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ABSTRACT 

We introduce the concept of convex structure on a vector metric space and obtain some fixed point theorems for a 

class of non-self mappings satisfying certain contractive conditions in the setting of convex vector metric spaces.  
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1. INTRODUCTION: 

 

Deterministic fixed point theorems are generally proved for self mappings only. In1970, W. Takahashi [5] had 

introduced the concept of convexity in a metric space and obtained some important fixed point theorems previously 

proved for Banach spaces. Afterwards, Gaji� [2] obtained an important fixed point theorem for a class of non-self 

mappings in Takahashi convex metric spaces. In this paper, our attempt is to introduce the notion of convex structure 

on a vector metric space with relevant definitions with their properties. Finally, we prove some fixed point theorems for 

a class of non-self mappings over a subset of a convex vector metric space. 

 

Let S  be the vector space of all real sequences { }na=α  and θ  stands for the zero vector{ }0 . We can define a 

partial ordering  ≤  on S  by βα ≤ ),( αβ ≥lyequivalent  if and only if nn ba ≤ for all n , where 

{ } { } Sba nn ∈== βα , . We write βα <  (equivalently, αβ > ) nn baifonlyandif <  .nallfor   An 

element S∈α  is called non-negative if θα ≥ . An element { } San ∈=α  is called positive if nallforan 0> . 

Also for any { } San ∈=α  and any real number t  we define { }ntat =α . If { } { } Sba nn ∈== βα ,  then  

{ } nallforbaifandba nnnn ==+=+ βαβα . 

 

For { } kiSa
n

i

n

i ,,2,1; �=∈=α , we define  

{ } { }��� ),(max,),(max),(max,,2,1:max
1

2
1

1
1

i

n
ki

i

ki

i

ki

i
aaaki

≤≤≤≤≤≤
==α .  

Clearly, { } Ski
i ∈= ,,2,1:max �α . 

 

2. DEFINITIONS AND BASIC FACTS: 

 

In this section, we recall some basic definitions and important results for vector metric spaces that will be needed in the 

sequel. 

 

Definition: 2.1 [4] Let X  be a non empty set. Then a function SXXV →×:  is called a vector metric on X  if 

the following conditions are satisfied:  

 

(i) ,),(,),( yxifonlyandifyxVandXyxallforyxV ==∈≥ θθ  

(ii) ,,),(),( XyxallforxyVyxV ∈=  

(iii) XzyxallforyzVzxVyxV ∈+≤ ,,),(),(),( . 

------------------------------------------------------------------------------------------------------------------------------------------------ 
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The pair ),( VX is called a vector metric space.  We may verify that ),( yxV is a continuous function of its 

arguments. 

 

Theorem: 2.2[4] If { }),(),( yxdyxV n=  be a vector metric then each ),( yxd n  is a quasi metric function;  

conversely if each ),( yxd n  is a quasi metric and the relations 0),( =yxd n  for all n  imply yx = , then 

{ }),(),( yxdyxV n=  is a vector metric. 

 

Remark: 2.3 If ),( dX is a metric space and if { }�),,(),,(),( yxdyxdyxV = , then ),( VX is a vector metric 

space. So any metric space is a vector metric space and for the converse we can say from Theorem 2.2 that a vector 

metric space is a quasi metric space. 

 

Example: 2.4 Let 
n

RX = . If we define V on XX ×  by 

                                { }�� ,0,,,,),( 2211 nn yxyxyxyxV −−−=  

where Xyyyyxxxx nn ∈== ),,,(),,,,( 2121 �� , then ),( VX is a vector metric space. 

 

Example: 2.5[3] Let ]1,0[=X . If we define V  on XX ×  by  

   
��

�
�
�

��

�
�
�

−+

−
−

−+

−
−= �,0,

21

2
,0,2,0,

1
,0,),(

yx

yx
yx

yx

yx
yxyxV , then ),( VX is a vector metric 

space.  

 

Definition: 2.6[4] Let ),( VX  be a vector metric space. A sequence { }kx  in X  is said to converge to an element 

Xx ∈  i.e. ∞→→= kasxxVifxx kk
k

θ),(lim  which is interpreted as   

                   { }),(),(0),( xxdxxVwherenallforkasxxd knkkn =∞→→ . 

 

Definition: 2.7[3] A sequence { }kx  in ),( VX is said to be a vector Cauchy sequence if ( , )k k pV x x as kθ+ → →∞   

,for each p neachforandpeachforkasxxdei pkkn ∞→→+ 0),(.. . 

 

In other words, a sequence { }kx  in ),( VX is said to be a vector Cauchy sequence if ,,),( ∞→→ jkasxxV jk θ        

                     neachforandjkasxxdei jkn ∞→→ ,0),(.. . 

 

Definition: 2.8[3] A vector metric space ),( VX is said to be complete if every vector Cauchy sequence in X  

converges to an element in X . Otherwise X  is called incomplete. 

 

It is to be noted that every complete metric space may be considered as a complete vector metric space. 

 

Definition: 2.9 Let ),( VX  be a vector metric space and XA ⊂ . Then A  is called closed if and only if every 

sequence { }nx  in A  with Axthatimpliesxxn
n

∈=
∞→

lim . 

 

It is easy to verify that every closed subset of a complete vector metric space is complete. 

 

Definition: 2.10 Let ),( VX  be a vector metric space, randXx ∈0  be a positive member of S . Then the set 

denoted by { }rxxVXxrxB <∈= ),(:),( 00  is called an open ball centered at 0x  and radius r in X . 

 

Definition 2.11 Let ),( VX  be a vector metric space and XA ⊂ . A point Xx ∈  is called a boundary point of A  if 

every open ball centered at x  intersects both AXandA − . The set of all boundary points of A , denoted by A∂ , is 

called the boundary of A . 
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Definition: 2.12 A subset A  of a vector metric space ),( VX is called bounded if there exists a positive member K  

in S  such that AyxallforKyxV ∈≤ ,),( . 

 

Definition: 2.13 Diameter of a bounded set A  in a vector metric space ),( VX , denoted by )()( AorADiam δ , is 

defined as  

        
�
�
�

�
�
�

==
∈∈∈∈

�� ),,(sup,),,(sup),,(sup),(sup)(
,

2
,

1
,,

yxayxayxayxVADiam n
AyxAyxAyxAyx

    

{ } boundedisAasyxaieachforandyxayxVwhere i
Ayx

i +∞<=
∈

),(sup,),(),(
,

. 

 

In this case we write +∞<)(Aδ . 

 

3. MAIN RESULTS: 

 

Let ),( VX  be a vector metric space, and I  denote the closed unit interval [0,1]  of reals. 

 

Definition: 3.1 A mapping XIXXW →××:  is said to be a convex structure on X  if for all 

IXuyx ∈∈ λ,,, ; 

                             ),()1(),()),,(,( yuVxuVyxWuV λλλ −+≤ . 

 

 Then X  together with a convex structure W  is called a convex vector metric space. 

 

Remark: 3.2 It is observed that yyxWandxyxW == )0,,()1,,( . 

 

Remark: 3.3 Any convex subset of a normed linear space is a convex vector metric space with convex structure 

( , , ) (1 )W x y x yλ λ λ= + − .     

                           

Definition: 3.4 Let ),( VX be a convex vector metric space with a convex structure W . defineweXyxFor ,, ∈  

                                  [ ] { }]1,0[:),,(, ∈= λλyxWyxSeg . 

 

[ ]yxSegyxClearly ,, ∈ , since ).0,,(),1,,( yxWyyxWx ==  

 

Proposition: 3.5 If ),( VX  is a convex vector metric space with convex structureW , then for every 

],1,0[, ∈∈ λeveryandXyx  

 

                             ).),,,(()),,(,(),( yyxWVyxWxVyxV λλ +=  

 

Proof: ],1,0[, ∈∈ λeveryandXyxeveryFor we have 

 

                                  )),,,(()),,(,(),( yyxWVyxWxVyxV λλ +≤  

                                                 
),(

),()1(),(),()1(),(

yxV

yyVxyVyxVxxV

=

−++−+≤ λλλλ
 

 

This implies that ).),,,(()),,(,(),( yyxWVyxWxVyxV λλ +=  

 

Proposition: 3.6 Let K  be a non-empty closed subset of the convex vector metric space ),( VX  with convex 

structure W  continuous on third variable.  Let KyandKx ∉∈ . Then there exists a ]1,0[* ∈λ  such that 

                               KyxSegyxW ∂∩∈ ],[),,( *λ  

where K∂  is the boundary of K . 
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Proof: Let us consider the set { }1),,(,0: ≤≤∈≥= ηη qallforKyxWqqA . Then A  is non-empty,  since 

KxyxW ∈=)1,,( . We put q
Aq∈

= infλ  and let { } Aq
Nnn ⊂

∈
be a sequence satisfying λ=

∞→
n

n
qlim . Then, for 

KqyxWNn n ∈∈ ),,(, . By using the continuity of W on the third variable and since K  is closed, we have  

                                          KqyxWyxW n
n

∈=
∞→

),,(lim),,( λ . 

Clearly 0>λ since KyyxW ∉=)0,,( .  

 

Now we prove that KyxW ∂∈),,( λ . For any positive member ,S∈ε ( ) Φ≠∩ KyxWB ελ),,,( . So we have 

to show that for any positive member ,S∈ε ( ) ( ) Φ≠−∩ KXyxWB ελ),,,( .  

 

Since 0>λ , we can find )1,0(1 ∈λ such that λλ <1  and by definition of  KyxW ∉),,(, 1λλ . 

Using continuity of W on third variable, we obtain        

                                                                                                                                                               

                                           ( ) ελλ <),,(),,,( 1 yxWyxWV . 

 

Thus ( ) ( )KXyxWByxW −∩∈ ελλ ),,,(),,( 1 . 

 

This completes the proof. 

 

Theorem: 3.7 Let ),( VX  be a complete convex vector metric space with convex structure W  which is continuous 

on third variable, C  be a non-empty closed subset of X  and XCT →:  be a non-self mapping satisfying the 

contractive type condition 

 

         ( ) { }))(,()),(,()),(,()),(,(),,(max)(),( xTyVyTxVyTyVxTxVyxVqyTxTV ≤  

 

 for all Cyx ∈,  and 10 << q . If T  has the additional property CCT ⊂∂ )(  where C∂  is the boundary of C , 

then T  has a unique fixed point in C . 

 

Proof: xxputweCxFor =∂∈ 0, .  Then CCT ⊂∂ )(  implies that CxT ∈)( 0 . Let us put )( 01 xTx = . We 

define ).( 12 xTy =  If Cy ∈2 , let us take 22 yx = . If Cy ∉2 , then by Proposition 3.6,  there exists                              

].,[ 212 yxSegCx ∩∂∈  

 

Continuing in this way we can obtain a sequence { }nx  such that 

                                 
.)(],,[

,)(),(

11

11

CxTyifyxSegCx

CxTifxTx

nnnnn

nnn

∉=∩∂∈

∈=

−−

−−
 

 

We show that the sequences { } { })( nn xTandx  are bounded. 

 

{ } { } .)(

,

1

0

1

0 nn

n

ii

n

iin AdiamandxTxA

defineweNnFor

=∪=

∈
−

=

−

=
α

 

 

We shall show that { }10:))(,(max 0 −≤≤= nixTxV inα .  

                            

We now discuss the following possible cases. 

 

Case I:  Suppose { }1,0:))(,(max −≤≤= njixTxV jinα . The case 0=i  is trivial. So we suppose that 1≥i . 

(1) CxTxIf ii ∈= − )( 1 , then                                         

              ( )
��

�
�
�

��

�
�
�

≤
−−

−−−

−
))(,()),(,(

)),(,()),(,(),,(
max)(),(

11

111

1

ijji

jjiiji

ji
xTxVxTxV

xTxVxTxVxxV
qxTxTV   
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                                                    nq α≤           

{ }
njin qiandnjixTxVSo αα ≤≥−≤≤= 11,0:))(,(max,  ioncontradictan ,α< .       

                                                                            

(2) thenCxTeixTxIf iii ,)(.,.)( 11 ∉≠ −−  

                                 )].(,[ 11 −−∩∂∈ iii xTxSegCx  

 

( ) ).(]1,0[),(, 2111 −−−− =∈= iiiii xTxandsomeforxTxWxSo λλ  

 

Now 

                   ))(,( ji xTxV ))(),),(,(( 11 jii xTxTxWV λ−−=  

                                            

.

)1(

))(),(()1())(),((

))(),(()1())(,(

12

11

n

nn

jiji

jiji

q

qq

xTxTVxTxTV

xTxTVxTxV

α

αλαλ

λλ

λλ

=

−+≤

−+≤

−+≤

−−

−−

 

 

{ } ioncontradictaqiandnjixTxVSo nnjin ,11,0:))(,(max, ααα <≤≥−≤≤= . 

 

Case II: { }1,0:),(max −≤≤= njixxVSuppose jinα . 

),( 1−= jj xTxIf  we have Case I again. 

1 1 1 1 2( ), [ , ( )], 2 ( )j j j j j j jIf x T x then x C Seg x T x j and x T x− − − − −≠ ∈∂ ∩ ≥ = , so this is similar to Case I(2). 

 

By an argument similar to that used above, the case 

}1,0:))(),(({max −≤≤= njixTxTV jinα  

 

is also impossible. Thus, it must be the case that 

 

{ }10:))(,(max 0 −≤≤= nixTxV inα . 

If θα =n , then 0x  is the fixed point of T , so we can suppose that Nnanyforn ∈≠ θα . 

))(),(())(,())(,(

,10,

0000 ii xTxTVxTxVxTxV

niforFurther

+≤

−≤≤
 

                                                     nqxTxV α+≤ ))(,( 00 . 

 

{ } nin qxTxVnixTxVSo αα +≤−≤≤= ))(,(  10:))(,(max, 000  

                              i.e.,           ))(,(
1

1
00 xTxV

q
n

−
≤α                                                                                            (3.1) 

{ } { } thatfromfollowsitthenxTxdxTxVandIf
kkk

k

nn )1.3(,))(,())(,( 0000 == αα  

                                kallforxTxd
q

k

k

n ))(,(
1

1
00

−
≤α . 

 

{ }
n

k

nkfixedFor α, is non-decreasing, so there exists Rck ∈  such that 

                                                  ))(,(
1

1
lim 00 xTxd

q
candc kk

k

n
n

k
−

≤= α . 

So there exists thatsuchScccc k ∈= ),,,,( 21 ��   

                       ))(,(
1

1
00 xTxV

q
c

−
≤ . 
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We define 

                 { } { } nnniiniin BdiamandxTxB =∪=
≥≥

β,)(  for integer 2≥n . Then by the same technique as 

given above, one can show that  

{ }njxTxV jnn ≥= :))(,(supβ  and that if { }
k

k

nn ββ = , then  for fixed { }
n

k

nk β, is non-increasing and 

bounded. So there exists a limit and it must be zero(see [2] ). Therefore, θβ =n
n

lim . So { } { })( nn xTandx  are 

vector Cauchy sequences. Since ),( VX  is a complete vector metric space and C  is closed, there exists Cz ∈  such 

that n
n

xz
∞→

= lim . 

 

Again, ∞→→≤ nxTxV nnnn ,,))(,( θββ  implies that 

.))(,( ∞→→ nasxTxV nn θ  

Now  

∞→→+≤ naszxVxxTVzxTV nnnn θ),()),(()),(( , 

gives that  .)(lim zxT n
n

=
∞→

 

 

Assume that )(zTz ≠ . Then 

    { }))(,()),(,()),(,()),(,(),,(max))(),(( nnnnnn xTzVzTxVzTzVxTxVzxVqzTxTV ≤ . 

 

For ∞→n , we have 

,))(,())(,())(,( zTzVzTzVqzTzV <≤  

 

which is a contradiction. Therefore )(zTz = . The uniqueness follows from contractive condition. 

 

The following example shows that the contractive type condition in Theorem 3.7 can not be relaxed in order that 

Theorem 3.7 is true. 

 

Example: 3.8 Let ),0[ ∞=X with usual metric d . Then ),( dX  is a complete metric space. So ),( VX is a complete 

vector metric space where { }�),,(),,(),( yxdyxdyxV = . We define XIXXW →××:  by 

                                       yxyxW )1(),,( λλλ −+=  

for all ]1,0[, =∈∈ IandXyx λ . 

 

For thatchecktoeasyisitIandXuyx ,,, ∈∈ λ  

                         ),()1(),()),,(,( yuVxuVyxWuV λλλ −+≤ . 

 

Thus ),( VX is a complete convex vector metric space with convex structure W which is continuous on the third 

variable. 

 

Let [0,1]C =  be the closed unit interval of reals. Then C X⊂ and let :T C X→  be a non-self mapping defined 

by 

                                  
2

1
)( =xT  for 0 1x≤ ≤  except x = ( )⋅⋅⋅= ,3,2,1

2

1
,

70

1
i

i
                                                           

                                           0=  for x =
70

1
, 

                      and       
12

2

1 +=�
	



�
�


 i

i
T    for 1≥i . 

Then ( )T C C∂ ⊂ , but T  has no fixed point in C .  

We now verify that for x = ,
3

1
 y =

70

1
, T  does not satisfy the contractive condition 

      ( ) { }))(,()),(,()),(,()),(,(),,(max)(),( xTyVyTxVyTyVxTxVyxVqyTxTV ≤  10 << qfor .  
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Now, { }
�
�
�

�
�
�

�
	



�
�



�
	



�
�



== �� ,0,

2

1
,0,

2

1
)),(),(()),(),(())(),(( ddyTxTdyTxTdyTxTV   

                                         
�
�
�

�
�
�

= �,
2

1
,

2

1
 . 

  Similarly, 

�
�
�

�
�
�

= �,
6

1
,

6

1
))(,( xTxV ; 

�
�
�

�
�
�

= �,
70

1
,

70

1
))(,( yTyV ; 

�
�
�

�
�
�

= �,
210

67
,

210

67
),( yxV ; 

�
�
�

�
�
�

= �,
3

1
,

3

1
))(,( yTxV ;                      

�
�
�

�
�
�

= �,
35

17
,

35

17
))(,( xTyV . 

 { }))(,()),(,()),(,()),(,(),,(max, xTyVyTxVyTyVxTxVyxVqTherefore                                                                   

                                         

�
�
�

�
�
�

<

�
�
�

�
�
�

=

�
�
�

�
�
�

<

�
�
�

�
�
�

=

�

�

�

�

,
2

1
,

2

1

,
35

34
.

2

1
,

35

34
.

2

1

,
35

17
,

35

17

,
35

17
,

35

17
q

                     

                                               .10)),(),(( <<= qforyTxTV        

     

Theorem: 3.9 Let ),( VX  be a complete convex vector metric space with convex structure W  which is continuous 

on third variable, C  be a non- empty closed subset of X  and XCTi →:  be a non-self mapping satisfying the 

condition 

 

         ( ) { }))(,()),(,()),(,()),(,(),,(max)(),( xTyVyTxVyTyVxTxVyxVqyTxTV iiiiii ≤  

 

 for all Cyx ∈,  and 10 << q with the additional property CCTi ⊂∂ )( . If iu  is the fixed point of iT  for 

CCTwithCxallforxTxTandi i
i

⊂∂∈==
∞→

)()(lim)(,3,2,1 � , then T  has a unique fixed point u  in 

i
i

uuiffC
∞→

= lim . 

 

Proof: We have ( ) lim ( )i
i

T x T x
→∞

=  for x C∈ . For ,x y C∈ , we have 

( ) { }))(,()),(,()),(,()),(,(),,(max)(),( xTyVyTxVyTyVxTxVyxVqyTxTV iiiiii ≤  where 0 1q< < .  

 

 As i → ∞ , 

( ) { }))(,()),(,()),(,()),(,(),,(max)(),( xTyVyTxVyTyVxTxVyxVqyTxTV ≤  where  0 1q< < .         

 

Hence by Theorem 3.7, T  has a unique fixed point, say u C∈ . By hypothesis ( )
i i i

u T u= for 1, 2,3,i = ⋅⋅⋅ . 
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Now for 10 << q , we have 

 

         ))(),((),( iii uTuTVuuV =  

                          

�
�
�

�
�
�

+≤

+≤

))(,()),(,(

)),(,()),(,(),,(
max))(),((

))(),(())(),((

uTuVuTuV

uTuVuTuVuuV
quTuTV

uTuTVuTuTV

iiii

iiiii

i

iiii

 

                          }{ ))(,(),()),(,(),,(max))(),(( uTuVuuVuTuVuuVquTuTV iiiii ++≤  

                          }{ ))(),((),())(),(( uTuTVuuVquTuTV iii ++≤ , 

 

which implies that, 

∞→→��
	



��
�




−

+
≤ iasuTuTV

q

q
uuV ii 0))(),((

1

1
),( . 

i
i

uuTherefore
∞→

= lim, .      

         

Conversely, let lim
i

i
u u

→∞
= ,  then    

�
�
�

�
�
�

≤
))(,()),(,(

)),(,()),(,(),,(
max))(),((

uTuVuTuV

uTuVuTuVuuV
quTuTV

iiii

iiiii

iii  

 

which implies that, 

}{ ))(,()),(,(),,(max)),(( uTuVuTuVuuVquuTV iiiiii ≤ . 

 

Taking limit as i → ∞ , we have 

))(,()),(( uTuVquuTV ≤ . 

 

So, .)())(,()1( uuTthatgiveswhichuTuVq =≤− θ  

 

We now prove a fixed point theorem for multivalued mappings. For this purpose we need the following notations. 

 

Notations:  Let ),( VX  be a vector metric space and let ,A B  be any two subsets of X . We denote    

           �
	

�

�

==

∈∈∈∈∈∈∈∈
�� ),,(inf,),,(inf),,(inf),(inf),(

,
2

,
1

,,
yxayxayxayxVBAD n

ByAxByAxByAxByAx
, 

           �
	



�
�



==

∈∈∈∈∈∈∈∈

�� ),,(sup,),,(sup),,(sup),(sup),(
,

2
,

1
,,

yxayxayxayxVBA n
ByAxByAxByAxByAx

ρ  

   { }),(),( yxayxVwhere i= . 

{ }+∞<⊂≠Φ= )(:)( AandXAAXBN δ . 

 

Theorem: 3.10 Let ),( VX  be a complete convex vector metric space with convex structure W  which is continuous 

on third variable, C  be a non-empty closed subset of X  and : ( )F C BN X→  be a multivalued mapping satisfying 

the condition 

 

{ }))(,()),(,()),(,()),(,(),,(max))(),(( xFyDyFxDyFyxFxyxVqyFxF ρρρ ≤                             (3.2) 

for all ,x y C∈  and 0 1q< < . If F  has the additional property ( )F C C∂ ⊂  where  

{ }( ) ( ) :F C F x x C∂ = ∪ ∈∂ , then F  has a unique fixed point u  in C  and { }( )F u u= .  

 

Proof:  Take 0 1a< <  and define a single valued mapping :T C X→  as follows: For each x C∈ , let ( )T x  be a 

point of ( )F x , which satisfies the condition 

))(,())(,( xFxqxTxV
a ρ≥ . 
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Then T  has the property ( )T C C∂ ⊂  since ( )F C C∂ ⊂ . 

Now for every ,x y C∈ , we have 

     ))(),(())(),(( yFxFyTxTV ρ≤                   

                                 { }))(,()),(,()),(,()),(,(),,(max xFyDyFxDyFyxFxyxVq ρρ≤  

                                 
��

�
�
�

��

�
�
�

= −

))(,()),(,(

)),(,()),(,(),,(
max

xFyDqyFxDq

yFyqxFxqyxVq
qq

aa

aaa

a
ρρ

 

                                 

�
�
�

�
�
�

≤ −

))(,()),(,(

)),(,()),(,(),,(
max1

xTyVyTxV

yTyVxTxVyxV
q

a
 

for 10 << q .  

 

Hence by Theorem 3.7, T  has a unique fixed point in C . Let u C∈  be such that ( )u T u= .  

 

Clearly ( )u T u=  implies ( )u F u∈ . Since F  satisfies (3.2), ( )u F u∈ implies    

))(,())(),(( uFuquFuF ρρ ≤ .             

                      

This may happen only if { }( )F u u= . Therefore, u C∈  is a fixed point of T  iff u  is a fixed point of F . Thus F  

has a unique fixed point u  in C  and { }( )F u u= . 
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