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ABSTRACT

A function f is called a logarithmic mean labeling of a graph G(V,E) with p vertices and g edges if f:V(G) =
{1,2,3,...,q + 1} is injective and the induced function f*: E(G) — {1,2,3, ..., q} defined as

* fw)-fw
Fr(uw) = [m] for all wv € E(G),

is bijective. A graph that admits a logarithmic mean labeling is called a logarithmic mean graph. In this paper, we have
discussed the logarithmic meanness of the graphs path P,, the star graph S,,, P,(X1, X5, ..., X,), TW(B,), the graph
P,eS,,,, the graph [P,;S,,], square graph of a path, total graph of a path, middle graph of a path, the graph
P(1,2,3,...,n—1), the graph S(P, o K;) and the arbitrary subdivision of S;.
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1. INTRODUCTION

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V,E) be a graph with p vertices
and g edges. For notations and terminology, we follow [4]. For a detailed survey on graph labeling we refer to [3].

Path on n vertices is denoted by P,. K, ,, is called a star graph and it is denoted by S,,. A tree is a connected acyclic

graph. P,(X;,X,, ...,X,,) is a tree obtained from a path on n vertices by attaching X; pendent vertices at each it"

vertex of the path, for 1 <i <n. A Twig TW(P,),n = 3 is a graph obtained from a path by attaching exactly two
@ @ @ ®

pendant vertices to each internal vertices of the path. If v, v,”,v;7, ..., v, and uy,u,, ..., u, be the vertices of the

star graph S,, and the path B,, then the graph [P,;S,,] is obtained from n copies of S,, andthe path P, by joining u;
with the central vertex vl(‘) of the i*" copy of S, by means of an edge, for 1 < i < n. The corona G, ° G, is a graph
obtained by taking one copy of G, of order p, and p, copies of G, and then joining the i*" vertex of G, with every
vertex in the it" copy of G,. The graph P, o K, is called as comb. When G, = K,,, then the graph G, ° G, is denoted
as G,eS,,. Square of a graph G, denoted by G2, has the vertex set as in G and two vertices are adjacent in G? if they
are at a distance either 1 or 2 apart in G. The total graph T(G) of a graph G is the graph whose vertex set is V(G) U
E(G) and two vertices are adjacent if and only if either they are adjacent vertices of G or adjacent edges of G or one is
avertex of G and the other one is an edge incident on it. The middle graph M(G) of a graph G is the graph whose vertex
setis {v:v € V(G)} U {e:e € E(G)} and the edge set is {e,e,:e;,e, € E(G) and e, and e, are adjacent edges of G}
U{ve:v € V(G),e € E(G) and e is incident with v}. For a graph G the graph S(G) is obtained by subdividing each
edge of G by a vertex. An arbitrary subdivision of a graph G is a graph obtained from G by a sequence of elementary
subdivisions forming edges into paths through new vertices of degree 2. An arbitrary super subdivision
P(m,,m,,..,m,_,) ofapath P, isa graph obtained by replacing each i*" edge of P, by identifying its end vertices of
the edge with a partition of K, ,,, having 2 elements, where m; is any positive integer.
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The concept of mean labeling was first introduced by S. Somasundaram and R. Ponraj [5] and it was developed in [6].
Similarly the concept of F-geometric mean labeling was first introduced by A. Durai Baskar et al. [1] and it was
developed in [2].

Motivated by the works of so many authors in the area of graph labeling, we introduced a new type of labeling called
logarithmic mean labeling. A function f is called a logarithmic mean labeling of a graph G(V,E) if f:V(G) -
{1,2,3, ..., q + 1} is injective and the induced function f*: E(G) — {1,2,3, ..., q} defined as
Fr(uw) = [%J for all uwv € E(G),
is bijective. A graph that admits a logarithmic mean labeling is called a logarithmic mean graph.
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Figure-1.1: A logarithmic mean graph

In this paper, we have obtained the logarithmic meanness of the graphs path B,, the star graph S,,, P, (X, X5,..., X)),
TW(PR,), the graph P,eS,,, the graph [P,; S,,], square graph of a path, total graph of a path, middle graph of a path, the
graph P(1,2,3,...,n— 1), the graph S(B, o K;) and the arbitrary subdivision of S;.

2. MAIN RESULTS
Theorem 2.1: Every path is a logarithmic mean graph.
Proof: Let vy, v,,...,v, be the vertices of the path B,. We define f:V(B,) - {1,2,...,n} as follows f(v;) =i, for

1 <i <n. The induced edge labeling is as follows f*(v;v;,,) =i, for 1 <i <n — 1. Hence f is alogarithmic mean
labeling of the path P,. Thus the path B, is a logarithmic mean graph.

3 3 )
Figure-2.1: A logarithmic mean labeling of P,.
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Theorem 2.2: Union of any two trees is not a logarithmic mean graph.

Proof: Let G be the union of two trees S and T, then |V(G)| = [V(S)| + |V(T)| and |E(G)| = |E(S)| + |E(T)| =
[V(S)| + |V(T)| — 2. Since |V(G)| > |E(G)| + 1, alogarithmic mean labeling does not exist on V(G).

Corollary 2.3: Any forest is not a logarithmic mean graph.

Proof: By the above Theorem 2.2, the result follows.

Theorem 2.4: The star graph S,, is a logarithmic mean graph if and only if n < 3.

Proof: The number of vertices and edges of S,, are n + 1 and n respectively. If f is a logarithmic mean labeling of
Sy, then it is a bijective function from V(S,,) to {1,2,...,n + 1}. As we have to label 1 for an edge, the vertex labels of
its pair of adjacent vertices are either 1 and 2 or 1 and 3. So, the central vertex of S,, is labeled as either 1 or 2 or 3. 1 can
not be a label for the central vertex in case of n > 2, since two of the pendant vertices of S,, are to be labeled as 2 and 3.

When n = 3, 2 cannot be the label for the central vertex, since two of its pendant vertices having the labels 3 and 4.
When n > 4, the pendant vertices are labeled to be 4 and 5 if the label of central vertex is 3.
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Figure-2.2: A logarithmic mean labeling of S,,,n < 3.
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Theorem 2.5: P,(X;,X,, ..., X,,) is alogarithmic mean graph,for 1 < X; <3 and |X; —X;;;| <1, for1<i<n.
Proof: Let u,,u,,...,u, be the vertices of the path P,. Let vl(i),vz(i), v,((‘l) be the pendant vertices attached at u;, for
1<i<n
Define f:V (B, (X1, X5, -, X)) = {1,2,3, ..., X1, X; + n} as follows:
fFO) =1,fP) =3 X +i, for 2<i<n,
for2<i<n,
fo+2 X, =2and j=2
FOP) =@ +1  X,=3 and j=2
fo+3 X, =3 and j=3
for1<i<n,
foMH+1 X, =12
f(ui) = [¢))
fw; ") +2 X; =3.
The induced edge labeling is as follows:
for1<i<n-—1,
* _(fw) Xi=1

f (uiui+1) - {f(ul.) +1 Xi — 2’3’
for1<i<n,

fr@Pw) = f) and
for1<i<n,

, fu) X, =2and j=2
fFrolu)={f@)-1 X;=3and j=2
fu) X; =3 and j = 3.

Hence, f is a logarithmic mean labeling of P, (X, X5, ..., X;;). Thus the graph P, (X, X,, ..., X;;) is a logarithmic mean
graphfor 1 <X, <3 and |X; — X;;,| < 1.

2 3 9
1 2 a{
3 4

Figure-2.3: A logarithmic mean labeling of P,(2,1,2,3,3,2)
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Corollary 2.6: TW (B,) is a logarithmic mean graph for m < 3.
Corollary 2.7: B, o S,,, is a logarithmic mean graph for m < 3.

Theorem 2.8: [P,; S,,] is a logarithmic mean graph, for m <2 and n > 1.

Proof: Let u,y,u,, ..., u,, be the vertices of the path B, and Let vl(i),vz(i), ., v be the vertices of the star graph S,

> ¥m+1

such that vl(‘) is the central vertex of S, for 1 <i < n.
Case-i. m = 1.
Define f: V([P S]) = {1,2,3, ...,3n} as follows:
f(u)—{3i 1< i< nandiis odd

VT Bi-2 1< i< nandiis even,
fw® =3i—1,for 1<i<n and

i _ (3i—2 1< i< nand i is odd
f(vz)_{3i 1< i< nandiis even.

The induced edge labeling is as follows:

fr(uuiyq) = 3i, for 1<i<n-1,

f*(u-vm) _ {31’ -1 1< i< nand i is odd
1 3i—2 1< i< nandiis even

3i—2 1< i< nandiis odd

d £ (rOpdy = [ . ..
and f*(v;"v,") {3L—1 1< i< nandiis even
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Case-ii. m = 2.
Define f: V([P S]) = {1,2,3, ...,4n} as follows:

Fu) = 4i 1< i< nandiis odd
t 4i — 2 1< i< nandiis even,

fo) =4i—1,for 1<i<n,
fw) =4i—3,for 1<i<n and
)y _ (4i—2 1< i< nand i is odd
f(vs )_{41' 1< i< nandiis even.
The induced edge labeling is as follows:
fr(uu;yq) =4i, for 1<i<n-1,
f*(u'v(i)) _ {41’ -1 1< i< nand i is odd
Ll 4 -2 1< i< nandiis even
FrwPvP)y=4i-3, for 1<i<n and
wr (D Dy _ [41—2 1< i< nandiis odd
fr v3)_{4i—1 1< i< nandiis even.
Hence, f is a logarithmic mean labeling of [P,; S,,]. Thus the graph [P,; S,,] is a logarithmic mean graph, for m < 2
and n > 1.

3 3 4 g 9 g 10 19 15 15 16 15 21
2 4 8 10 14 6 0
9 5 8 11 14 17 20
1 5 i 11 3 17 19

1 6 7 12 13 18 19

12 19 14 16 20 9p 22 o4 28 28 30

Figure-2.4: A logarithmic mean labeling of [P,;S;] and [P;; S,]

Theorem 2.9: P2 is a logarithmic mean graph for every n > 3.

Proof: Let v,,v,, ..., v, be the vertices of the path P,.
Define f:V(P?) - {1,2,3,...,2(n — 1)} as follows:
fw)=2i—1 for 1<i<n-1and
fn) =2(n—1).
The induced edge labeling is as follows:
ffwvi)=2i—1, for 1<i<n-—1and
(i) =20, for 1<i<n-—2.
Hence, f is a logarithmic mean labeling of the graph PZ2. Thus the graph P? is a logarithmic mean graph, for n > 3.

Figure-2.5: A logarithmic mean labeling of PZ

Theorem 2.10: T(PB,) is a logarithmic mean graph, for any n > 2.

Proof: Let V(B,) = {vy,v,, ..., v} and E(P,) = {e; = v;v;,,; 1 < i < n— 1} bethe vertex set and edge set of the path
P,. Then

V(T(R)) = {vy,Vy, ..., Vp,€q1,€5, ...,6,_1} and

E(T(R)) = {viviyr,evevip; 1 <i<n—1}U{ee;1 <i <n—2}%L

© 2019, IIMA. All Rights Reserved 43



A. Durai Baskar’, A. Rajesh Kannan* and R. Ratha .Iayalakshmls /
Logarithmic Mean Labeling of Path Related Graphs / IIMA- 10(1), Jan.-2019.

Define f:V(T(R,)) - {1,2,3,...,4(n — 1)} as follows:
fw)=4i—3, for 1<i<n-1,
f(v,) =4n—4 and
fle))=4i—-1, for 1<i<n-—1
The induced edge labeling is as follows:
ffwvy)=4i—-2, for 1<i<n-1,
fr(ejeip) =4i, for 1<i<n-—-2,
f*(ev;))=4i—3, for 1<i<n-—1 and
frevi)=4i—1, for 1<i<n-1.
Hence, f is a logarithmic mean labeling of the graph T(R,). Thus the graph T(B,) is a logarithmic mean graph, for
nz=2.

vi 2 T2 6 Y8 40 V4 44 s

3 - it had & r
€1 "1 €92 8 €3 1 2 €4

Figure-2.6: A logarithmic mean labeling of T (Ps)

Theorem 2.11: The middle graph of a path is a logarithmic mean graph.

Proof: Let V(B,) = {v,,v,, ..., v} and E(P,) = {e; = v;v;,,; 1 < i < n— 1} bethe vertex set and edge set of the path
B,.
Then V(M(B,)) = {vy,V3, ..., Vy, €1, €5, .., €n_1} aNd

EM((P)) ={vie,eviy;1<i<n—1}U{ee ;1 <i<n—2}

Define f:V(M(R,)) — {1,2,...,3n — 3} as follows:
fw)=3i—2 for 1<i<n-1,
f(v,) =3n—-3 and
fle))=3i—-1, for 1<i<n-—1

The induced edge labeling is as follows:
ff(vie)) =3i—2, for 1<i<n-1,
frevi1)=3i—1, for 1<i<n-1 and
fr(ejeip) =3i, for 1 <i<n-2.

Hence, f is a logarithmic mean labeling of the middle graph M(PB,). Thus the middle graph M(B,) is a logarithmic

mean graph.

1 4 p v . 10 13a v 15 vg

27 5 es 8 e3 11 e4 14 e
Figure-2.7: A logarithmic mean labeling of M(Py)

Theorem 2.12: Forany n > 2,P(1,2,3,...,n — 1) is a logarithmic mean graph.

Proof: Let vy,v,,...,v, be the vertices of the path B, and let u;; be the vertices of the partition of K., with
cardinality m;,1 <i<n—1and 1 <j<m,.
Define f:V(P(1,2,..,n—1)) = {1,2,3,...,n(n — 1) + 1} as follows:

fw)=i(i—-1)+1, for1<i<n and

flj)=ii-1D+2j, for1<j<i andl1<i<n-1

The induced edge labeling is as follows:

ffru))=i(i—-1D+j, for1<j<i and1<i<n-1 and

fruvip) =i*+j, for1<j<i and1<i<n-1.
Hence, f is a logarithmic mean labeling of the graph P(1,2,..,n—1). Thus the graph P(1,2,..,n—1) is a
logarithmic mean graph.
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Figure-2.8: A logarithmic mean labeling of P(1,2,3,4,5)

Theorem 2.13: S(P, o K;) is a logarithmic mean graph, for n > 2.

Proof: Let V[P, o K;] = {u;,v;:1 < i < n}. Let x; be the vertex which divides the edge w;v;, for 1 <i <n and y;
be the vertex which divides the edge w;v;,,, for 1 <i <n—1. Then
VIS(P,o K)] = {u, vy, xpy51<i<nl1l<j<n-1}and
E[S(P,eK))] = {wixp,vix; 1 < i < n}U {wy, yiuiep1 <i<n—1}.

We define f:V[S(P,eK;)] = {1,2,3, ...,4n — 1} as follows:
fu))=4i—-1, for 1<i<n,
f)=4i+1 for 1<i<n-1,
flx;) =4i—2, for 1<L<n and

f(vl)—{4l 4 2< i< n

The induced edge labeling is as follows:

ffuy,)=4i—1, for 1<i<n-1

ffiui) =4i+1, for 1<i<n-1

f*ux;)) =4i—2, for 1<i<n and

. 1 i=1

f (”ixi):{4i—4 2< i< n
Hence f is a logarithmic mean labeling of S(P, o K;). Thus the graph S(P, o K;) is a logarithmic mean graph, for
nz=2.

5 § B B g g %315 §5 W gy 18
2 10 14 18
2 10 14 18
1 8 12 16

1 1 8 12 16

Figure-2.9: A logarithmic mean labeling of S(Ps o K;).
Theorem 2.14: Arbitrary subdivision of S is a logarithmic mean graph.

Proof: Let G be a graph of arbitrary subdivision of S;. Let vy, v,,v, and v be the vertices of G in which v, is the
central vertex and v,,v, and v; are the pendant vertices of S;. Let the edges v,v,,v,v, and v,v; of S; be
subdivided by p,,p, and p; number of vertices respectively.

@ @ 1) 1) 2 ,@ @) () 3,6 ,3) 3)
Let vy, v, 0,7, 057, ., p1+1(— V1), V0, Vy LV, Vs, e U s (F 02) and vo, v, 1,7, 157, v, (= vs) be

the vertices of G and vy, = v, ® for 1<i<3.

Let e].(i) = v].(f)lv].(i), 1<j<p;+1and 1<i<3 be the edges of G and it has p, +p, + p; +4 vertices and
p1 +p; +p5 + 3 edges with p;, < p, < ps.
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Define f:V(G) = {1,2,3,...,p, + p, + p3 + 4} as follows:
fo) =p1+p,+3,
fF) =p +p,+4—2i for 1<i<p +1,
@ _(P1F+p,+3-2i 1< i< p+1
f @, )_{p2+2—i p1+2< i< p,+1 and
fF®)=p +p,+3+i, for 1<i<p;+1.

The induced edge labeling is as follows:
f*(vi(l)vi(i)l) =p,+p,+2—-2i, for 1<i<p,,
i@ @y _ (P12 t1-20 1< i< p,
f vi+1)_{p2+1—[ P+1< i< py,
FroPv®)=p +p, +3+i, for 1<i<p,,
f*(volﬁ(l)) =p1+tp.t+2
* 1
f*@ov”) = py +p, +1 and
f*(vovefl)) =p+p,+3.
Hence f is a logarithmic mean labeling of G. Thus the arbitrary subdivision of S is a logarithmic mean graph.

Figure-2.10: A logarithmic mean labeling of arbitrary subdivision of S;.
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