𝑥{𝑞(𝑝, 𝑝, 𝑝), 𝑞(𝑝, 𝑟, 𝑟), 𝑞(𝑟, 𝑝, 𝑝)}

�� 

 
From (3.1.2) , we have 𝑞(𝑝, 𝑝, 𝑝) ≤ 𝑞(𝑝, 𝑝, 𝑟),   𝑞(𝑟, 𝑟, 𝑟) ≤ 𝑞(𝑟, 𝑟, 𝑝) 

∴ 𝑞(𝑝, 𝑝, 𝑟) ≤ 𝜑�𝑞(𝑝, 𝑝, 𝑟)� 
∴ 𝑞(𝑝, 𝑝, 𝑟) = 0 
∴ 𝑝 = 𝑟 

 
We conclude the paper with an example of a quasi-𝑆-metric space. 
 
4. EXAMPLES 
 
4.2 Example: Let 𝑋 = {[𝑎, 𝑏]|𝑎, 𝑏 ∈ 𝑅+, 𝑎 ≤ 𝑏�} and define 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]) = max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒}.  
Then 𝑞: 𝑋 × 𝑋 × 𝑋 → 𝑅+ is a quasi-𝑆-metric and (𝑋, 𝑞) is a complete qSMS.  
 
Define 𝑇: 𝑋 → 𝑋 by 𝑇𝑥 = 𝑥

2
  i.e. [𝑎, 𝑏] ∈ 𝑋 ⟹ 𝑇([𝑎, 𝑏]) = �𝑎

2
, 𝑏

2
� and 

 
Define 𝜓:[0, ∞) → [0, ∞) by 𝜓(𝑡) = 𝑡

2
 then 𝜓∈ Φ. 
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Show that 𝑇 is a 𝜓-contraction. 
i.e. 𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜓(max{𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)})                                                          (4.2.1) 
 
Solution: Let 𝑥 = [𝑎, 𝑏], 𝑦 =  [𝑐, 𝑑], 𝑧 = [𝑒, 𝑓] 
 
So that 𝑇𝑥 = �𝑎

2
, 𝑏

2
�, 𝑇𝑦 = �𝑐

2
, 𝑑

2
�, 𝑇𝑧 = �𝑒

2
, 𝑓

2
� 

L.H.S (4.2.1) 

𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) = 𝑞 ��
𝑎
2 ,

𝑏
2

� , �
𝑐
2

,
𝑑
2

� , �
𝑒
2

,
𝑓
2

�� 

                          = max �𝑏
2

, 𝑑
2

, 𝑓
2
� − min �𝑎

2
, 𝑐

2
, 𝑒

2
�                                                                                              (4.2.2) 

 
R.H.S (4.2.1) 
𝜓(max{𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)}) 

= 𝜓 �max �
𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]), 𝑞 �[𝑎, 𝑏], �𝑎

2
, 𝑏

2
� , �𝑎

2
, 𝑏

2
�� ,

𝑞 �[𝑐, 𝑑], �𝑐
2

, 𝑑
2

� , �𝑐
2

, 𝑑
2

�� , 𝑞 �[𝑒, 𝑓], �𝑒
2

, 𝑓
2

� , �𝑒
2

, 𝑓
2
��

�� 

= 𝜓 �max �
max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} , max �𝑏, 𝑏

2
, 𝑏

2
� − min �𝑎, 𝑎

2
, 𝑎

2
� ,

max �𝑑, 𝑑
2

, 𝑑
2

� − min �𝑐, 𝑐
2

, 𝑐
2
� , max �𝑓, 𝑓

2
, 𝑓

2
� − min �𝑒, 𝑒

2
, 𝑒

2
�

�� 

= 𝜓 �max �max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} , �𝑏 −
𝑎
2

� , �𝑑 −
𝑐
2

� , �𝑓 −
𝑒
2

��� 

= max �max �𝑏
2

, 𝑑
2

, 𝑓
2
� − min �𝑎

2
, 𝑐

2
, 𝑒

2
� , �𝑏

2
− 𝑎

4
� , �𝑑

2
− 𝑐

4
� , �𝑓

2
− 𝑒

4
��                                                              (4.2.3) 

 
So (4.2.2) ≤ (4.2.3) 
 
Therefore L.H.S≤R.H.S 
 
By Theorem (3.9), 𝑇 has a unique fixed point. 
 
Clearly 𝑥 = [𝑎, 𝑏] = [0,0] is a fixed point of 𝑇 and is unique. 
 
4.3 Example: Let (𝑋, 𝑞) be a complete quasi-𝑆-metric space, 𝜑 ∈ Φ  and let 𝑇 ∶  𝑋 →  𝑋 be such that 

𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜑

⎝

⎜
⎛

𝑚𝑎𝑥

⎝

⎛
𝑚𝑎𝑥 � 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥),

𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)� ,

1
2

𝑚𝑎𝑥 �𝑞(𝑥, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑥, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑦, 𝑇𝑥, 𝑇𝑥),
𝑞(𝑦, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑧, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑧, 𝑇𝑦, 𝑇𝑦) �

⎠

⎞

⎠

⎟
⎞

∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋.               (4.3.1) 

 
Define 𝑇𝑥 = 𝑥

2
, 𝜑(𝑡)=𝑡

2
 

Then 𝑇 has a unique fixed point in 𝑋. 
 
Solution: Let 𝑥 = [𝑎, 𝑏], 𝑦 =  [𝑐, 𝑑], 𝑧 = [𝑒, 𝑓] and  
 
Define 𝑞(𝑥, 𝑦, 𝑧) = 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]) = max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒}.  
 
From (4.3.1) L.H.S= 𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) = 𝑞 ��𝑎

2
, 𝑏

2
� , �𝑐

2
, 𝑑

2
� , �𝑒

2
, 𝑓

2
�� 

                                                         = max �𝑏
2

, 𝑑
2

, 𝑓
2
� − min �𝑎

2
, 𝑐

2
, 𝑒

2
� 

 
From (4.3.1) 

 R.H.S= 𝜑

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝑚𝑎𝑥

⎝

⎜
⎜
⎜
⎜
⎜
⎛ 𝑚𝑎𝑥 �

𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]), 𝑞 �[𝑎, 𝑏], �𝑎
2

, 𝑏
2
� , �𝑎

2
, 𝑏

2
�� ,

𝑞 �[𝑐, 𝑑], �𝑐
2

, 𝑑
2

� , �𝑐
2

, 𝑑
2

�� , 𝑞 �[𝑒, 𝑓], �𝑒
2

, 𝑓
2
� , �𝑒

2
, 𝑓

2
��

� ,

1
2

𝑚𝑎𝑥

⎩
⎪
⎨

⎪
⎧𝑞 �[𝑎, 𝑏], �𝑐

2
, 𝑑

2
� , �𝑐

2
, 𝑑

2
�� , 𝑞 �[𝑎, 𝑏], �𝑒

2
, 𝑓

2
� , �𝑒

2
, 𝑓

2
�� ,

𝑞 �[𝑐, 𝑑], �𝑎
2

, 𝑏
2
� , �𝑎

2
, 𝑏

2
�� , 𝑞 �[𝑐, 𝑑], �𝑒

2
, 𝑓

2
� , �𝑒

2
, 𝑓

2
��

𝑞 �[𝑒, 𝑓], �𝑎
2

, 𝑏
2
� , �𝑎

2
, 𝑏

2
�� , 𝑞 �[𝑒, 𝑓], �𝑐

2
, 𝑑

2
� , �𝑐

2
, 𝑑

2
�� ⎭

⎪
⎬

⎪
⎫

⎠

⎟
⎟
⎟
⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎞
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             = 𝜑

⎝

⎜
⎜
⎜
⎜
⎜
⎛

𝑚𝑎𝑥

⎝

⎜
⎜
⎜
⎜
⎜
⎛ max  �

max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒}, max �𝑎, 𝑎
2

, 𝑎
2
� − min �𝑏, 𝑏

2
, 𝑏

2
� ,

max �𝑑, 𝑑
2

, 𝑑
2

� − min �𝑐, 𝑐
2

, 𝑐
2
� , max �𝑓, 𝑓

2
, 𝑓

2
� − min �𝑒, 𝑒

2
, 𝑒

2
�

� ,

1
2

max 

⎩
⎪
⎨

⎪
⎧max �𝑏, 𝑑

2
, 𝑑

2
� − min �𝑎, 𝑐

2
, 𝑐

2
� , max �𝑏, 𝑓

2
, 𝑓

2
� − min �𝑎, 𝑒

2
, 𝑒

2
� ,

max �𝑑, 𝑏
2

, 𝑏
2
� − min �𝑐, 𝑎

2
, 𝑎

2
� , max �𝑑, 𝑓

2
, 𝑓

2
� − min �𝑐, 𝑒

2
, 𝑒

2
� ,

max �𝑓, 𝑏
2

, 𝑏
2
� − min �𝑒, 𝑎

2
, 𝑎

2
� , max �𝑓, 𝑑

2
, 𝑑

2
� − min �𝑒, 𝑐

2
, 𝑐

2
� ⎭

⎪
⎬

⎪
⎫

⎠

⎟
⎟
⎟
⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎞

 

            = 𝜑

⎝

⎜
⎜
⎜
⎜
⎛

𝑚𝑎𝑥

⎝

⎜
⎜
⎜
⎛

max �max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} , �𝑏 − 𝑎
2
� , �𝑑 − 𝑐

2
� , �𝑓 − 𝑒

2
�� ,

1
2

max

⎩
⎪
⎨

⎪
⎧max �𝑏, 𝑑

2
� − min �𝑎, 𝑐

2
� , max �𝑏, 𝑓

2
� − min �𝑎, 𝑒

2
� ,

max �𝑑, 𝑏
2
� − min �𝑐, 𝑎

2
� , max �𝑑, 𝑓

2
� − min �𝑐, 𝑒

2
� ,

max �𝑓, 𝑏
2
� − min �𝑒, 𝑎

2
� , max �𝑓, 𝑑

2
� − min �𝑒, 𝑐

2
� ⎭

⎪
⎬

⎪
⎫

⎠

⎟
⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎞

 

 
Therefore  
L.H.S = max �𝑏

2
, 𝑑

2
, 𝑓

2
� − min �𝑎

2
, 𝑐

2
, 𝑒

2
� 

= 𝜑(max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒})  �since  𝜑(𝑡) = 𝑡
2
� 

≤ 𝜑

⎝

⎜
⎜
⎜
⎛

max

⎩
⎪⎪
⎨

⎪⎪
⎧max �max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} , �𝑏 − 𝑎

2
� , �𝑑 − 𝑐

2
� , �𝑓 − 𝑒

2
�� ,

1
2

max

⎩
⎪
⎨

⎪
⎧max �𝑏, 𝑑

2
� − min �𝑎, 𝑐

2
� , max �𝑏, 𝑓

2
� − min �𝑎, 𝑒

2
� ,

max �𝑑, 𝑏
2
� − min �𝑐, 𝑎

2
� , max �𝑑, 𝑓

2
� − min �𝑐, 𝑒

2
� ,

max �𝑓, 𝑏
2
� − min �𝑒, 𝑎

2
� , max �𝑓, 𝑑

2
� − min �𝑒, 𝑐

2
� ⎭

⎪
⎬

⎪
⎫

⎭
⎪⎪
⎬

⎪⎪
⎫

⎠

⎟
⎟
⎟
⎞

 (since 𝜑 is increasing) 

Therefore L.H.S ≤ R.H.S 
 
By Theorem (3.11), 𝑇 has a unique fixed point. 
 
Clearly [0, 0] is a unique fixed point. 
 
4.4 Example: Let 𝑋 = {0,1,2, … } and 𝑞: 𝑋 × 𝑋 × 𝑋 → [0, ∞) is a quasi-S-metric defined by 𝑞(𝑥, 𝑦, 𝑧) = max{𝑥, 𝑦, 𝑧} 

for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and (𝑋, 𝑞) is a complete quasi-𝑆-metric space. Define 𝑇 ∶  𝑋 →  𝑋  by 𝑇𝑥 = �
𝑥
2

 if 𝑥 is even
0 otherwise

� 

 
Define 𝜑: [0, ∞) → [0, ∞) by 𝜑(𝑡) = 𝑡

2
 then 𝜑 ∈ 𝛷. Now we show that 𝑇 is a 𝜑-contraction. 

i.e., 𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜑

⎝

⎜
⎛

𝑚𝑎𝑥

⎝

⎛
𝑚𝑎𝑥 � 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑇𝑥, 𝑇𝑥),

𝑞(𝑦, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑧, 𝑇𝑧, 𝑇𝑧)� ,

1
2

𝑚𝑎𝑥 �𝑞(𝑥, 𝑇𝑦, 𝑇𝑦), 𝑞(𝑥, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑦, 𝑇𝑥, 𝑇𝑥),
𝑞(𝑦, 𝑇𝑧, 𝑇𝑧), 𝑞(𝑧, 𝑇𝑥, 𝑇𝑥), 𝑞(𝑧, 𝑇𝑦, 𝑇𝑦) �

⎠

⎞

⎠

⎟
⎞

 

≤ �𝑚𝑎𝑥 �
𝑚𝑎𝑥{𝑞(𝑥, 𝑦, 𝑧)},

1
2 𝑚𝑎𝑥 �𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑦, 𝑧),

𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑦, 𝑧), 𝑞(𝑥, 𝑦, 𝑧)��� 

= 𝜑�𝑞(𝑥, 𝑦, 𝑧)� 

=
1
2 

 𝑞(𝑥, 𝑦, 𝑧) 

∴ 𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 1
2 

 𝑞(𝑥, 𝑦, 𝑧) = 1
2 

max(𝑥, 𝑦, 𝑧)= 𝜑�𝑞(𝑥, 𝑦, 𝑧)� 
∴  𝑞(𝑇𝑥, 𝑇𝑦, 𝑇𝑧) ≤ 𝜑�𝑞(𝑥, 𝑦, 𝑧)� 

 
Therefore by theorem (3.11), 𝑇 has a fixed point. 
 
Clearly 0 is the fixed point which is unique. 
 
4.1 Example: Let 𝑋 = {[𝑎, 𝑏]  𝑎, 𝑏 ∈ 𝑅, 𝑎 ≤ 𝑏} and define 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]) = max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒}. 
Then 𝑞: 𝑋 × 𝑋 × 𝑋 → 𝑅+ is a quasi-S-metric space. 
 
Sol:  (4.1.1) Let 𝑋 = [𝑎, 𝑏], 𝑌 = [𝑐, 𝑑], 𝑍 = [𝑒, 𝑓] 
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Let us suppose that 𝑞(𝑥, 𝑥, 𝑥) = 𝑞(𝑦, 𝑦, 𝑦) = 𝑞(𝑧, 𝑧, 𝑧) = 𝑞(𝑥, 𝑦, 𝑧) 

⟹𝑞([𝑎, 𝑏], [𝑎, 𝑏], [𝑎, 𝑏]) = 𝑞([𝑐, 𝑑], [𝑐, 𝑑], [𝑐, 𝑑]) = 𝑞([𝑒, 𝑓], [𝑒, 𝑓], [𝑒, 𝑓]) = 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]) 
⟹max{𝑏, 𝑏, 𝑏} − min{𝑎, 𝑎, 𝑎} = max{𝑑, 𝑑, 𝑑} − min{𝑐, 𝑐, 𝑐} = max{𝑓, 𝑓, 𝑓} − min{𝑒, 𝑒, 𝑒} 
=max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} 
⟹𝑏 − 𝑎 = 𝑑 − 𝑐 = 𝑓 − 𝑒 = 𝑏 − 𝑎  (case 1) 
𝑏 − 𝑎 = 𝑑 − 𝑐 = 𝑓 − 𝑒 = 𝑑 − 𝑐  (case2) 
𝑏 − 𝑎 = 𝑑 − 𝑐 = 𝑓 − 𝑒 = 𝑓 − 𝑒 (case3) 

 
In either case [a, b]=[c, d]=[e, f] ⟹ x=y=z 
 
Conversely if x=y=z 

⟹ [𝑎, 𝑏] = [𝑐, 𝑑] = [𝑒, 𝑓] 
Then  

𝑞([𝑎, 𝑏], [𝑎, 𝑏], [𝑎, 𝑏]) = 𝑞([𝑐, 𝑑], [𝑐, 𝑑], [𝑐, 𝑑]) = 𝑞([𝑒, 𝑓], [𝑒, 𝑓], [𝑒, 𝑓]) = 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]) 
∴  𝑞(𝑥, 𝑥, 𝑥) = 𝑞(𝑦, 𝑦, 𝑦) = 𝑞(𝑧, 𝑧, 𝑧) = 𝑞(𝑥, 𝑦, 𝑧) iff  x=y=z 

 
4.1.2 Now we show that max{𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑦, 𝑦, 𝑡), 𝑞(𝑧, 𝑧, 𝑡)} ≤ 𝑞(𝑥, 𝑦, 𝑧) for 𝑡 ∈ {𝑥, 𝑦, 𝑧} 
When 𝑡 = 𝑥 

max{𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑦, 𝑦, 𝑡), 𝑞(𝑧, 𝑧, 𝑡)} = 𝑞(𝑥, 𝑥, 𝑡) (say) 
= 𝑞([𝑎, 𝑏], [𝑎, 𝑏], [𝑎, 𝑏]) 
= max{𝑏, 𝑏, 𝑏} − min{𝑎, 𝑎, 𝑎} 
= 𝑏 − 𝑎 

When 𝑡 = 𝑦, then 
 𝑞(𝑥, 𝑥, 𝑦) = 𝑞([𝑎, 𝑏], [𝑎, 𝑏], [𝑐, 𝑑]) 

= max{𝑏, 𝑏, 𝑑} − min{𝑎, 𝑎, 𝑐} 
= max{𝑏, 𝑑} − min{𝑎, 𝑐} 
≤ max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} 
= 𝑞(𝑥, 𝑦, 𝑧) 

 
When 𝑡 = 𝑧, then 

 𝑞(𝑥, 𝑥, 𝑧) = 𝑞([𝑎, 𝑏], [𝑎, 𝑏], [𝑒, 𝑓]) 
= max{𝑏, 𝑏, 𝑓} − min{𝑎, 𝑎, 𝑒} 
= max{𝑏, 𝑓} − min{𝑎, 𝑒} 
≤ max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} 
= 𝑞(𝑥, 𝑦, 𝑧) 

∴ 𝑞(𝑥, 𝑥, 𝑡) ≤ 𝑞(𝑥, 𝑦, 𝑧) for 𝑡 = 𝑥, 𝑦, 𝑧 
 
Similarly  𝑞(𝑦, 𝑦, 𝑡) ≤ 𝑞(𝑥, 𝑦, 𝑧) for 𝑡 = 𝑥, 𝑦, 𝑧 

𝑞(𝑧, 𝑧, 𝑡) ≤ 𝑞(𝑥, 𝑦, 𝑧) for 𝑡 = 𝑥, 𝑦, 𝑧 
∴ max{𝑞(𝑥, 𝑥, 𝑡), 𝑞(𝑦, 𝑦, 𝑡), 𝑞(𝑧, 𝑧, 𝑡)} ≤ 𝑞(𝑥, 𝑦, 𝑧) for 𝑡 ∈ {𝑥, 𝑦, 𝑧} 

 
Hence Proved  
 
4.1.3 We have 𝑞(𝑥, 𝑦, 𝑧) = 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑒, 𝑓]) 
                                        = max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} 

 𝑞(𝑦, 𝑧, 𝑥) = 𝑞([𝑐, 𝑑], [𝑒, 𝑓], [𝑎, 𝑏]) 
= max{𝑑, 𝑓, 𝑏} − min{𝑐, 𝑒, 𝑎} 
= max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} 

 
Similarly 𝑞(𝑧, 𝑥, 𝑦) = max{𝑏, 𝑑, 𝑓} − min{𝑎, 𝑐, 𝑒} 

∴ 𝑞(𝑥, 𝑦, 𝑧) is invariant of  any permutation of  𝑥, 𝑦, 𝑧 
 
4.1.4 claim:  𝑞(𝑥, 𝑦, 𝑡) ≤ 𝑞(𝑥, 𝑧, 𝑡) + 𝑞(𝑧, 𝑦, 𝑡) − 𝑞(𝑧, 𝑧, 𝑡) ∀ 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑋 
L.H.S= 𝑞(𝑥, 𝑦, 𝑡) = 𝑞([𝑎, 𝑏], [𝑐, 𝑑], [𝑝, 𝑞]) where 𝑡 = {𝑝, 𝑞} 
                            = max{𝑏, 𝑑, 𝑞} − min{𝑎, 𝑐, 𝑝} 
R.H.S 

𝑞(𝑥, 𝑧, 𝑡) + 𝑞(𝑧, 𝑦, 𝑡) − 𝑞(𝑧, 𝑧, 𝑡) 
= 𝑞([𝑎, 𝑏], [𝑒, 𝑓], [𝑝, 𝑞]) + 𝑞([𝑒, 𝑓], [𝑐, 𝑑], [𝑝, 𝑞]) − 𝑞([𝑒, 𝑓], [𝑒, 𝑓], [𝑝, 𝑞]) 
= max{𝑏, 𝑓, 𝑞} − min{𝑎, 𝑒, 𝑝} +max{𝑓, 𝑑, 𝑞} − min{𝑒, 𝑐, 𝑝} − [max{𝑓, 𝑓, 𝑞} − min{𝑒, 𝑒, 𝑝}]   
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But max{𝑏, 𝑑, 𝑞} ≤ max{𝑏, 𝑓, 𝑞} + max{𝑓, 𝑑, 𝑞} − max{𝑓, 𝑓, 𝑞} 

i.e.,𝛿 ≤ 𝛼 + 𝛽 − 𝛾, where 𝛿 = max{𝑏, 𝑑, 𝑞}, 𝛼 = max{𝑏, 𝑓, 𝑞}, 
𝛽 = max{𝑓, 𝑑, 𝑞} and 𝛾 = max{𝑓, 𝑓, 𝑞} 

 
Now 𝑏 ≤ 𝛼 ≤ 𝛼 + 𝛽 − 𝛾 

𝑑 ≤ 𝛽 ≤ 𝛼 + 𝛽 − 𝛾 
𝑞 ≤ 𝛾 ≤ 𝛼 + 𝛽 − 𝛾 
∴ max{𝑏, 𝑑, 𝑞} ≤ 𝛼 + 𝛽 − 𝛾 
∴ 𝛿 ≤ 𝛼 + 𝛽 − 𝛾 

 
Now min{𝑎, 𝑐, 𝑝} ≥ min{𝑎, 𝑒, 𝑝} + min{𝑒, 𝑐, 𝑝} − min{𝑒, 𝑒, 𝑝} 

𝛿′ ≥ 𝛼′ + 𝛽′ − 𝛾′, where 𝛿′ = min{𝑎, 𝑐, 𝑝}, 𝛼′ = min{𝑎, 𝑒, 𝑝}, 
𝛽′ = min{𝑒, 𝑐, 𝑝} and 𝛾′ = min{𝑒, 𝑒, 𝑝} 
𝑎 ≥ 𝛼′ ≥ 𝛼′ + 𝛽′ − 𝛾′ 
𝑐 ≥ 𝛽′ ≥ 𝛼′ + 𝛽′ − 𝛾′ 
𝑝 ≥ 𝛼′ ≥ 𝛼′ + 𝛽′ − 𝛾′ 
∴ 𝛿′ ≥ 𝛼′ + 𝛽′ − 𝛾′ 

i.e., − min{𝑎, 𝑐, 𝑝} ≤ 𝛼′ + 𝛽′ − 𝛾′ 
∴ max{𝑏, 𝑑, 𝑞} − min{𝑎, 𝑐, 𝑝} = 𝛿 − 𝛿′ 

≤ 𝛼 + 𝛽 − 𝛾 − (𝛼′ + 𝛽′ − 𝛾′) 
≤ (𝛼 − 𝛼′) + (𝛽 − 𝛽′) − (𝛾 − 𝛾′) 
= (max{𝑏, 𝑓, 𝑞} − min{𝑎, 𝑒, 𝑝}) + (max{𝑓, 𝑑, 𝑞} − min{𝑒, 𝑐, 𝑝}) − (max{𝑓, 𝑓, 𝑞} − min{𝑒, 𝑒, 𝑝}) 
= 𝑞([𝑎, 𝑏], [𝑒, 𝑓], [𝑝, 𝑞]) + 𝑞([𝑒, 𝑓], [𝑐, 𝑑], [𝑝, 𝑞]) − 𝑞([𝑒, 𝑓], [𝑒, 𝑓], [𝑝, 𝑞]) 
= 𝑞(𝑥, 𝑧, 𝑡) + 𝑞(𝑧, 𝑦, 𝑡) − 𝑞(𝑧, 𝑧, 𝑡) 

∴ 𝑞(𝑥, 𝑦, 𝑡) ≤  𝑞(𝑥, 𝑧, 𝑡) + 𝑞(𝑧, 𝑦, 𝑡) − 𝑞(𝑧, 𝑧, 𝑡) ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋 
 
Hence (𝑋, 𝑞) is a quasi-𝑆-metric space. 
 
The following examples show that every quasi-𝑆-metric space (𝑋, 𝑞) gives raise to a family of partial metrics on 𝑋. 
 
4.5 Example: Suppose 𝑎 ∈ 𝑋 and (𝑋, 𝑞) is a quasi-𝑆-metric on 𝑋. Define 𝑞𝑎: 𝑋 × 𝑋 → 𝑅+ such that 
      𝑞𝑎(𝑥, 𝑦) = 𝑞(𝑥, 𝑦, 𝑎). Then 𝑞𝑎 is a partial metric on 𝑋 
 
4.5.1 Let 𝑞𝑎(𝑥, 𝑥) = 𝑞𝑎(𝑥, 𝑦) = 𝑞𝑎(𝑦, 𝑦) 

  ⟹𝑞(𝑥, 𝑥, 𝑎) = 𝑞(𝑥, 𝑦, 𝑎) = 𝑞(𝑦, 𝑦, 𝑎) 
  ⟹ 𝑥 = 𝑦 = 𝑎 (since q is a quasi S-metric) 

 
Conversely if 𝑥 = 𝑦 = 𝑎, then 𝑞(𝑥, 𝑥, 𝑎) = 𝑞(𝑥, 𝑦, 𝑎) = 𝑞(𝑦, 𝑦, 𝑎) 
Then 𝑞𝑎(𝑥, 𝑥) = 𝑞𝑎(𝑥, 𝑦) = 𝑞𝑎(𝑦, 𝑦). Hence we proved 𝑞𝑎(𝑥, 𝑥) = 𝑞𝑎(𝑥, 𝑦) = 𝑞𝑎(𝑦, 𝑦) iff x = y 
 
4.5.2 𝑞𝑎(𝑥, 𝑥) = 𝑞(𝑥, 𝑥, 𝑎) 
 
But from (3.1.4), we have  

𝑞(𝑥, 𝑥, 𝑎) ≤ 𝑞(𝑥, 𝑧, 𝑎) + 𝑞(𝑧, 𝑥, 𝑎) − 𝑞(𝑧, 𝑧, 𝑎) 
                ≤ 𝑞(𝑥, 𝑧, 𝑎)+ 𝑞(𝑧, 𝑥, 𝑎) 
                ≤ 𝑞(𝑥, 𝑦, 𝑎) + 𝑞(𝑦, 𝑥, 𝑎) 
                = 2𝑞(𝑥, 𝑦, 𝑎) 
                < 𝑞(𝑥, 𝑦, 𝑎) 
∴ 𝑞(𝑥, 𝑥, 𝑎) ≤ 𝑞(𝑥, 𝑦, 𝑎) = 𝑞𝑎(𝑥, 𝑦) 
∴ 𝑞𝑎(𝑥, 𝑥) ≤ 𝑞𝑎(𝑥, 𝑦) 

 
Similarly 𝑞𝑎(𝑦, 𝑦) ≤ 𝑞𝑎(𝑥, 𝑦) 
 
4.5.3 𝑞𝑎(𝑥, 𝑦) = 𝑞(𝑥, 𝑦, 𝑎) = 𝑞(𝑦, 𝑥, 𝑎) = 𝑞𝑎(𝑦, 𝑥) 
 
4.5.4 𝑞𝑎(𝑥, 𝑦) = 𝑞(𝑥, 𝑦, 𝑎) ≤ 𝑞(𝑥, 𝑧, 𝑎) + 𝑞(𝑧, 𝑦, 𝑎) − 𝑞(𝑧, 𝑧, 𝑎) ∀ 𝑥, 𝑦, 𝑧, 𝑎 
                                            = 𝑞𝑎(𝑥, 𝑧) + 𝑞𝑎(𝑧, 𝑦) − 𝑞𝑎(𝑧, 𝑧) 
i.e., 𝑞𝑎(𝑥, 𝑦) ≤ 𝑞𝑎(𝑥, 𝑧) + 𝑞𝑎(𝑧, 𝑦) − 𝑞𝑎(𝑧, 𝑧) 
∴ The pair (𝑋, 𝑞𝑎) is a partial metric space. 
 
4.6 Example: Let 𝑋 = {0,1,2, … } and 𝑞: 𝑋 × 𝑋 × 𝑋 → [0, ∞) is a defined by 𝑞(𝑥, 𝑦, 𝑧) = max{𝑥2, 𝑦2, 𝑧2} then (𝑋, 𝑞) 
is a quasi-𝑆-metric space. 
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