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ABSTRACT 
A new exponentiated Weibull lifetime model which exhibits many important hazard rate shapes has been introduced. 
The importance of the new exponentiated Weibull lifetime model is depended on the wider importance of the standard 
Weibull and the standard exponentiated Weibull and lifetime models. Empirically the flexibility of the new lifetime 
model has been illustrated via three types of lifetime data.  
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1. INTRODUCTION 
 
A random variable (r.v.)  W is said to have the exponentiated Weibull distribution (EWD) if its probability density 
function (PDF) given by  

ℎ(𝑤 ;𝛼 ,𝛽) = 𝛼𝛽𝑤𝛽−1�−𝑒𝑥𝑝�−𝑤𝛽�+ 1�
𝛼−1

𝑒𝑥𝑝�−𝑤𝛽�,                    (1) 
and cumulative distribution function (CDF)  

𝐻(𝑤 ;𝛼 ,𝛽) = �− 𝑒𝑥𝑝�−𝑤𝛽� + 1�
𝛼

,                    (2) 
respectively, for  𝑤 > 0 ,  𝛼 > 0  and  𝛽 > 0 . For  𝛼 = 1  we get the well-known WD with only one parameter  𝛽 . In 
this paper we shall introduce a new flexible version of the EWD with only two parameters via the Odd Lindley (OLi-G) 
family. The PDF and CDF of OLi-G family of distribution (see Silva et al. (2017)) are given by (with scale equal one) 

𝑓(𝑥 ;𝝓) = 2−1ℎ(𝑥 ;𝝓)𝐻(𝑥 ;𝝓)−3 𝑒𝑥𝑝 �−
𝐻(𝑥 ;𝝓)
𝐻(𝑥 ;𝝓)

�, 
 
                   (3) 

and 

𝐹(𝑥 ;𝝓) = 1 − 2−1𝐻(𝑥 ;𝝓)−1�1 + 𝐻(𝑥 ;𝝓)� 𝑒𝑥𝑝 �−
𝐻(𝑥 ;𝝓)
𝐻(𝑥 ;𝝓)

�, 
 
                   (4) 

respectively. By using equations (1), (2) and (3) we obtain the two-parameters OLi-EWD density in Equation (5). A r.v.  
𝑋  is said to have the OLi-EWD if its PDF and CDF given as 

𝑓(𝑥) = 2−1𝛼𝛽𝑥𝛽−1�−�−𝑒𝑥𝑝�−𝑥𝛽� + 1�
𝛼

+ 1�
−3
�−𝑒𝑥𝑝�−𝑥𝛽� + 1�

𝛼−1
 

× 𝑒𝑥𝑝�−𝑥𝛽 −
�−𝑒𝑥𝑝�−𝑥𝛽� + 1�

𝛼

1 − [−𝑒𝑥𝑝(−𝑥𝛽) + 1]𝛼� ,𝑥 ≥ 0, 

 
 
                   (5) 

and  
𝐹(𝑥) = 1− 2−1�1− �−𝑒𝑥𝑝�−𝑥𝛽� + 1�

𝛼�
−1
�𝑎 + �1− �−𝑒𝑥𝑝�−𝑥𝛽� + 1�

𝛼�� 
× 𝑒𝑥𝑝�−𝑎�−𝑒𝑥𝑝�−𝑥𝛽� + 1�

𝛼
/�1− �−𝑒𝑥𝑝�−𝑥𝛽� + 1�

𝛼�� ,𝑥 ≥ 0, 

                   (6) 

respectively. 
 
Let  𝑌  be a lifetime r.v. having the EW distribution with CDF  𝐺(𝑡 ;𝛼 ,𝛽) . The odds ratio (o.r.) that an individual (or 
component) following the lifetime  𝑌  will die (failure) at time  𝑥  is  

�−𝑒𝑥𝑝�−𝑡𝛽�+ 1�
𝛼

÷ �−�1− 𝑒𝑥𝑝�−𝑡𝛽��
𝛼

+ 1�. 
 
Consider that the variability of this o.r. of death is represented by the r.v.  𝑋  and assume that it follows the Lindley 
model with scale  𝑎 = 1 . We can write  

𝑃𝑟(𝑌 ≤ 𝑥) = 𝑃𝑟 �𝑋 ≤ ��−𝑒𝑥𝑝�−𝑡𝛽�+ 1�
𝛼

÷ �−�1− 𝑒𝑥𝑝�−𝑡𝛽��
𝛼

+ 1��� = 𝐹(𝑥), 
which is given by (6). 
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Let  𝑋  be an arbitrary r.v. with CDF  𝐹(𝑥 ;𝛼 ,𝛽) . For any  𝑊 ∈ (0.1) , the quantile function (QF)  𝑄(𝑊)  of the r.v.  
𝑋  is the solution of  𝑊 = 𝐹(𝑄(𝑊))  for all   𝑄(𝑊) > 0,  from Equation (6), we get  

−�
−𝐺�𝑄(𝑊)� + 2
−𝐺�𝑄(𝑊)� + 1

� 𝑒𝑥𝑝 �−
−𝐺�𝑄(𝑊)� + 2
−𝐺�𝑄(𝑊)� + 1

� = 2
(𝑊− 1)

𝑒𝑥𝑝(−1 − 𝑎), 

where 

−�
−𝐺�𝑄(𝑊)� + 2
−𝐺�𝑄(𝑊)� + 1

�, 

is the Lambert function 𝐋(⋅) of the real argument  2 (𝑊−1)
𝑒𝑥𝑝(−1−𝑎)  and the Lambert  𝐋(⋅) function is defined by 

 
𝑥 = 𝐋(𝑥) 𝑒𝑥𝑝[𝐋(𝑥)], 

from Silva et al. (2017), we can write the following equation for QF of the OLi-EWD  

𝑄(𝑊) = �−𝑙𝑜𝑔 � �−𝐋(−2(−1 + 𝑊)𝑒𝑥𝑝(1 + 𝑎))𝛼 �
𝛽

, 
 
2. GRAPHICAL AND LINEAR PRESENTATIONS 
 
Graphical presentation 
 
We note that the PDF OLi-EWD model exhibits various important shapes for the PDF (see Figure 1). We also conclude 
that the HRF OLi-EWD exhibits the decreasing, the increasing and the bathtub (U) hazard rates (see Figure 2). 
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Linear representation 
 
The PDF of  𝑋  in (5) can be easily expressed as 

𝑓(𝑥) = � 𝑉𝑖,𝑘

∞

𝑖,𝑘=0

 ℎ(𝑥 ;[(2 + 𝑖 + 𝑘)𝛼] ,𝛽), 
 
                   (7) 

 
where  

𝑉𝑖 ,𝑘 =
(−1)𝑘𝛤(3 + 𝑖 + 𝑘)

2𝑖!𝛤(3 + 𝑘)(2 + 𝑘 + 𝑖), 

and  
[(2 + 𝑘 + 𝑖)𝛼]𝛽𝑧𝛽−1�1− 𝑒𝑥𝑝�−𝑥𝛽��

−1+(2+𝑘+𝑖)𝛼
𝑒𝑥𝑝�−𝑥𝛽� = ℎ(𝑥 ;[(2 + 𝑘 + 𝑖)𝛼] ,𝛽) 

is the PDF of EWD model with parameters  [(2 + 𝑖 + 𝑘)𝛼] > 0  and  𝛽 > 0.  The CDF of  𝑋  can be given by 
integrating (7) as 

𝐹(𝑥) = � 𝑽𝑖,𝑘

∞

𝑖,𝑘=0

 𝐻(𝑥 ;(2 + 𝑖 + 𝑘)𝛼,𝛽), 
 
 
                   (8) 

where  
�1− 𝑒𝑥𝑝�−𝑡𝛽��

(2+𝑖+𝑘)𝛼
= 𝐻(𝑥 ;[(2 + 𝑖 + 𝑘)𝛼] ,𝛽), 

is the CDF of EWD model with parameters  [(2 + 𝑖 + 𝑘)𝛼] > 0  and  𝛽 > 0.  For more details about the OLi-G family 
see Silva et al. (2017). See also Mudholkar and Srivastava (1993) and Nadarajah and Kotz (2006) for more information 
about the EWD. 



Mohamed K. A. Refaie / A New Two-Parameter Exponentiated Weibull Model with Properties and … / IJMA- 10(2), Feb.-2019. 

© 2019, IJMA. All Rights Reserved                                                                                                                                                                         4  

 
3. STATISTICAL PROPERTIES 
 
Moments 
The  𝑞𝑡ℎ  ordinary moment of  𝑋  is given by 

𝜇𝑞′ =  � 𝑥𝑞
∞

0
𝑓(𝑥)𝑑𝑥 = 𝐸(𝑋𝑞). 

Via (7), we get  

𝜇𝑞′ = 𝛤(1 + 𝛽−1𝑞) � 𝑽𝑖,𝑘

∞

𝑖,𝑗,𝑘=0

𝑐𝑗
{[(2+𝑖+𝑘)𝛼],𝑞}|(𝑞>−𝛽), 

 
                 (9) 

where  

𝑐𝑎3
(𝑎1,𝑎2) = 𝑎1(−1)𝑎3 �𝑎1 − 1

𝑎3
� (1 + 𝑎3)−

𝑎2+𝛽
𝛽 , 

 

𝛤(1 + 𝑣) = �(𝑣 −𝑚)
𝑣−1

𝑚=0

,𝑣 ∈ 𝑅+, 

and  

� 𝑒𝑥𝑝(−𝑥)
∞

0
𝑥𝑞−1𝑑𝑥 = 𝛤(𝑞), 

is the complete gamma (CGa) function. The  𝑞𝑡ℎ  incomplete moment of  𝑋 , say  𝐼𝑞(𝑤) , is given by  

𝐼𝑞(𝑤) = � 𝑓(𝑥)𝑥𝑞
𝑤

0
𝑑𝑥. 

Via (7), we have 

𝐼𝑞(𝑤) = 𝛾�1 + 𝛽−1𝑞,𝑤−𝛽� � 𝑽𝑖,𝑘

∞

𝑖 ,𝑗,𝑘=0

𝑐𝑗
{[(2+𝑖+𝑘)𝛼],𝑞} |(𝑞>−𝛽), 

where 

𝛾(𝛿, 𝑧) = � 𝑤𝛿−1
𝑧

0
𝑒𝑥𝑝(−𝑤)𝑑𝑤 = �

(−1)𝜏

𝜏! (𝛿 + 𝜏)

∞

𝜏=0

𝑧𝛿+𝜏 , 

is the lower incomplete gamma (LIGa) function. 
 
Order statistics 
Let  𝑋1,𝑋2, … ,𝑋𝑛−1,𝑋𝑛  be a random sample (RS) from the OLi-EWD model of distributions and let  
𝑋1  :   𝑛 ,𝑋2  :   𝑛 , … ,𝑋𝑛−1  :   𝑛 ,𝑋𝑛  :   𝑛  be the corresponding order statistics. The PDF of the  𝑖𝑡ℎ  order statistic, say  𝑋𝑖  :   𝑛 
, can be expressed as  

𝑓𝑖  :   𝑛(𝑥) = �(−1)𝑗
𝑛−𝑖

𝑗=0

𝐵−1(𝑖, 𝑛 + 1− 𝑖)𝑓(𝑥)𝐹(𝑥)𝑗+𝑖−1 �𝑛 − 𝑖
𝑗 �. 

 
 
                 (10) 

where  𝐵(⋅,⋅)  is the beta function. Substituting (5) and (6) in Equation (10), we obtain  

𝑓𝑖  :   𝑛(𝑥) = � � 𝑨𝑚,𝑝,𝑗

𝑘+𝑛−𝑖

𝑗=0

∞

𝑚,𝑝=0

 ℎ(𝑥 ;(1 + 𝑚 + 𝑗 + 𝑝)𝛼,𝛽), 

where 

𝑨𝑚,𝑝,𝑗 = �
(−1)𝑘+𝑚 �1

2�
1+𝑗

𝐵−1(𝑖, 𝑛 + 1− 𝑖)
𝑚! (1 + 𝑚 + 𝑗 + 𝑝)

𝑖−1

𝑘=0

�−1 + 𝑘 + 𝑛
𝑗 � �𝑗 + 𝑝 +𝑚

𝑗 +𝑚 ��𝑖 − 1
𝑘 �. 

Then, the  𝑧𝑡ℎ  moment of  𝑋𝑖  :   𝑛  is given by  

𝐸(𝑋𝑖  :   𝑛
𝑧 ) = 𝛤(1 + 𝛽−1𝑧) � � 𝑨𝑚,𝑝,𝑗

𝑘+𝑛−𝑖

𝑗=0

∞

𝑚,𝑝,ℎ=0

 𝑐ℎ
[(1+𝑚+𝑗+𝑝)𝛼,𝑧]|(𝑧>−𝛽). 

 
Moment of residual and reversed residual life (MRL & MRRL) 
 
The  𝜏𝑡ℎ  MRL is given by  

𝐸[�𝑋 − 𝑡)𝜏  |𝑡>0,𝑋>𝑡,  𝜏=1,2,…� = 𝑅𝜏(𝑡). 
So, the  𝜏𝑡ℎ  MRL of  𝑋  can be given as  

[1− 𝐹(𝑡)]−1 � (𝑥 − 𝑡)𝜏
∞

𝑡
𝑑𝐹(𝑥) = 𝑧𝜏(𝑡), 
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subsequently we can write 

𝑅𝜏(𝑡) = [1− 𝐹(𝑡)]−1 � �(−𝑡)𝜏−𝑟
𝑡

𝑟=0

∞

𝑖,𝑘=0

 �𝜏𝑟�𝑽𝑖,𝑘 � 𝑥𝜏  
∞

𝑡
ℎ(𝑥 ;(2 + 𝑖 + 𝑘)𝛼,𝛽)𝑑𝑥, 

= 𝛤�1 + 𝛽−1𝜏, 𝑡−𝛽�[1− 𝐹(𝑡)]−1 � �𝜹𝑖,𝑗,𝑘,𝑟
�(2+𝑖+𝑘)𝛼,𝜏�

𝑡

𝑟=0

∞

𝑖,𝑗,𝑘=0

 |(𝜏>−𝛽), 

where  

𝜹𝑖 ,𝑗,𝑘,𝑟
�(2+𝑖+𝑘)𝛼,𝜏� = 𝑽𝑖 ,𝑘𝑡𝜏−𝑟(−1)𝑖+𝜏−𝑟[(2 + 𝑖 + 𝑘)𝛼](1 + 𝑗)−(𝜏+𝛽)/𝛽 �𝑖 + 𝑘

𝑗 � �𝜏𝑟�, 
and 

𝛤(𝑎,𝑥)|(𝑥>0) = � 𝑡𝑎−1
∞

𝑥
𝑒𝑥𝑝(−𝑡)𝑑𝑡, 

is the upper incomplete gamma (UIGa) function and 
𝛤(𝑎, 𝑥) + 𝛾(𝑎,𝑥) = 𝛤(𝑎). 

The  𝜏𝑡ℎ  MRRL is given by  
𝑍𝜏(𝑡) = 𝐸�(𝑡 − 𝑋)𝜏  |𝑡>0 ,𝑋≤𝑡,   𝜏=1,2,…�,  

uniquely determines  𝐹(𝑥) . We have  

𝐹(𝑡)−1 � (𝑡 − 𝑥)𝜏
𝑡

0
𝑑𝐹(𝑥) = 𝑍𝜏(𝑡). 

Then, the  𝜏𝑡ℎ  moment of the reversed residual life of  𝑋  becomes 

𝑍𝜏(𝑡) = 𝐹(𝑡)−1 � �(−1)𝑟
𝑡

𝑟=0

∞

𝑖,𝑘=0

�𝜏𝑟� 𝑡
𝜏−𝑟𝑽𝑖,𝑘 �

𝑡

0
𝑥𝑟 ℎ(𝑥 ;(2 + 𝑖 + 𝑘)𝛼,𝛽)𝑑𝑥, 

           = 𝛾�1 + 𝛽−1𝜏, 𝑡−𝛽�𝐹(𝑡)−1 � �𝒃𝑖,𝑗,𝑘,𝑟
�(2+𝑖+𝑘)𝛼,𝜏�

𝑡

𝑟=0

∞

𝑖,𝑗,𝑘=0

 |(𝜏>−𝛽), 

where  

 𝒃𝑖 ,𝑗,𝑘,𝑟
�(2+𝑖+𝑘)𝛼,𝜏� = 𝑽𝑖,𝑘𝑡𝜏−𝑟(−1)𝑖+𝑟(𝑗 + 1)−(𝜏+𝛽)/𝛽[(2 + 𝑖 + 𝑘)𝛼] �𝑖 + 𝑘

𝑗 � �𝜏𝑟�. 
 
4. MAXIMUM LIKELIHOOD METHOD 
 
If  𝑥1, … ,𝑥𝑛   be a RS of the new distribution with parameter vector  𝚿 = (𝛼,𝛽)𝑇 . The log-likelihood function for  𝜳, 
say  ℓ = ℓ(𝜳), is given by 

ℓ = ℓ(𝚿) = −𝑛 𝑙𝑜𝑔(2) + 𝑛 𝑙𝑜𝑔(𝛼) + 𝑛 𝑙𝑜𝑔(𝛽) + (𝛽 − 1)�𝑙𝑜𝑔(𝑥𝑖)
𝑛

𝑖=1

 

−3�𝑙𝑜𝑔(1 − 𝑑𝑖𝛼)
𝑛

𝑖=1

+ −�𝑥𝑖
𝛽

𝑛

𝑖=1

(𝛼 − 1)�𝑙𝑜𝑔(𝑑𝑖)
𝑛

𝑖=1

−�𝑏𝑖

𝑛

𝑖=1

, 

 
 
 
 
 
               (11) 

 
where  

𝑑𝑖 = �1− 𝑒𝑥𝑝�−𝑥𝑖
𝛽�� and 𝑏𝑖 = 𝑚𝑖

𝛼(1− 𝑠𝑖𝛼)−1, 
Equation (11) can be maximized either via the different. The score vector elements are easily to be calculated 
 
5. DATA ANALYSIS 
 
We shall consider the Cramér-von-Mises (𝑊∗) and the Anderson-Darling (𝐴∗), wher  

𝑊∗ = �(1/12𝑛) +�𝐜𝑗

𝑛

𝑗=1

� (1 + 1/2𝑛), 

and  

𝐴∗ = �𝑛 +
1
𝑛
�𝐪𝑗

𝑛

𝑗=1

��
9

4𝑛2
+

3
4𝑛 + 1�, 

respectively, where  
𝐜𝑗 = [𝑧𝑖 − (2𝑗 − 1)/2𝑛]2, 

𝐪𝑗 = (2𝑗 − 1) 𝑙𝑜𝑔�𝐳𝑗�1− 𝐳𝑛−𝑗+1��, 
and  𝐳𝑗 = 𝐹�𝑦𝑗�  the  𝑦𝑗 's values are the ordered observations. The calculated values for the MLEs and its 
corresponding standard errors (S.E.) (in parentheses) of the model parameters are listed in Tables 1, 3 and 5.               
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The numerical values of the statistics  𝑊∗  and  𝐴∗  are listed in Tables 2, 4 and 6. The estimated PDF, estimated HRF, 
total time test (TTT)  plots for the three data sets are displayed in Figures 3, 4 and 5. The TTT plot for the three data 
sets are given in Figure 3, 4 and 5 and indicates that the empirical HRFs of data sets I, II and III are increasing. All 
required calculations are carried out via the R software. 
 
Application-1: Modeling failure times 
 
The data consist of 84 observations. The data are: 0.04, 1.86600, 3.1660, 2.632, 3.595, 1.0700, 1.9140, 2.6460, 3.699, 
1.1240, 1.9810, 2.661, 2.890, 4.1210, 4.485, 2.385, 3.443, 0.301, 1.8760, 2.481, 3.467, 0.3090, 1.8990, 4.1670, 1.432, 
4.3760, 1.615, 2.688, 2.934, 2.610, 3.4780, 0.5570, 1.911, 2.6250, 4.570, 1.303, 2.0890, 2.902, 3.7790, 3.9240, 1.2810, 
4.0350, 1.281, 2.0850, 2.3000, 3.344, 4.602, 1.757,  3.5780, 0.9430, 1.912, 2.0380, 2.823, 2.2230, 3.114, 4.449, 1.619, 
2.0970, 1.2480, 2.010, 2.2240, 3.1170, 1.6520, 1.6520, 2.229, 4.240, 1.4800, 2.135, 2.9620, 4.255, 1.5050, 2.154, 
2.9640, 4.278, 1.5060, 2.190, 3.0000, 4.3050, 1.5680, 2.1940, 3.1030, 2.3240, 3.3760, 4.6630 Here, we shall compare 
the fits of the OLi-EWD distribution with those of other competitive models. The PDFs of these models are given in 
Appendix A. Based on the figures in Table2 we conclude that thehe OLi-EWD provides adequate fits as compared to 
other W models with small values for  𝑊∗   and  𝐴∗ . The proposed lifetime model is better than the MOE-WD, Ga-
WD, BrXEWD, PTL-WD, Kw-WD, KwT-WD, MB-WD, Mc-WD, W-FrD, B-WD, TM-WD, and TExG-WD models, 
and a good ersatz to these models. 
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Application-2: Modeling survival times 
 
The second real data set corresponds to the survival times (in days) of 72 guinea pigs infected with virulent tubercle 
bacilli reported by Bjerkedal (1960). We shall compare the fits of the OLi-EWD distribution with those of other 
competitive models. The PDFs of these models are given in Appendix B. Based on Table 4, we see that the OLi-EWD 
is better than the OW-WD, WLog-WD, GaE-ED. 
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Application 3: Modeling strengths data 
 
This data consists of 63 observations (strengths of 1.5 cm glass fibers), the data originally obtained by workers at the 
UK National Physical Laboratory. The data are: 0.770, 0.81, .89, 1.490, 1.49, 1.500, 1.62, 1.36, 1.390, 0.550, 1.250, 
1.270, 2.000, 1.630, 1.240, 1.69, 1.700, 1.70, 1.73, 1.76, 1.760, 1.77, 1.78, 1.810, 1.82, 1.84, 0.74, 0.840, 0.930, 1.04, 
1.60, 1.601, 1.610, 1.670, 1.680, 1.680, 1.84, 1.11, 1.130, 1.280, 1.290, 1.30, 2.010, 1.610, 1.61, 1.620, 1.660, 1.42, 
1.480, 1.480, 1.640, 1.66, 1.660, 1.500, 1.510, 1.520, 1.530, 1.540, 1.550, 1.550, 1.580, 1.590, 2.240. For this data set, 
we shall compare the fits of the OLi-EWD distribution with some competitive models. The PDFs of these models are 
given in Appendix C. 
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6. CONCLUDING REMARKS 
 
We introduced and studied a new extension of the exponentiated Weibull lifetime model called the Odd Lindley 
exponentiated Weibull Distribution (OLi-EWD) with only two-parameters. The OLi-EWD exhibits the increasing the 
decreasing and the bathtub (U) hazard rates. The OLi-EWD has been represented as a mixture of the exponentiated 
Weibull density. is better than many other versions of the exponentiated Weibull model existing in the literature. 
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Appendix: A 
 
The Beta-Weibull (B-WD) (Lee et al., 2007) 

𝑓(𝑥) = 𝛽𝛼𝛽𝐵−1(𝑎,𝑏)𝑥𝛽−1�1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��
𝑎−1

𝑒𝑥𝑝�−𝑏(𝛼𝑥)𝛽� ;  
the Poisson Topp Leone-Weibull (PTL-WD) (New) 

𝑓(𝑥) = 2𝜆𝛼𝑏𝑎𝑏𝑥𝑏−1[1− 𝑒𝑥𝑝(−𝜆)]−1 𝑒𝑥𝑝(−2𝑥𝑏) [1− 𝑒𝑥𝑝(−2𝑥𝑏)]𝛼−1 
× 𝑒𝑥𝑝{−𝜆[1− 𝑒𝑥𝑝(−2𝑥𝑏)]𝛼} ;  

th Transmuted modified-Weibull (TM-WD) (Khan and King, 2013) 
𝑓(𝑥) = �𝛼 + 𝛾𝛽𝑥𝛽−1��1− 𝜆 + 2𝜆 𝑒𝑥𝑝�−𝛼𝑥 − 𝛾𝑥𝛽�� 𝑒𝑥𝑝�−𝛼𝑥 − 𝛾𝑥𝛽� , |𝜆| ≤ 1 ;  

Marshall Olkin extended-Weibull (MOE-W) (Ghitany et al., 2005) 

𝑓(𝑀𝑂𝐸−𝑊)(𝑥) = 𝛼𝛽𝛾𝛽 �1− (1− 𝛼)𝑒−(𝛾𝑥)𝛽�
−2
𝑥𝛽−1 𝑒𝑥𝑝�−(𝛾𝑥)𝛽� ;  

th transmuted exponentiated generalized Weibull (TExG-WD) (Yousof et al., 2015) 
𝑓(𝑥) = 𝑎𝑏𝛽𝛼𝛽𝑥𝛽−1�1− 𝑒𝑥𝑝�−𝑎(𝛼𝑥)𝛽��

𝑏−1
𝑒𝑥𝑝�−𝑎(𝛼𝑥)𝛽� 

× �1 + 𝜆 − 2𝜆�1 − 𝑒𝑥𝑝�−𝑎(𝛼𝑥)𝛽��
𝑏� , |𝜆| ≤ 1. 

the Gamma-Weibull (Ga-WD) (Provost et al., 2011)  
𝑓(𝑥) = 𝛽𝛼𝛾/𝛽+1𝛤−1(1 + 𝛾/𝛽)𝑥𝛽+𝛾−1 𝑒𝑥𝑝�−𝛼𝑥𝛽� ;  

the Weibull-Fréchet (W-FrD) (Afify et al., 2016c) 

𝑓(𝑥) = 𝑎𝑏𝛽𝛼𝛽𝑥−(𝛽+1) 𝑒𝑥𝑝 �−𝑏 �
𝛼
𝑥
�
𝛽
��1− 𝑒𝑥𝑝 �−�

𝛼
𝑥
�
𝛽
��

−(𝑏+1)

 

× 𝑒𝑥𝑝

⎩
⎨

⎧
−𝑎 �

𝑒𝑥𝑝 �−�𝛼𝑥�
𝛽
�

1− 𝑒𝑥𝑝 �−�𝛼𝑥�
𝛽
�
�

𝑏

⎭
⎬

⎫
, 

the Kumaraswamy-Weibull (Kw-WD) (Cordeiro et al., 2010) 
𝑓(𝑊−𝐹𝑟)(𝑥) = 𝑎𝑏𝛽𝛼𝛽𝑥𝛽−1�1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��𝑎−1 𝑒𝑥𝑝�−(𝛼𝑥)𝛽� �1 − �1 − 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��𝑎�

𝑏−1
;  

 the Kumaraswamy transmuted-Weibull (KwT-WD) (Afify et al., 2016a) 
 

𝑓(𝐾𝑤𝑇−𝑊)(𝑥) = 𝑎𝑏𝛽𝛼𝛽𝑥𝛽−1�1 + 𝜆 − 2𝜆�1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��� 𝑒𝑥𝑝�−(𝛼𝑥)𝛽� 

× �1 − �(1 + 𝜆)�1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽�� − 𝜆�1 − 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��
2�

𝑎
�
𝑏−1

 

× ��1 − 𝑒𝑥𝑝�−(𝛼𝑥)𝛽���1 + 𝜆 − 𝜆�1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽����
𝑎−1

;  
 
Modified beta-Weibull (MB-WD) (Khan, 2015) 

𝑓(𝑀𝐵−𝑊)(𝑥) = 𝛽𝛾𝑎𝛼−𝛽𝐵−1(𝑎,𝑏)𝑥𝛽−1 �1− 𝑒𝑥𝑝 �−�
𝑥
𝛼
�
𝛽
��
𝑎−1

𝑒𝑥𝑝 �−𝑏 �
𝑥
𝛼
�
𝛽
� 

× �1− (1− 𝛾) �1− 𝑒𝑥𝑝 �−𝑏 �
𝑥
𝛼
�
𝛽
���

−𝑎−𝑏

;  

 the Mcdonald-Weibull (Mc-WD) (Cordeiro et al., 2014),  
𝑓(𝑀𝑐−𝑊)(𝑥) = 𝛽𝑐𝛼𝛽𝐵−1(𝑎/𝑐,𝑏)𝑥𝛽−1�1−𝑒𝑥𝑝�−(𝛼𝑥)𝛽��

𝑎−1
𝑒𝑥𝑝�−(𝛼𝑥)𝛽� �1− �1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��

𝑐�
𝑏−1

 distributions, 
whose PDFs (for  𝑥 > 0 ). The parameters of the above densities are all positive real numbers except for the TM-W and 
TExG-W distributions. 
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Appendix: B 
 
the three-parameters OL-EWD 

𝑓(𝑥) = 𝑎2(1 + 𝑎)−1𝛼𝛽𝑥𝛽−1 𝑒𝑥𝑝�−𝑥𝛽� 

× �1− �1− 𝑒𝑥𝑝�−𝑥𝛽��
𝛼�

−3
�1− 𝑒𝑥𝑝�−𝑥𝛽��

𝛼−1
 

× 𝑒𝑥𝑝�−𝑎�1− 𝑒𝑥𝑝�−𝑥𝛽��
𝛼

/�1− �1− 𝑒𝑥𝑝�−𝑥𝛽��
𝛼�� , 𝑥 ≥ 0 

the Odd Weibull-Weibull (OW-WD) (Bourguignon et al., 2014) 
𝑓(𝑥) = 1− 𝑒𝑥𝑝�−𝛼[𝑒𝑥𝑝(𝜆𝑥𝛾) − 1]𝛽� ;  

the gamma exponentiated-exponential (GaE-ED) (Risti´c and Balakrishnan 2012) 

𝑓(𝑥) =
𝛼𝜃
𝛤(𝜆) 𝑒𝑥𝑝

(−𝜃𝑥) [1− 𝑒𝑥𝑝(−𝜃𝑥)]𝛼−1{−𝛼 𝑙𝑜𝑔[1− 𝑒𝑥𝑝(−𝜃𝑥)]}𝜆−1 ;  

distributions, whose PDFs (for  𝑥 > 0 ). 
 
Appendix: C 
 
T-WD:  

𝑓(𝑥) = 𝛽𝛼𝛽𝑥𝛽−1 𝑒𝑥𝑝�−(𝛼𝑥)𝛽� �1 + 𝑎 − 2𝑎�1 − 𝑒𝑥𝑝�−(𝛼𝑥)𝛽���, |𝑎| ≤ 1, 
and OLL-WD:   

𝑓(𝑥) = 𝜃𝛽𝛼𝛽𝑥𝛽−1�1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��𝜃−1 𝑒𝑥𝑝�−𝜃(𝛼𝑥)𝛽� 

��1− 𝑒𝑥𝑝�−(𝛼𝑥)𝛽��𝜃 + 𝑒𝑥𝑝�−𝜃(𝛼𝑥)𝛽��
−2

. 
 
Some other extensions of the WD can also be used in this comparison, but are not limited to Yousof et al. (2015), Afify 
et al. (2016b, c), Yousof et al. (2016a,b), Cordeiro et al. (2017a, b), Yousof et al. (2017a,b,c,d,e), Brito et al. (2017), 
Korkmaz and Genç (2017),  Korkmaz et al. (2018), Yousof et al. (2018a, b, c) and Hamedani et al. (2018a, b) among 
others. 
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