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COVERING PATHS IN HYPERCUBES:
CONJECTURE ABOUT LINK LENGTH BOUNDED FROM BELOW
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ABSTRACT

In 1994 Kranakis et al. published a conjecture about the minimal length of a rectilinear (polygonal) covering path in a
k-dimensional n % ... X n points grid. In this paper we consider the general Line-Cover problem, where the line-
segments are not required to be axis-parallel, showing that, given n = 3 < k, the known lower bound is not greater than
the upper bound of the original Kranakis’ conjecture only if exists a multiplicative constant ¢ > 1.5 for the lower order
terms.
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1. INTRODUCTION

The present paper takes into account a multidimensional extension of a well known puzzle involving lateral thinking
(4,7, 8].

Let P be a finite set of n* points in R¥, we need to visit all of them (at least once) with a polygonal path that has the
minimum number of line segments connected at their end-points [3, 6]. We define as hj(1, k) < h(n, k) < h,(n, k) the
length of the Minimum-link Covering Path [10].

In 1994, Evangelos Kranakis et al. [6] conjectured that, for any k = 3,
kle n*1 < h(nk) < % -n*=1 + 0(n*=?), under two main additional constraints: all line-segments are axis-
parallel [2], and every point of the k-dimensional grid cannot be visited twice.

Thus, Kranakis’ expected value of the minimal covering path length should be greater (or equal) than any proved lower

bound for the same minimization problem, and this proposition would automatically be confirmed if we remove the
aformentioned additional constraints (e.g., for the generalized case it has been showed that

h(n=4 k=3)<23< &-nk'l [11,13]andalso h(n =5, k =3) <36 < &-nk'l [9]).

2. CURRENT UPPER BOUND VS BEST THEORETICAL SOLUTION

Let k = 3, for any n = 3, it has been proved [11] the lower bound

nk+§-(n-2)2-n2+3-n-4l

hi(n, k) =[ (M

n-1

Given k =n-1> 2, the lower bound (1) improves Kranakis’ conjectured %-nk'l < h(n, k), confirming and

extending (under the aforementioned constraint) his lower bound for axis-aligned spanning paths [1] to arbitrary paths
with a minimum number of links as well.
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Since [12]

10 = (252 222 ) 1 = ®
we see that

lim —— = li e > lim nt

I e L R e s T s R

2nk 2n3

N ]ll—>oonk3 (GnZtzn2)2  3ntizmz ©)

and
koo nk B
kl—>rg> hy(n,k) ]11—1;23 nk+E(n-2)2-n2+3n-4 =nl (4)
n-1
It is also trivial to check that, for any n = 3,
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It follows that, on average, as K approaches infinity, the efficiency loss for each link is equal to L(n) unvisited points,

where
k 2n3 _ n3-n2-4n+2

h (nk)) 3n2+2n-2  3mE+2m2 ©

n .
L(n):= lll—wo hl(nk) 111—1;1;10 hu(k) = ;11_{2) (n 1+

This is reasonable because, from [5], we know that n-1 + is the maximum average number of “new” visited

h( k)
points for all the links of a connected path, since the highest theoretical number of points covered by h straight line
segments (connected at their end-points) is b - (n-1) + 1,

Let = 3, we can improve (1) as [11]

3K +k-3
nG k) = [ (7
Thus, for any k = 3, we have that
h(3,k) > 3K1 4 2. 312 (8)

and Kranakis’ conjectured upper bound h,(n = 3, k> 4) = % ¥l 4+ 0(n*?), for rectilinear walks with minimal

link length visiting all the n* points, implies the existence of a constant ¢ = % such that h,, = kk_1 -kl 4 c-nk2,
Moreover, we know [11, 14] that hy (3,4) = 41, so h(3,k) < 42-3%H.-1,
Therefore, . .

Jim o = M ey = 5~ 1929 ©)
and the efﬁc1ency loss for each link can be reduced to only
L@3) = }ll_)fg n (3 0 }11_{2 ﬁ =3-1- % = & unvisited points, instead of 7 as given by (6).

Theorem 2.1: For any arbitrarily large k-dimensional grid, the links of the best covering path joins (on average) less
than -1 new points, for any (n = 3, k = 2) except {(3,2)}.

Proof: Let ne€N and keN be such that n=3 and k>3,
k

the  only  solution  of hl?n 5= n-1  would imply that n=3 and k=3,  since

nk k. 2 . 33 27
B T — >nl1= 5 (n-2)*-n* + 4 -n-5 < 0, but we already know [11] that meD 1 <2

n-1
Thus, we have proved that, V(n = 3,k > 2) —{(3,2)}, the links of the best covering path joins (on average) less than
n-1 new points [5]. O
Finally, from 1 m — (n i = n-1, we get the asymptotic formula for k arbitrarily large:
k
(n-1) - h(n, k) > n* = h(n,k) > —. (10)

and this is coherent with Kranakis’ conjecture too.
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3. CONCLUSION

Since any upper bound for the link length of a rectilinear walk cannot fall below than the corresponding lower bound
(for every pair (n = 3,k = 4)), especially considering the generalized (arbitrary) covering paths taken into account in

3
[11, 12], Kranakis’ conjectured upper bound can be rewritten as h(n, k) < kle n*=t + ¢+ nk72, where ¢ = 3. On the

k - 2 . .
contrary, the upper bound proved by Bereg et al. [1] of =" 3kt 4 ; .32 definitely holds for every finite set of 3%

points in R,
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