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ABSTRACT

The notion of quasi-S-metric space is introduced based on the definition of S-metric space. We observe some
properties (or consequences) of quasi- S -metric space. We also introduce the notion of g-contraction and
@-Contraction in quasi-S-metric space and prove two fixed point theorems followed by examples to illustrate the
validity of our theorems.

Key Words: S-metric space, quasi-S-metric space, y-contraction, ¢-contraction.

MSC: 54H25, 47H10.

1. INTRODUCTION

The polish mathematician Stefen Banach [11] established the remarkable Banach Contraction Principle in 1922. The
Banach Contraction Principle of fixed point is important as a source of existence and uniqueness theorems in different
branches of Sciences.

Metric spaces are very important in mathematics and applied sciences. Many researchers put their effort and interest in
the area of fixed point theory and established many generalizations of metric spaces in different ways [10].

In 1992, B.C.Dhage [2] introduced the notion of D-metric space. In 2007, S.Sedghi, N.Shobe and H.Zhou [15]
introduced D*-metric spaces, which is a modification of D-metric space. Later on many researchers proved fixed point
theorems in D*-metric spaces [7, 9].

In 2006, Z.Mustafa, B.I.Sims [21] introduced the new structure or generalization of metric space which is called a
G-metric space. Many researchers extended their interest in this area [3, 4, 9, 20, 22, 23] and proved fixed point
theorems.

In 2012, S.Sedghi et al. [16] introduced the notion of S-metric space which is a generalization of G-metric space [21]
and D*-metric space [15] and proved fixed point theorems. Many researchers extended their interest in S-metric spaces
and proved fixed point theorems [1, 5, 6, 8, 17, 18].

In this paper we introduce a new structure called quasi-S-metric space [QSMS] which is based on the definition of
S-metric space, a generalization of S-metric space and also provided examples.
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We introduce the notion of ip-contraction and ¢ -Contraction in qgSMS and proved fixed point theorems for
-contractive and ¢ -Contractive self maps on a qSMS. Our results improved the results of K.P.R.Sastry,
K.K.M.Sarma, P.Krishna Kumari and Sunitha Choudari [6].

2. PRELIMINARIES

In this section we present the necessary definitions and results which are used either tacitly or explicitly in the next
section.

In 2006, Z.Mustafa and B. Sims [21] introduced the notion of G- metric spaces as a generalization of metric spaces.

2.1 Definition (Mustafa and B. Sims [21])
Let X be a non-empty set and G :X XX XX — [0,00) be a function satisfying the following conditions, for all
x,v,Z,a €X,
(2.11)G(x,y,z) =0ifandonlyifx =y =z
(2.1.2) 0< G(x,x,y), forall x,y € X with x # y
(2.1.3)G(x,x,y) < G(x,y,z) forall x,y,z € X withx = y
(2.1.4) G(x,y,2) = G(n(x,z 7)) where  is a permutation in {x, y, z}
(2.1.5)G(x,y,z) < G(x,a,a) + G(a,y,z) forall x,y, z,a € X (Rectangle inequality).
G is called a G-metric on X and (X, G) is called a G-metric space.

In 2007, Sedghi et al. [15] introduced the notion of a D*-metric as follows.

2.2 Definition (S. Sedghi et al. [15])

Let X be a non-empty set. A generalized metric (or D* metric) on X is a function D*: X3 —» R* that satisfies the
following conditions: for each x,y,z,a € X,

(2.2.1) D*(x,y,z) =0

(2.2.2) D*(x,y,z) =0 ifandonlyifx =y =2z

(2.2.3) D*(x, y,z) = D*(n{x,y, z}) (Symmetry) where 7 is a permutation function

(2.2.4) D*(x,v,z) < D*(x,y,a) + D*(a,z, 2)

The pair (X, D*) is called a Generalized metric space or D*-metric space.

The notion of partial metric is due to Matthews [12, 13]

2.3 Definition (Matthews [12, 13])

A partial metric on a non-empty set X is a function p : X X X = [0, o) such that for all x, y, z € X,
(2.31) p(x,x) =plx,y) =p(y,y)ifandonlyifx = y

(2.3.2) p(x,x) < p(x,y) and p(y,y) < p(x,y)

(233)p(x,y) =p(,x)

(234 p(x,y) <p(x,2z) +p(z,y) —p(z2)

The pair (X, p) is called a Partial metric space (PMS).

In 2012, Sedghi et al. introduced the notion of S-metric spaces as follows:

2.4 Definition (S. Sedghi, N. Shobe, A. Aliouche [16])

Let X be a non-empty set. An S-metric on X is a function S: X3 — [0, o) that satisfies the following conditions: for all
x,v,z,a€X.

(2.4.1) S(x,y,z) =0ifandonlyifx =y

(2.4.2) S(x,y,2) < S(x,x,a) + S(y,y,a) + S(z,2,a)

The function S is called an S- metric on X and the pair (X, S) is called an S-metric space.

The following are examples of S-metric spaces (Sedghi et al. [16])
2.5 Examples

25.1LetX = R",
S(x,y,2z) = |y +z—2x| + |y — z|, then (X, S) is an S-metric space.

252 LetX = R",
S(x,y,2z) = |x — z| + |y — z|, then (X, S) is an S-metric space.
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2.5.3 Let (X, d) be a metric space.
Define S(x,y,z) = d(x,z) +d(y,z) forall x,y,z € X.
Then S is an S-metric space.

We observe the following in S-metric spaces (Sedghi et al. [16])

2.6 Observations
Let (X, S) be an S-metric space. Then

26.1S(x,x,y)=SW,y,x)

26.2S5(x,x,z) <25(x,x,y) +S(z,2,y) and

26.3S(x,y,y) <S(x,x,y).

In 2016, Sedghi et al. introduced the notion of S,-metric space as a generalization of S-metric space as follows

2.7 Definition (S. Sedghi et al. [14])

Let X be a non-empty set and b = 1 be a real number. Suppose that a mapping S, : X3 — [0,0) is a function
satisfying the following properties:

(2.71)0< S, (x,y,z)forall x,y,z€ Xwith x #y # z

(2.7.2) S, (x,y,z) =0ifandonlyif x=y =2z

(2.7.3) S, (x,y,2) < b(S, (x,x,0) +S, (V,y,a) +S;, (z,z,a)) forall x,y,z,a € X.

Then the function S, is called an S,-metric on X and the pair (X, S,) is called an S, -metric space.

2.8 Remark: It should be noted that the class of S, -metric spaces is effectively larger than that of S-metric spaces
3. MAIN RESULTS

In this section we introduce the notion of quasi-S-metric space (qQSMS) based on the definition of S-metric space and
provide examples. We also introduce the notion of i-contraction and ¢-contraction on a quasi-S-metric space and
prove fixed point theorems for y-contractions and ¢-contractions.

3.1 Definition

A quasi-S-metric on a non-empty set X is a function q : X X X X X — [0, c0) such that, for all x,y,z € X,
(B.1LY) qlx,x,x) =q(,y,y) =q(z,2z,z) = q(x,y,z) ifandonly if x =y =z

(3.1.2) max{q(x, x,t),q(y,v,t),q(z,2,t)} < q(x,y,z), for t € {x,y, z}

(3.1.3) g(x,y, 2) is invariant of any permutation of x, y, z

(3.1.4) q(x,y,t) < q(x,z,t) + q(z,y,t) — q(z,z,t) forall ,y,z,t € X .

The pair (X, q) is called a quasi-S-metric space.

3.2 Observation:

3.21.q(x,y,v) = qlx,x,y)

Proof: From (3.1.2)
max{q(x,x,t),q(y,y,t),q(z,2,t)} < q(x,y,2), for t € {x,y,z}

By taking t =y, z = y, we have
max{q(x,x,¥),4,y,),9,y,y)} < q(x,y,¥)
2 qlexy) < q(xy,y) (3.2.1.1)

By taking t = x, z = x, we have
max{q(x,x,x),q(y,y,x),q(x,x,%)} < q(x,y,%)

=q®,y,%) < q(xy,x) =q@,xx)
=q,y,%) <q@,xx) =qx,yy) - qxxy) (3.2.1.2)

From (3.2.1.1) and (3.2.1.2)
q(x,x,y) = q(x,y,5)

3.3 Definition: A sequence {x,,} in the quasi-S-metric space (X, q) converges to a point x € X if
q(xp, %5, x) = q(x, x,x). We write this as x,, — x.
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3.4 Definition: A sequence {x,,} in the quasi-S-metric space (X, q) is called a Cauchy sequence
if1im,, 00 @ (X, X5, X,) €Xists and is finite.

3.5 Definition: A quasi-S-metric space is called complete if every Cauchy sequence {x,} in X converges to a point
x € X sothat q(x,x,x) = lim,, 0 q (X, X, Xp)

3.6 Now we observe the following:
3.6.1 Ifx,, —» x, then q(x,x,x) =0
Proof: If x,, = x, we have q(x,,x,,x) = 0

From (3.1.2)
max{q(x,x,t),q(y,y,t),q(z,2,t)} < q(x,y,2), for t € {x,y,z}

Takingt =x,y=z=x,
maX{CI(x, X, x)’ q(xn’ xn:x): q(xn: xn,x)} < q(x, X, xn) —»>0asn - oo
=q(x,x,x) =0
3.6.2 If x,, - x, then q(x,,, x,,x,,) = 0asn - o and q(x, x,,x,) > 0asn — o

Proof: Since x,, - x, we have q(x,,x,,x) - 0

From (3.1.2)
max{q (x,, X,,, ), q (x, x, t), g (xp, X, )} < q(x, %, x;,) fOr t € {x, x,,}

Taking t = x,
max{q(xn, xnﬂxn)' CI(x, X, xn)' q(xn' xnﬂxn)} < Q(Xn, X, Xn)
q(xn'xn'xn) - 0' CI(x, X, xn) -0
3.6.3Ifx, > x,x, >y, thenq(x,y,x,) > 0asn - o

Proof: Since x,, = x, we have q(x,, x,,x) —» 0 and x,, - y, we have q(x,,x,,y) = 0

From (3.1.4), we have
a0y, %) < q(x, %0, %) + q(xn, ¥, %) > 0 @SN > 00

Hence q(x,y,x,) > 0asn - o
3.6.4 The limitisuniqueie. x, 2 x,x, 2y =>x=y
If x,, - x,x, > v, then q(x,, x,,x) - 0 and q(x,,,x,,y) = 0

From (3.1.2)
max{q (xp, X, ), 4(x, %, 1), q (xn, X, 1)} < q(otn, X, X)
= max{q (tn, Xn, X1, 4(%, X, X1, (6, X5, %)} < q 00, %, )
q(xn'xn'xn) - 0' CI(x, X, xn) -0

Similarly we get q(y,y,x,,) = 0
From (3.1.4)

q(x'y' xn) < q(xﬂxn'xn) + Q(xn'y' xn) - Q(xn'xn'xn) —>0asn - o
~q(,y,x,) > 0asn - oo

From (3.1.2)
max{q(x, x,x),q(y,¥,%), q(xp, xp, %)} < q(x,¥,%,) > 0asn -
o q(y’y’x) = O
From (3.1.1)

0=q(x,x,x)=q,y,y)=qxyy)=>x=y

Therefore the limit is unique.
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3.6.5Ifx, - x,then q(z,2,x,) - q(z,z,x)

From (3.1.2), we have q(z,z,x,,) < q(z,x,x,,)
= CI(Z, xnﬂxn) + Q(xn'x' xn) - Q(xn'xn'xn)

2 0<q(z,x,x,) —q(z,2,x,) < qlxy, x, %) — (2, X, Xp) (3.6.5.1)
(since q(z,x,,,x,) = q(z,2,x,) > 0asn — o)

Now q(z, x,,x) < q(z,x,x) + q(x,x,,x) — q(x,x,x) (by(3.1.4))
wlimy, e sup q(z, x5, %) < q(z,x,%) < q(z,x,,x) (by (3.1.2))
s lim, o sup q(z, x,, x) < q(z,x,x) < lim,,_,, infq(z, x,,, x)
s limy, L0 q(z,x,,%) = q(z,x,x) or q(z,2,x)
~ From (3.6.5.1)
0< 7li_rz)lo(q(z, x,%,) —q(z,2z, xn)) <0
0<q(z2zx)— il_}l’rolo q(z,2,x,) <0

s lim, L0 q(z,2,x,) = q(z,2,x) or q(z,2,x,) = q(z,z,x)
Now we introduce a notation

3.7 Notation: Let ®= {¢ ¢:[0,0) — [0, ), where ¢ is continuous, increasing, ¢(t) = 0ift = 0and ¢(t) < t if
t > 0and ) ¢"(t) < oo}

3.8 Definition: Let (X, q) be a quasi-S-metric space, T be a self map on X and ¢ € ®.

Suppose q(Tx, Ty, Tz) < Y(max{q(x,y,z),q(x,Tx,Tx),q(y,Ty,Ty),q(z,Tz,Tz)}) for all x,y,z€ X. Then T is
called a y-contraction on X.

Now we prove the first main theorem for a y-contraction on a complete quasi-S-metric space.

3.9 Theorem: Let (X, q) be a complete quasi-S-metric space and y € ®.
Suppose T: X — X is a-contraction. That is

q(Tx, Ty, Tz) <y (max{q(x,y,2),q(x,Tx,Tx),q(y,Ty,Ty),q(z, Tz, Tz)}) for all x,y,z € X. (3.9.1)
Then T has a unique fixed point.

Proof: Let x, € X.

Write x,,,, = Tx,, forn =0,1,2, ...

If x, = x,,, for some n, then x,, is a fixed point of T
Hence we may suppose that x,, # x,,, forn =0,1,2, ...

Consider
q(Xn41) Xn42: Xn43) = Q(Tx, Ty 1, TXpp42)
< l,b (max{ q(xn'xn+1'xn+2)' q(xn'Txn'Txn)' })
q s TX1, TXp41), (Xni2s T2, TXpy2)
— l,b (max{ q(xn' xn+1' xn+2)' q(xn' xn+1' xn+1)' })
q(Xn 415 Xni2s Xn42) QX 20 Xn3s Xns3)
< Y(qCrn, Xns1s Xne2)) (3.9.4)
< q(xn' xn+1' xn+2)

{q(xn'xn+1'xn+2)} ’L 0

From (3.9.4) by induction, we get
q(Xns1) Xy Xng3) < 1p"(q(x0,x1,x2)) (3.9.9)

By induction, we get

q O Xnp1, Xni) S Y@ + P2 +P3@) + -+ PF2(t)
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Foranyn,and k = 3,4,... wheret = q(x,,Xp41,Xn+2)
q(xn'xn'xm) < q(xn'xn+1'xm) - 0as mn— o
= q(xn'xn+1'xn+k) (m>n)
<Y + PO + P3O + - + PF2(E) (where £ = q(x, X1, Xna2))
< ¥"(q(xo,x1,%5)) (by 3.9.5)
< B2t (q (e, x1,x,)) > 0asn —» oo
& q(xy, Xp, X)) » 0asmmn - o
~ {x,}is Cauchy.
Now we show that T has a fixed point
Suppose x,,, = L (since X is complete)

Consider
q(TLTL xpmey) = q(TLTL Tx,)
q, L, xp), q(, TL, TD), })
<
<y (max {q(l, TLTL), g%y, T, T,
=9 (max {q(l' Lxm), q(LTL Tl),})

q(xm'xm+1'xm+1)
Letting m — oo, we get
q(L,L,D,q(1, TLTD),
q(TLTL D) < (max{q LT (L l)}) (by (3.6.5))
<y(max{q(,,1),q(, T, TD})
=9(q(,TL,TD) (by(3.6.1)
< ¥(q(TLTL D)

= q(TLTLD < 9(q(TLTLD)
~q(TLTLD) =0
~Tl=1
~ Lisa fixed point of T
Now we show that fixed point of T is unique

Suppose x and y are two fixed points of T
SoTx=x,Ty=y

From (3.9.1)
q(x,x,y) = q(Tx,Tx,Ty)

<w(maxl & Tttt
=Y <max{

q(x,x,y),q(x,x, x)D
q(x,x,x),q(,y,y)

= Y(max{q(x, x,¥),q(x, x,x),q(y,y,¥)})

<9¥(qCx,x,3))

(From (3.1.2), we have q(x,x,x) < q(x,x,y), q(y,v,y) < q(y,y,x))
o~ Q(x;x;Y) S IP(Q(x; x:}’))
& ql,x,y)=0
SX = y

Thus fixed point of T is unique.

3.10 Corollary: Let (X, g) be a complete quasi-S-metric space. Let T: X > Xand 0 < A < 1.
Suppose q(Tx,Ty,Tz) < Aq(x,Ty,Tz) for all x,y, z € X.
Then T has a unique fixed point.

Proof: Define )(t) = At for t = 0. Then )€ ® and from (3.9.1), we have
q(Tx,Ty,Tz) < Aq(x,y,2z) = t,b(q(x,y, z))

< (maX (q(g;xTJ; ZT)y;lE;(zT J;"ZT ;C")z)> )

Now the result follows from theorem 3.9.
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3.11 Definition: Let (X, q) be a quasi-S-metric space, T be a self map on X and ¢ € ®.

q(x,v,2),q(x,Tx, Tx), \
/ "9, Ty, Ty),q(2, T2, T2))’ \
< ) ) ) ) )
Suppose q(T T, T2) < ¢ | max \1 T {Q(x, Ty, Ty),q(x, Tz T2),q(y, Tx, Tx),} / | Vxyz €X.
2 q(y,Tz,Tz),q(z,Tx,Tx),q(z, Ty, Ty)
Then T is called a ¢-contraction on X.

Now we prove our second main theorem, which involves the members of the class ©.
3.12 Theorem: Let (X, q) be a Complete quasi-S-metric space, ¢ € ®andlet T : X — X be such that
[ i) )
q(Tx,Ty,Tz) < ¢ | max \lma {q (6, Ty, Ty), q(x. T2, T2), 4 (. Tx, Tx), / |
2 q(,Tz,Tz),q(z,Tx,Tx),q(z, Ty, Ty) /

Vx,y,z€X.

Then T has a unique fixed point.

Proof: Let x, € X, and define inductively x,,, = Tx, n=0,1,2,...
If x,., = x, for some n, then x,, is a fixed point of T

Hence we may suppose that x,,,, # x, for n=0,1,2,...

Consider
q(xn'xn+1'xn+2) = q(Txn—lﬂTxn' Txn+1)
q(xn lﬂxnﬂxn+1) q(xn I'Txn I'Txn 1)}
q(xn'Txn'Txn) q(xn+1'Txn+1'Txn+1) \
= ¢ | max q(xn I'Txn'Txn) q(xn I'Txn+1'Txn+1)
_max q(xn'Txn 1 Xy 1) q(xn'Txn+1'Txn+1)
'q(xn+1'Txn I'Txn 1) q(xn+1'Txn'Txn)

max

max{ q(xn lﬂxnﬂxn+1) q(xn lﬂxnﬂxn) } \

(%n) Xn+1) Xne1), 4 (ns1, Xna2) Xna2))’ .

S(ﬂ max q(xn 1 Xn4+1, X n+1) q(xn 1 Xn42, X n+2) |
_max q(xn'xn'xn) q(xn'xn+2' n+2)

4 q(xn+1' Xn, xn) q(xn+1' Xn+10 X n+1)

From (3.1.2) we have
q(xn—lﬂxn'xn) < q(xn—lﬂxn'xn+1)
q(xn'xn+1'xn+1) < q(xn'xn+1'xn+2)
q(ni1, Xna2, Xni2) < qQ(Xny1) Xns2r Xn)
q(xn—lﬂxn+1'xn+1) < q(xn—lﬂxn'xn+1)
q(xn—lﬂxn+2'xn+2) < q(xn—lﬂxn+1'xn+2)
q(xn'xn'xn) < q(xn'xn+1'xn+2)
q(xn'xn+2'xn+2) < q(xn'xn+1'xn+2)
q(xn+1'xn'xn) < q(xn+1'xn—1'xn)
q(ni1, Xne1, Xne1) < Q(Xna1, Xn) Xny2)
/ ( max{q(xn lﬂxnﬂxn+1) q(xn lﬂxnﬂxn+1)} \
| I (xn'xn+1' n+2) q(xn+1'xn'xn+2) I
q(xn'xn+1'xn+2) = (pl max{ 1 q(xn lﬂxnﬂxn+1) q(xn v Xnt1 X n+2) }
[
)

|
)

}) (by (3.1.4))

Izmax (xn'xn+1' n+2) q(xn'xn+1' n+2)
q(xn+1'xn 1' n) q(xn+1'xn'xn+2)
=¢ (max {max{q (n-1.2%n%n+1),4 XnXn+1.Xn+2)}

%q(xn_l,xn.}.l,xn.}.z)
( {max{q(xn—lﬂxnﬂxn+1)' q(xn'xn+1'xn+2)}'
maxy 1
¢ E [q(xn—lﬂxn'xn+1) + q(xn'xn+2'xn+1)]
q(xn' Xn+1 xn+2) < (P(maX{Q(xn—p Xn, xn+1)' q(xn' Xn+1 xn+2)})
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If q(x,, Xy g1, Xt 2) IS Maximum, we get

q(xn'xn+1'xn+2) < (p(q(xn'xn+1'xn+2))
Then q(xn'xn+1'xn+2) =0

Hence x,,,,; = x,, which is a contradiction, by (3.1.1)

Therefore q(x,_1, X,,, X,4+1) is maximum
i'e" q(xn'xn+1'xn+2) = (p(q(xn—lﬂxn'xn+1))
< q(p_1,%n, Xny1) (3.12.1)

Hence {q(x,_1, X,,, Xn4+1)} is a strictly decreasing sequence

Suppose { q(xy—1, Xy, Xns1)} L @

On letting n — oo, we get
711_1;1;10 q(xn—lﬂxn'xn+1) =a= (P(a’)

Hence a =0
Therefore q(x,_1, Xy, Xpy1) = 085N - 00
Now we show that {x,,} is Cauchy

Consider
q(xn+1' Xn+1 xn+k) < q(xn+1' Xn+2, xn+k) (by 312)
= q(Xps1) Xntio Xn2)
< qOs1r Xna3r Xna2) + @iz Xnsior Xn2) — @ (Xazs Xnas) Xna2)
< q(Xn41) Xn+2: Xn+3) T QX Xng Xna3)
= q(Xn+1, Xn+2) Xn+3) T Q(Xnaz) Xniar Xnaz) + GQ(niar Xk Xnas)
< Ot Xna2s Xne3) + @(Xnazr Xnass Xnra) + Qi) Xnior Xna)

Therefore by induction we get
q i1 Xna s Xnai) < Qi1 Xng2s Xna3) + G (i, Xniz) Xnga) + o0 F q(xn+(k—2)'xn+(k—1)'xn+k)

< (p(q(xn'xn+1'xn+2)) + (p(q(xn+1'xn+2'xn+3)) +-t (p(q(xn+(k—3)'xn+(k—2)ﬂxn+(k—1))
(by 3.9.2)
Now

¢(Q(xn+1'xn+2'xn+3)) <@ (¢(Q(xnﬂxn+1'xn+2)))
= (pz(q(xnﬂxn+1'xn+2))

(p(Q(xn+2'xn+3'xn+4)) <@ (¢(Q(xn+1'xn+2'xn+3)))

=@ (‘P (‘P(Q(xn'xn+1'xn+2))))
=¢* (q(xn'xn+1'xn+2))

Therefore by induction

P (q(xn+(k—3)'xn+(k—2)'xn+(k—1))) =9 (q(xn+(k—4)'xn+(k—3)'xn+(k—2)))
P (‘Pk_3 (Q(xn' Xn+1s xn+2)))
¢

ez (q(xn' xn+1' xn+2))

IA

q(xn+1'xn+1'xn+k) < (P(t) + (Pz(t) +-t (Pk_z(t) — 0ask — oo, wheret = q(xn'xn+1'xn+2)
(Since ¢ €®d)
& q(xXp, X, Xm) > 0asm,n — o
Therefore {x,} is Cauchy.

Let {x,}»pasn— o

Now we show that p is a fixed point of T

© 2018, IIMA. All Rights Reserved 8
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Consider
q(Tp, Tp, Xm+1) = q(Tp, Tp, Txy,)
( a0, %), qa(®.Tp,Tp), )
I max , I
q®,Tp,Tp), q(Xp, Ty, TXy,)
{ 1 q(p’ Tp’ Tp)’ Q(p, Txm’ Txm)’ }
[

\

<@ | max |
|5 max {q(, Tp, Tp), q(p, Ty, Trm), /
\ q(xm, TP, Tp), q (%, TP, TP)
On letting m — oo
/ /max{ q(,p,0),q(,Tp, Tp), } \\
[ a(,Tp,Tp),q(, Tp, Tp))’ | |
q(Tp,Tp,p) < ¢ | max| q(,Tp,Tp), q(p, Tp, Tp),

| |
~max{q(®,Tp,Tp), 4(p, Tp, Tp), / /
q(p,Tp, Tp),q(p,Tp,Tp)
( (max{q(p. p,p),q,Tp, T p)L))
= max 1
v 4. Tp,Tp)
< ¢(q(p,Tp,Tp)) = ¢ (q(Tp,Tp,p)) by (3.2.1)

~ q(Tp, Tp,p) < ¢(q(Tp, Tp, p)) < q(Tp, Tp,p), a contradiction if Tp = p

Thus p is a fixed point of T.
Now we show that fixed point of T is unique
Let p and r be fixed points of T then Tp = pand Tr =r

Consider
q(p,p,v) = q(Tp,Tp,Tr) : L )
qp,p,7),q(p,Tp, Tp), }
max )
{ / {q(p,T p.Tp),q(r,Tr,Tr) \\
< ¢| max| 4 q(p,Tp,Tp),q(p,Tr,T1),) | |
\ \Emax a®, Tp, Tp),q(p, Tr,T7), //
q(r,Tp,Tp),q(r,Tp, Tp)
ax {q(p,p, r),q(,p, p),} \
a.p,p)q(r, 1)) ||
= ¢ | max| 4 a®@,p.p),a®,7,7),) | |
- max q(p,p,p),q(,1,1),
q(r,p,p),q(r,p,p)
max{q(p,p,7),q(,p,p), q(r,7r,7)},

=¢| max| 1
E max{q (p’ p’ p)’ Q(p, r, T), q (T’ p’ p)}

From (3.1.2) ,we have q(p,p,p) < q(p,p,7), q(r,7,7) < q(r,7,p)
~qlp,p.7) <0(qlp,p,7)
o q(p; p; T) = O
o p =71

We conclude the paper with an example of a quasi-S-metric space.

4. EXAMPLES

4.2 Example: Let X = {[a, b]|la, b € R*,a < b} and define q([a, b],[c,d], [e, f]) = max{b,d, f} — min{a,c, e}.
Then g: X X X x X - R* isa quasi-S-metric and (X, q) is a complete gSMS.

Define T: X — X by Tx = ie. [a,b] € X = T([a,b]) = [%S] and

Define 1:[0, ) — [0, 00) by (t) = = then )€ .
© 2018, IIMA. All Rights Reserved
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Show that T is a y-contraction.
i.e.q(Tx, Ty, Tz) < Y(max{q(x,y,2),q(x,Tx,Tx),q(y,Ty,Ty),q(z,Tz,Tz)})

Solution: Let x = [a,b], y = [c,d], z = [e, f]
a b
So that Tx = [;,;], Ty =

[ ]TZ_[ZI;
LHS (4.2.1) e f
qcrxTym—q([ o) l5 ][552

- marls 48] min .5

e
2’2’2 2

R.H.S (4.2.1)
Y(max{q(x,y,2),q(x,Tx,Tx),q(y, Ty, Ty),q(z,Tz,Tz)})

q(la b, [e,dl, Te, 1), ([a,b1.[5.2] . [2.5])
a(le.an 23] 15 50) (e 22 [5.2])
max{b,d, f} — min{a, c, e}, max{b = ;} min {a,%,%},})

max{d,g,g}— mln{c > _} max{f = Z} mln{e 2 g}
=1 (max{max{b d, f} — min{a, c, e},(b - —) (d - _) (f _ _)})
<. -mnl£5.. 6. -9, -9)

S0 (4.2.2) < (4.2.3)

=y | max

=Y | max

Therefore L.H.S<R.H.S
By Theorem (3.9), T has a unique fixed point.
Clearly x = [a, b] = [0,0] is a fixed point of T and is unique.
4.3 Example: Let (X, q) be a complete quasi-S-metric space, ¢ € @ and letT : X — X be such that
/ max{ q(x,v,2),q(x,Tx, Tx), }’ \\
I Ll F Pty ;,K?‘T‘i,(?’z?,zﬁ?n,n>,} )
2 q(y,Tz,Tz),q(z,Tx,Tx),q(z, Ty, Ty)

Define Tx ==, (p(t)=§
Then T has a unique fixed point in X.

Solution: Let x = [a,b], y = [c,d], z = [e, f] and

Define q(x,v,z) = q([a, b],[c,d], [e, f]) = max{b, d, f} — min{a, c, e}.

2°2 2°2

From (4.3.1) LH.S=q(Tx,Ty,T2) = q ([.2]. [.4]. [2.4])

From (4.3.1)
q(la, bl e, dl, Te, f1),q ([a, 615, 2], [£.5 ])}
A 53] 2D a (e 5.4 D)
a(lap)[55]. [ 8]) a (lann [5.3] [55))
adl |52 [52]) a (el 2] 54

a
e b5 3) D) a (et 5] 5]

3
Q
8
/‘_&——\
<
—~
)

R.H.S=¢ | max

© 2018, IIMA. All Rights Reserved
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(4.2.1)

(4.2.2)

(4.2.3)

(4.3.1)
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/ .- max{b,d, f} — min{a, c, e}, max {a,%,%} — min {b,g,g}, ’ \

2
| max{d,g,g}—min{c,i,i},max{ ,Z,Z}—min{e,—,f} |
I 2°2 2°2 22 2°2 I
=¢q max | |(max{b,g,g}—mln{a,i,i},max{b,z,z}—mln{a,f,E ’\I |
| 2’2 2’2 2’2 2’2 |
| lmax ma)<{d,2,2}—mln{c,g,g},max{d,z,z}—mln{c,f,E ,$ |
\2 2’2 2’2 2’2 2’2 I/
b b a a d d c
Umax{f. 3,3} —min{e,3, 3} max{s, 2,5} - min{e, 2,5} )
c
(b=3)(a=5).(r-3)}
in

~_
~N_ Pl

Therefore
LHS= max{g,g,g} - min{E < 5}

= p(max{b,d,f} — minz{az, Cf e} (since o(t) = %)
/ I(max {max{b, d, f} — min{a, c, e}, (b - g) d-— 5) , (f - f)},
n

I ( a - c ;:
X{ [ max {b, 2} min {a, 2} , max {b,; (since ¢ is increasing)
| 2

N | =
8
[«5)
<
A
8
o8]
<

~

&

\_.I,_/
I
2
=

~

o

N

——
8
o8]
<

~

&
I
=
=]

~

o

N ©

|
< (pi ma
I |
\ k kmax{f,g}—min{e,%},max{f,g}—min{e,%}
Therefore L.H.S < R.H.S
By Theorem (3.11), T has a unique fixed point.

Clearly [0, 0] is a unique fixed point.

4.4 Example: Let X ={0,1,2,...}and g: X X X X X — [0, ) is a quasi-S-metric defined by q(x,y, z) = max{x,y, z}

X . .
forall x,y,z € X and (X, q) is a complete quasi-S-metric space. DefineT : X —» X by Tx = {5 ifx is even
0 otherwise

Define ¢: [0,00) — [0,0) by ¢(t) = %then @ € ®. Now we show that T is a ¢-contraction.

/ max{ q(x,y,2),q(x, Tx, Tx), }’ \\

: q. Ty, Ty),q(z,Tz,Tz)
<
i, q(Tx,Ty,Tz) < ¢ | max \3max {q(x, Ty, Ty),q(x,Tz,Tz),q(y, Tx, Tx),}//l

2 q(y,Tz,Tz),q(z,Tx,Tx),q(z, Ty, Ty)

max{q(x,y,z)},
<[ max|1 {q(x, v.2),q(x,y,2),q(x,y, Z),}
max
2 q(x,y,2),q(x,y,2),q(x,y,2)

= ¢(q(x,y,2)
1
=5 4(.y,2)
q(TX, Ty' TZ) < 21 Q(x,y, Z) = Zlmax(x,y,z)= (P(Q(x,y,z))
q(TX, Ty' TZ) < (p(Q(x' y' Z))
Therefore by theorem (3.11), T has a fixed point.

Clearly 0 is the fixed point which is unique.

4.1 Example: Let X = {[a,b] a,b € R, a < b} and define q([a, b], [c, d], [e, f]) = max{b,d, f} — min{a, c, e}.
Then g: X X X X X - R* is a quasi-S-metric space.

Sol: (4.1.1) LetX = [a,b],Y = [c,d],Z = [e, f]
© 2018, IIMA. All Rights Reserved 11
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Let us suppose that g(x,x,x) = q(v,y,y) = q(z,2,2) = q(x,y,2)
=q([a,b],[a,b],[a,b]) = q([c,d], [c,d], [c,d]) = q([e, f],[e, f].[e, f]) = q([a, D].[c,d],[e, fD)
=max{b, b, b} — min{a, a,a} = max{d, d, d} — min{c, ¢,c} = max{f, f, f} — min{e, e, e}
=max{b,d, f} — min{a, c, e}
=b—a=d—-c=f—e=b—a (casel)
b—a=d—-c=f—e=d—c (case2)
b—a=d—-—c=f—e=f—e(case3)

In either case [a, b]=[c, d]=[e, {] = x=y=2z

Conversely if x=y=z
= [a,b] = [c,d] = [e, f]
Then
q([a,b],[a,b],[a,b]) = q([c,d], [c,d], [c,d]) = q([e, f], [e, 1. [e, f]) = q([a, b, [c,d],[e, f])
= q0nxx) =q(,y,y) = q(z,2,2) = q(x,y,2) iff x=y=z

4.1.2 Now we show that max{q(x, x,t),q(y,y,t),q(z,z,t)} < q(x,v,z) for t € {x,y,z}
Whent = x
max{q(x,x,t),q(y,¥,t),q(z,2,t)} = q(x,x,t) (say)
= q([a,b],[a, b],[a, b])
= max{b, b, b} — min{a, a, a}
=b—a
When t = y, then
q(x,x,y) = q([a, b], [a, b],[c,d])
max{b, b, d} — min{a, a, c}
max{b, d} — min{a, c}
max{b, d, f} — min{a, c, e}
q(x,y,2)

A I

When t = z, then
q(x,x,z) = q([a,b],[a,b],[e, f])

max{b, b, f} — min{a, a, e}

max{b, f} — min{a, e}

max{b,d, f} — min{a, c, e}

q(x,y,2)

aqlx,x,t) <qlx,y,z)fort=x,y,z

A1

Similarly q(y,y,t) < q(x,y,2) fort =x,y,z
q(z,z,t) < q(x,y,z) fort = x,y,z

o maX{Q(x; X, t)’ q(yﬁyﬁ t)! Q(Z; Z, t)} S Q(x’ Y; Z) for te {x' y' Z}
Hence Proved

4.1.3 Wehave q(x,y,z) = q([a, b],[c,d],[e, f])

= max{b, d, f} — min{a, c, e}
q([c, d], [e, f],[a, b])
max{d, f, b} — min{c, e, a}
max{b, d, f} — min{a, c, e}

q(,z,x)

Similarly q(z, x, y) = max{b, d, f} — min{a, c, e}
~ q(x,y,z) isinvariant of any permutation of x,y,z

4.14claim: q(x,y,t) < qlx,z,t) + q(z,y,t) —q(z,z,t) Vx,y,2,t €X
L.H.S=q(x,y,t) = q([a, b], [c,d], [p, q]) where t = {p, q}
= max{b, d, q} — min{a, ¢, p}
R.H.S
q(x’ z, t) + CI(Z’Y' t) - CI(Z,Z, t)
= q(la,bl,[e f1.[p.qD) + q(le, f1 [c, d], [p,q]) — q([e, 1. [e, f1, [p, q])
= max{b, f,q} — min{a, e,p} +max{f,d, q} — min{e, c,p} — [max{f, f,q} — min{e, e, p}]

© 2018, IIMA. All Rights Reserved
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But max{b, d, q} < max{b, f, q} + max{f,d,q} — max{f, f, q}
i.e, 6 <a+p—y, where § = max{b,d,q}, a = max{b, f,q},
p = max{f,d, q} andy = max{f, f, q}

Nowb<a<a+f-vy
d<f<a+f-vy
qgsys<a+f-y
~max{b,d,qg}<a+B-y
~éd<a+pB-vy

Now min{a, ¢, p} = min{a, e, p} + minfe, ¢, p} — min{e, e, p}
§' =a' + B —y', where §' = min{a, ¢, p}, @' = min{a, e, p},
B’ = min{e, c,p} and y’ = minfe, e, p}
aza' za +6 -y
czf za +p -y
p=aza+p -y
~8zad+p -y
i.e., —min{a,c,p}<a’ +p -y’
~ max{b,d,q} — min{a,c,p} =6 -6’
<a+f-y—-(a"+p —-v")
<l@-a)+@B-p)-@-v")
= (max{b, f' q} B min{a, e P}) + (max{f, d, q} - min{e, ¢ p}) - (max{f, f‘ q} - min{e, e, p})
= q(la bl e, f1,[p.qD) + q([e, f1.[c, d], [p,q]) — q([e, 1. [e, f1. [P, q])
= q(x, Z, t) + Q(Z' Y, t) - Q(Z; Z, t)
~qlyt) < qlx,z,t) +q(z,y,t) —qz,z,t)Vx,y,z €X

Hence (X, q) is a quasi-S-metric space.
The following examples show that every quasi-S-metric space (X, q) gives raise to a family of partial metrics on X.

4.5 Example: Suppose a € X and (X, q) is a quasi-S-metric on X. Define q,: X X X — R such that
q.(x,v) = q(x,y,a). Then q, is a partial metric on X

4.51Letq,(x,x) = q,(x,y) = q,(y,y)
=q(x,x,a) =q(x,y,0) =q(,y,a)
= x =y = a (since g is a quasi S-metric)

Conversely if x = y = a, then q(x,x,a) = q(x,y,a) = q(v,y,a)
Then g, (x, x) = q4(x,y) = q,(y,¥). Hence we proved q,(x,x) = qq(x,y) = q, (v, y) iffx=y

452 q,(x,x) =q(x,x,a)

But from (3.1.4), we have
q(x,x,a) < q(x,z,a) + q(z,x,a) — q(z,z,a)
<q(x,z,a)+q(z,x,a)
<q(x,y,a)+q@,xa)
< q(x' y' a)
~qx,a) < qlx,y,a) =qq(x,y)
qa(x’ X) < qa(x' J/)

Similarly q,(v,y) < q.(x,y)
453q,(x,y) =q(x,y,0) = q(y,x,a) = q,(y,x)

454 q,(x,y) =q(x,y,a) < q(x,z,a) + q(z,y,a) — q(z,z,a) Vx,v,2,a
. =Qa(x’z)+qa(Z'Y)_qa(Z’Z)

i, qa(x,y) < q.(x,2) + q4(2,y) — q4(2,2)

=~ The pair (X, q,) is a partial metric space.

4.6 Example: LetX ={0,1,2,...}and g: X x X X X — [0, ) is a defined by q(x,y,z) = max{x?,y?, 2%} then (X, q)
iS a quasi-S-metric space.
© 2018, IIMA. All Rights Reserved 13
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