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ABSTRACT

In 2019, Basavanagoud et al. introduced new degree based topological indices called Kulli-Basava indices and
studied their mathematical and chemical properties which have good response with mean isomer degeneracy. In this
paper, we propose the first and second hyper Kulli-Basava indices and their polynomials of a graph and compute exact
formulae for complete graphs, wheel graphs, gear graphs and helm graphs. Also we determine the Kulli-Basava
indices of gear graphs and helm graphs.
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1. INTRODUCTION

In Chemical Sciences, topological indices have been found to be useful in chemical documentation, isomer
discrimination, structure property relationships, structure activity relationships. There has been considerable interest in
the general problem of determining topological indices.

Let G be a finite, simple, connected graph with vertex set V(G) and edge set E(G). The degree dg(v) of a vertex v is the
number of edges incident to v. The edge connecting the vertices u and v will be denoted by uv. The degree of an edge e
= uv in a graph G is defined by ds(e) = ds(u)+ ds(v) — 2. The set of all vertices adjacent to v is called the open
neighborhood of v and denoted by Ng(v). Let Sg(v) denote the sum of the degrees of all vertices adjacent to a vertex v.
The set of all edges incident to v is called the edge neighborhood of v and denoted by Ne(v). Let S¢(v) denote the sum of
the degrees of all edges incident to a vertex v. We refer to [1] for undefined term and notation.

The first and second Zagreb indices are the degree based topological indices, introduced by Gutman and Trinajsti¢ in
[2]. These indices have many applications in Chemistry. Recently, Basavanagoud and Jakkannavar introduced [3] the
following Kulli-Basava indices:

The first Kulli-Basava index of a graph G is defined as

KB, (G)= > [S,(u)+5S,(v)]

uweE(G)

The modified first Kulli-Basava index of a graph G is defined as

KB (G)= 5" s, ().

uev(G)

The second Kulli-Basava index of a graph G is defined as

KB,(G)= > S (u)S, (V).

uweE(G)

The third Kulli-Basava index of a graph G is defined as
KB,(G)= > S, (u)—S,(v)|

uveE(G)
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Considering the above Kulli-Basava indices, we define the following polynomials:

The first Kulli-Basava polynomial of a graph G is defined as
KBl(G,X): Z X[Se(u)+Se(v)].

weE(G)

The modified first Kulli-Basava polynomial of a graph G is defined as
KB::‘ (G, X) — Z XSe(U)Z .

ueVv(G)

The second Kulli-Basava polynomial of a graph G is defined as

B,(G,x)= 3 x¥W,

uweE(G)

The third Kulli-Basava polynomial of a graph G is defined as
K83 (G, X) _ Z X\Se(u)—se(v)\.

uweE(G)

In a recent years, the Zagreb index [4], F-index [5], sum connectivity index [6], reverse indices [7], Revan indices [8],
Dakshayani index [9] were introduced and extensively studied.

The hyper Zagreb index of a graph G was introduced by Shirdel et al. in [10] and it is defined as
2
HM, (G)= > [dg (u)+dg (V)]

uweE(G)

In [11], Gao et al. proposed the second hyper Zagreb index, defined as

HM, G)= 3 [dg (Wdg W]

uweE(G)

We now introduce the first and second hyper Kulli-Basava indices of a graph G, defined as
2
HKB,(G)= Y [S,(u)+S, ()],

uweE(G)

HKB,(G)= S [s, (WS, W),

uweE(G)

Considering the first and second hyper Kulli-Basava indices, we propose the first and second hyper Kulli-Basava
polynomials of a graph, defined as

HKB]_ (G, X) = Z X[Se(u)+se(v)]2 ,

weE(G)

HKB, (G,x) = Z [ s,

uweE(G)
2. COMPLETE GRAPHS

Let K, be a complete graph with n vertices. Then the degree of each vertex of K, is n — 1 and the number of edges in K,

. n(n=1)
is ——.
2
Lemma 1: Let K, be a complete graph with n vertices, n > 2. Then
(i) Vi={u e V(Ki) | Se(u) =2(n-1)(n-2)}, Ve = n.
n(n—1)

(i) Ex={uv e V(Ky) [ Se(u) = Se(v) =2(n-1)(n-2)},  [E4| = o

Theorem 2: If K, is a complete graph with n > 2 vertices, then
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* _ 2 _ 2
KBl (Kn,X> — nx4(n 1) (n—2)

KB, (K,,x)= wxunnz(nz)z
KB, (K,,X)= n(n2—1) <

Proof: By using definitions and Lemma 1, we obtain

x* —|E | x*r-Y0n-2 n(n-1) x4(n-D(0-2)
0= | :
KB, (K ,X)= XS ()? V. | x (n-12(n-2) =nx4(“*1)2<“*2>2
(Kox) Z<> = ¢

E xS WS () _ |E1| X4(n—l)2(n—2)2 _ nin—1) X4(n—l)2(n—2)2

uek(K,) 2
IS, (u)—8,( E|x 0 _ n(n_l) 0
UVGEZ X =|E|x X

Theorem 3: The first hyper Kulli-Basava index and its polynomial of a complete graph are given by
(i) HKB,(K,)=8n(n— 1)°(n—2)°

(i) HKB, (Kn , x) - @Xw(npz(nz)z .

Proof:

(i) Let K, be a complete graph with n > 2 vertices. By using definition and Lemma 1, we derive

HKB, (K,)= > [S,()+S, 0] =|E[[4(n-D(n—2)

uweE(K,)
=8n(n—1°(n—2)".
(ii) From definition and by using Lemma 1, we obtain
HKB MENDES Wy
UVEEZ
_n (n—1) LB
2

|E |X4(n —D(n-2)f

n—2)°

Theorem 4: The second hyper Kulli-Basava index and its polynomial of a complete graph are given by
() HKB,(K,)=8n(n—-1(n—2)".

(i) HKB,(K,,x)= @Xmm”f |

Proof:

(i) Let K, be a complete graph with n > 2 vertices. Then by using definition and Lemma 1, we deduce

HKB, (K,)= 3 [5, (s, W] =|&,[[4(n—1*(n—2°]

weE(K,)

—8n(n—1°(n—2)".

(i) By using definition and Lemma 1, we obtain

HKB Z (5 0)s, Wl |E |X[4n _12(n—27f

uveE(K

n(n —1) X16(n—1)4(n—2)4
2
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3. WHEEL GRAPHS
A wheel W, is the join of K; and C,,. Clearly W, has n+1vertices and 2n edges. A graph W, is depicted in Figure 1. The

vertices of C,, are called rim vertices and the vertex of K; is called apex

Figure-1: Wheel W,

Lemma 5: Let W, be a wheel with n+1 vertices. Then W, has two types of vertices as given below

Vi = {U € V(W,) | S«(u) = n(n+1)}, Va| = 1
Vo ={u e V(W,) | Se(l) =n+9},  [Vo| =n.

E. = {Uv € EW,) | Si(U) =149, Se(v) = n(n+1)},  [Eif =n.
E, = {uv € E(W,) | So(U) = n+9, Se(v) = n+9}, IEs| = .

Lemma 6: Let W, be a wheel with 2n edges. Then W), has two types of edges as given below

Theorem 7: Let W, be a wheel with n+1 vertices and 2n edges, n > 3. Then
KBl (Wn , X) _ an2+2n+9 + nx2n+Le

X" 2(n41)? +nx (n+9)?

KB; (W, x) =
(W ,X) — x"(+D(+9) + nx(n+9)2
KB, (W,,x) = nx"~% 4 nx°

Proof: By using definitions and Lemmas 5and 6, we deduce
KB E X |E | Xn+9+n(n+1) + | E | Xn+9+n+9
1 2

uveE(W,

— an 212n+9 + nX2n+18
Z S(u) |V|X (n+1)? +|V|Xn+9

KB; (W,,x)=
uev (W, )
_ an(n+l)2 + nx(n+9)2
K82 (Wn ’ X) _ Z XSe(U)Se(V) — |E1| X(n+9)n(n+1) + |E2 | X(n+9 n-+9)
uweE(W,)
_ pynn9) nx "9
KB3 (Wn ' X) _ Z X\Se(u)fse(\ﬁ\ _ |E1| X\n+9—n(n+1)\ + |E2| X\n+9 n—9|
uweE(W,)
X"~ 4 nx®

Theorem 8: The first hyper Kulli-Basava index and its polynomial of a wheel W, are given by

() HKB,(W,)=n(n*+ 2n+9)° +n(2n+18)°.

(i) HKB, (W, x) = nx" 208 | pyizno”

65
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Proof:
(i) Let W, be a wheel with n > 3 vertices. Then by using definition and Lemma 6, we deduce
2
HKB,(W,)= > [S,)+S,W)] =|E|n+9+n(n+1] +|E,|(n+9+n+9)’

ueE(W,)
( 2 on+9)" +n(2n+18)°.
(”) HKB —_ Z X[S U)+S (V)]

uveE

2
— nx" +2n+9) 1 nx@nasr’

Theorem 9: The second hyper Kulli-Basava index and its polynomial of a wheel W, are given by
() HKB,(W,)=n(n+9)[n*(n+1) +(n+9)].
(i) HKB, (W, )= nx™ M/ 09" | pyln=er”

Proof:
(i) By using definition and Lemma 6, we derive

HKB, (W,)= 3" [5, S, W[ =|E[[((n+9)n(n+1)] +|E,|[(n+9)(n+9)]

uweE(W,)
=n<n+9>2[ 2<n+1>2+<n+9>2].
(i) HKB, (W, x)= Z x5!

quE

—nx" 2(n+1)(n+9)° + nX(n+9)4.
4. GEAR GRAPHS

A graph is a gear graph obtained from W, by adding a vertex between each pair of adjacent rim vertices and it is
denoted by G,. Clearly G, has 2n+1 vertices and 3n edges. A graph G, is shown in Figure 2.

Figure-2: Gear graph G,

Lemma 10: Let G, be a gear graph with 2n+1 vertices. Then G, has three types of vertices as given below.
Vi ={u e V(Gy) | Se(u) =n(n+1)}, |Vi|=1

V, ={u e V(Gy) | Se(u) = n+7)}, |V, |=n.
Vi ={u e V(Gy) | Se(u) = 6)}, |Vs|=n.
Lemma 11: Let G, be a gear graph with 3n edges. Then G, has two types of edges as shown below.
E; = {uv € E(Gp) | Se(u) = n(n+1), Se(v) = n+7}, |Es|=n.
E, = {uv € E(Gy) | Se(u) = n+7, S¢(v) = 6}, |E2|=2n.

Theorem 12: Let G, be a gear graph with 2n+1 vertices and 3n edges. Then
KB, (G,)=n’+4n’ +33n.
KB, (G,)=n*+3n’+15n” +85n.
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KB, (G,)=n(n+7)(n* +n+12).
KB, (G,)=n|n* —7|+2n(n+1).

n

Proof: By using definitions and Lemmas 10 and 11, we deduce

KB, (G,)= > [S.(u)+S,(v)]

weE(G,)
=nn(n+1)+n+7/+2n(n+7+6)
=n®+4n* +33n.

Zs(u)

uev(G,)

=+ +n(n+7)° +n6?
=n*+3n’ +15n2 +85n.

ZS

uweE(G

n[n (n+1 n+7)]+2n[(n+7)6]
=n(n+7)(n*+n+12).

Z |S(u —S,(v)|

uveE
=n|n( n+1 —(n+7)|+2n|n+7—6|
—nln2 =7+ 2n(n+1).

Theorem 13: Let G, be a gear graph with 2n+1 vertices and 3n edges. Then
KB, (Gn , X) — px" T 4+ 20X,

KB; (G,,x)=x" (40" 4 x4 g
KB2 (Gn , X) — n (n+1)(n+7) + 2nx n+7).
KB, (G,,x) = nx""" 4 2nx",

Proof: By using definitions and Lemmas 10 and 11, we derive
KB (G )( Z xSe (WS (V) _|E |Xn n+l)+n+7 +|E |Xn+7+6

weE(G,)

_ an2+2n+7 + onx" e

KBI*(Gn,X): Z s(u) M|X (n+1)? -I—[V2|Xn+7 +[\/3|X62

uev(G,)
2 2 2
X" (n+1) + nX(n+7) + nx36.
K52 (Gn,X> — Z Xse(u)se(v) — |E1|Xn(n+1)(n+7) +|E2|X6(n+7)

wek(G,)
— an(n+1)(n+7) + ane(n+7)
KB3 (Gn,X): Z X\SJUFSe(V)\ :|E1|X\n(n+1)f(n+7)\ _’_|E2|X\n+7—6\

uwek(G,)

2
"7 4 2nxm

Theorem 14: The first hyper Kulli-Basava index and its polynomial of a gear graph G, are given by
() HKB,(G,)=n(n?+2n+7)" +2n(n+13)’.

(i) HKB, (Gn,x):nx<"2+2n+7)2 4 onx™e
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Proof: Let G, be a gear graph with 2n+1 vertices and 3n edges.
(i) By using definition and Lemma 11, we obtain

HKB,(G,)= 3 [S.(W+S, )] =|E|In(n+D+n+7] +|E,|(n+7+6)’

weE(G,)
:n(n2 +on+7) +2n(n+13)°.
(ii) HKB Z XS LW+, W

uweE(G

— nx™ +2n+7) 120X (n413)"
Theorem 15: The second hyper Kulli-Basava index and its polynomial of a gear graph G, are given by
() HKB,(G,)=n(n+7)|n*(n+1)° +72].
(”) HKB2 (Gn , X) _ nxnz(n+1)2(n+7)2 + 2nX36(n+7)2 .

Proof:
(i) By using definition and Lemma 11, we have

HKB, (G,)= > [S, (WS, W] =|E|[n(n+1(n+ 7] +|E,|[(n+7)6

weE(G,)
=n(n+7)°[n* (41" +72).
(i) HKB,(G,,x)= > (8. 0S, W

uweE(G,)

_ nxnz(n+1)2(n+7) + 2nx 6(n-+7)°
5. HELM GRAPHS

A helm graph H, is a graph obtained from W, by attaching an end edge to each rim vertex. Clearly H, has 2n+1 vertices
and 3n edges, see Figure 3.

®
Us

Figure-3: Helm graph H,

Lemma 16: Let H, be a helm graph with 2n+1 vertices.
Then H, has three types of vertices as follows:
Vi ={u e V(H) [ Se(u) =n(n+2)}, [ Vi ]
Vo ={u e V(Hy) | Se(u) = n+17}, | V2|
V3= {u e V(H,) | Se(u) = 3}, | V3|

1
n.
n

Lemma 17: Let H, be a helm graph with 3n edges. Then H, has three types of edges as follows.
E; = {uv € E(Hp) | Se(u) = n(n+2), Se(v) = n+17}, |Es|=n.
E, = {uv € E(Hp) | Se(u) = S¢(v) = n+17}, |E2|=n.
Es = {uv € E(Hp) | Se(u) = n+17, Se(v) = 3}, |Ez|=n.
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Theorem 18: Let H, be a helm graph with 2n + 1 vertices and 3n edges. Then
KB, (H,)=3n°+4n* + 71n.
KB, (H,)=n*+5n° +38n° + 298n.
KB, (H,)=n(n+7)(n* +3n+20).
KB, (H,)=n|n? +n—17+n(n +14).

Proof: By using definitions and Lemmas 16 and 17, we obtain

KB, (H,)= > [S.(w+S,(v)]

WEE(H, )
=n[n(n+2)+n+17]+n[n+17+n+17]+n(n +17+3)
=3n®+4n® +71n.

KB, (H,)= > s, ()’

ueV(H,)
=nn+2)] +n(n+17) +nx3?
=n* +5n° 4 38n° 4 298n.

KB,(H,)= > S, (WS, (v)

ueE(H,)
=n[n(n+2)(n+17)]+n[(n+17)(n+17)]+n[(n+17)3]
=n(n+17)(n? +3n+20).
KB,(H,)= >_ [S,(u)—s,(v)

weE(H,)
=n[n(n+2)—(n+17)|+n|(n+17) = (n+17)|+n[n +17 3|
—n|n? +n—17/+ n(n+14).

Theorem 19: Let H, be a helm graph with 2n+1 vertices and 3n edges. Then
KB, (Hn , X) — xR + nx 217 + ™,

* 2 2
KB; (H,,x)=x""2" 4 nx™*7" 4 nx®.
KB (H X) — x"(0+2n+17) + nx(n+17)2 + nx 307
2 n’ - .
KB, (H,,x)= X" x® kT

Proof: By using definitions and Lemmas 16 and 17, we deduce
KBl<Hn,X>: Z XSQ(U)+SE(V)

uweE(H,)
_ an(n+2)+n+17 + an+17+n+17 + nxn+17+3_

_ an2+3n+17 + nxz(n+17) + nx"+20
KB; (H, x)= S x*“'
uev(H,)
— w2l pnn? e
KB2 (Hn , X) — Z XSe(WSe(V)

uveE(H,)

2
_ nxn(n+2)(n+17) + nx("+17) + nx3(”“7).
KB3 <H X) _ z : X‘Se(u)—se(v)‘
n?

uwek(H,)
_ nx\n(n+2)—(n+17)\ + nX\(n+17)7(n+17)\ + nx\n+1773\_

2
_ nx\n +n-17| + nx° 4 XM
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Theorem 20: The first hyper Kulli-Basava index and its polynomial of a helm graph H, are
() HKB,(H,)=n(n’ +3n+17) +4n(n+17)° +n(n+20)°.

(i)) HKB, (H,,x)=nx" 317 4 py@nest’  py(ne20f,

Proof: Let H, be a helm graph with 2n + 1 vertices and 3n edges.
(i) By using definition and Lemma 17, we deduce

HKB, (H,)= 3 [S, (W +S, W] =n[n(n+2)+n+17] +nln+17+n+17F +n(n+17 4 3)°

uveE(H,)
( 2 4 3n1+17)" +4n(n+17)° + n(n+ 20)°.
(ii) HKB Z XS(u)+S (O

uveE

_ nx(n +3n+7) + nx (2n+34)? + nX<"+ZO)Z.

Theorem 21: The second hyper Kulli-Basava index or its polynomial of a helm graph H, are
() HKB,(H,)=n(n+17)"[n?(n+2) +(n+17)° +9.

2 2 4 2
(i) HKB, (H,,x)=nx" "2 a7 | py(nal®  opysnars

Proof: Let H, be a helm graph with 2n+1 vertices and 3n edges.
(i) HKB,(H,)= > [s, s, 0] =nn(n+2)(n+17)] +n[(n+17)(n+17)] +n[(n+17)3]

uweE(H,)
:n(n+7)2[ 2(n+2)2+(n+17)2+9].
(i) HKB,( Z XSO

uveE

_ nx[n(n+2 (n+17)f + nx(n+17)“ + nx9(n+17)2'
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