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ABSTRACT

In this present research article, we prove the existence of a common fixed point for four self mappings defined on a
complete 2- metric space through weak ** commutativity. The results of kubaik [3] are generalized in this work.
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INTRODUCTION

The notion of 2-metric space was introduced by Gahler [1] in 1963 as a generalization of area function for Euclidean
triangles. Many fixed point theorems were established by various authors like Brouwer, Banach, Schauderetc. A point
X € X is said to be a fixed point of a self-map f : X — X if f (X) = X, where X is a non- empty set. Theorems
concerning fixed points of self-maps are known as fixed point theorems. Most of the fixed point theorems were proved
for contraction mappings. It is well known that every contraction on a metric space is continuous. The converse is not
necessarily true. The identity mapping on [0, 1] simply serves the counter example.

In this present work we consider commuting self-maps on a 2-metric space. Let T, and T,be two mappings from a
metric space (X, d) into itself. T, and T, are said to commute if T,T,x = T,T;X, for all x in X. Sessa [5] introduced the
concept of weak commutativity in metric spaces. In subsequent years the condition of weak commutativity was again
made weaker. Weak* commutativity was introduced in metric space. In recent years weak** commutativity has been
introduced and some theorems have been established. The existence of fixed point for weak**commutative self maps in
2-metric space are studied.

In this research article we present the concepts of weak commutativity, weak* commutativity and weak**
commutativityin 2-metric space. Our results generalize the result of kubaik [3]

1. PRELIMINARIES

In this section we define weak**commutativity, weak* commutativity and weak commutativity. We also present an
example to establish the fact that weak** commutativity does not imply commutativity.
1.1 Definition: Two self-maps A and S of a 2-metric space (X, d) are called weak** commutative

1) A(X)<=S(X)and
(1Dd (A’S?x, S*A’, a)<d(A’S xS A’X, a)<d(AS’x, S*Ax, a)<d(AS xS A a)<d(S°x, A’ a)

forall x,a in X.
1.2 Definition : Two self-maps A and S define on a 2-metric space (X, d) are said to be weak* commutative if

() A(X)=S(X)
(11) d(A’S?x, S?A’X, a) < d(S?, A’X,a)
forall x,a in X.
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1.3 Definition: Two self-maps A and S define on a 2-metric space (X, d) are said to be weak commutative if
(1) A(X)=S(X)
(1) d (ASx ,SAx ,a) < d(Ax, Sx, a)

forall x,a in X.

1.4 Example: let X = [0,1] with 2-metric d-defined as

d(x y, z) = min {x-vy], ly-z|, |z-x|}
Let A and S be defined as

AX=

X
and SX =— forall xin X
X+4 2

Then A and S are weak** commutative but not weak commutative.

2. GENERALIZED FIXED POINT THEOREM

2.1 Theorem: Let A, B, S and T be four self-mappings of a complete 2-metric space (X,d) such that
A’ B*:X —> SZ(X) NT?(X) and satisfy
(1) d(A’x,B%y,a))

<cma {d(szx, T?y, a),d(S°x, A’,a),d(T?y, Bzy,a)%[d(szx, B’y,a)+d(T?y, Azx,a)]}

Forall x, y, ain X, where0 < C <1. If one of A, B, S and T is continuous and if A and B weak** commutative with S
and T respectively, then A, B, S and T have a unique common fixed point.

Proof: Let X, be an arbitrary point of X and
Since A? (X)and B2 (X)are contained in S? (X)r\T2 (X ),
We can define sequence {Xn} in X such that

2 2 2 2
SX,, 1= B°X,, ,andT “X,, = A°X,, , forn = 1,2,3,.............

By (i) we have
d(S*Xyys T?%yp,2) =0 (B Xy 50 A%y, 5,8) =d (A%, ,, B?X,, ,,2)

d (Szxm_l,szz”_z,a),d (SZXZH, AP, ., a),d (szzn_z, BZXZH_Z,a)

<
o l[d (SZXZH, Bzxzn—z’a)+ d (T2X2n—2’ AZXZ“‘l ' a)i|
2

<cma >{d (5"%y0.1:T *Xyp,2),d (Szxml,szZn,a)%[d (T2x2n2,T2x2n,a)]}

Thus d(SX,, 1, TX,0,8) <Cd (S°Xy 4, TX,,,2)
Forn=1 2, 3,.cccceeiiiii.... andalla ¢ X .

By induction we obtain

A (S Xy s T%p,8) <™ (S, T2%5,@) e ()
d(S* %10 T2%0,8) <2 (87X, T2%,,8) i ©)
Forn=1 2, 3,..ccceeeiiii.... andalla ¢ X

Thus d(SZXZn_l’,SZXZM,a)sd(SZXZH_L, Szx2n+l,T2x2n)+d(SZXZn_l, T2x2n,a)+d(T2x2nY, SZXZM,a)
<A (S Xy g1 Sy T2y )+ €71 (%X, T?X,@)+¢7"d (S°x,, T°x,,a)
£0+c2”‘1[d(82x1', T?%,,a)+cd (S°x, szo,a)}
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Since d (S*Xyp 1 S*Xp0.1, T Xy ) =0 and d(S°x,, T?X,,a) <cd (S°x,, T°x,,)
d(S* X0y s S0 @) <C*H(L4C) (S7X,, T7Xp,2)

similarly d (SXp,y, S Xpp.508) <C"(1+0)d (S°%,, T?%,,2)
d (SZXZM&, S a) <c®™*(L+c)d (SZXL, T°x,, a)and Soon

Since 0<c<l
c™? 5 0asn > o©

So that {SZXZM} is a Cauchy sequence in X, thus converges to a point u in X
Consider d (T2x2n,u, a) <d (T2x2n,u, SZXZn_1)+ d (T2x2n,82x2n_l, a)+ d (SZXZn_l,u, a)
<d(T?%yy,U, U)+d(T?Xy,,u,a)+d (u,u,a)
d(T?%,,,u,8) <d(T?x,,,u, a)
Which is a contradiction
d (T2X2n,u,a) =0 for every a in X
Therefore {szzn} converges to u
Thus lims?x,, , = limB?x,, , = limT?x,, =lim A’x,, , =u
Nn—>o0 n—>o n—>o n—o

Now suppose that S is continuous, we have the sequence {A28X2n_1} converges to su

H 2
Le. lim A"Sx,, , =u

n—oo

Since A and S are weak** commute

We have d (A”Sx, SA%*x,a) < d(A’x,S°x,a) forall a e X
Put X=X,

d(A2Sx,, ,,SA’X,, ,,a) < d(A*X,, ,,S?X,, ,,a)
limd (A?Sx,, ,,SA’X,, ,,a) < limd(A’x,, ,,S%X,, ,,)

<d(u,u,a)=0
limd (A®Sx,, ,,SA’X,, ,,a) =0
Also lim A’x, , =u
Since S is continuous
lim SA’x,, , = Su
limd(A*Sx,, ,,Su,a) =0vae X

n—oo

= {AZSXZn_l} is convergent to Su

since lim B®x,, =U and S is continuous

n—o0
lim SB?x,,, = Su
n—oo
H 2
Lm SS°X,,., = SU
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: 2 2 2 2
Since S°X,, ; = B°X,, , = S°X,,,, = BX,,

H 3
limS°x,,., =Su

n—oo

Now we have
A (S*X00:T?%018), 0 (S°Xy01, A'SX,, 4,8),d (TX,,, B7X,,,2)

d(A’Sx,, ,, B’X,,,a) < ¢ max
( o i ) %[d (S3x2n+1, Bzx2n,a)+d(T2x2n,AZSx2n+l,a)}

Letting N > o d(su,u,a) =0vVa e X
=Su=u
Hence u is a fixed point of S
= Su=Su=u
Consider

d(S%u,T?x,,,a),d(S’u, A%u,a),d(T?x,,,B%X,,,a)
d(Azu, Bzx2n,a)§c max- ¢
E[d(Szu,BZXZH,a)+d(T2x2n,A2u,a)]
Letting N — oo d (A’u,u,a) =0Va e X
= Au=u
Consider

d(Szu,Tzu,a),d(Szu,Azu,a),d(Tzu,Bzu,a)

d(u, B?u,a)=d (A%, B’u,a)<c maxy o o
E[d(s u,B u,a)+d(T u, A u,a)}
d(u, B’u,a)=0

= B =u
Since BZ(X)CTZ(X) and U e X

We have B°u € B® (X)
=>Ue BZ(X)
=ueT?(x)
There exist U, € X Such thatu =T (u,)
d(S?,T?u,,a),d(S°u, A’u,a),d(T?u, B, a)
Then d (u, B’y;,a)=d(A’u, B’u,,a)<c max l[d(szu By 2) (T2, A a)]
5 ,BU,, AU,
d(u, B’y,a)=0
= B%u, =u
There fore T?u, = B’U, =U

Since B and T are Weak** commutative

d(B°T?x,T°B’x,a) <d(B*Tx,TB?x,a) < d (BT ?x,T?Bx,a) <d(BTx,TBx,a) <d(B°x,T?x,a)Vx,a € X
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put X="U,
d(B*T*x,T°B’x,a) <d(B*Tu,,TB?u,,a) <d(BT?u,,T*Bu,,a) <d(BTu,, TBu,,a) <d(B?u,,T’u,,a)vVae X
d(u,T?u,a)=0

=T?u=uvaeT
Hence Au=B2u=S%u=T%u=u

Since A%u=u
A(Alu) = Au

Alu = Au
Then we have

d(u, Au,a)=d(Au,u,a)= d(A3u,Bzu,a):d(A2Au, Bzu,a)

)=
d(S*Au,T?u,a),d(S*Au, A’u,a),d(T°u,B%,a)
S[a

(

(S*Au,B%u,a)+d(Tu, Ay, a)]
=d(u,Au,a)=0
= Au=u
S Su=Au=u
Since B and T are weak** commutative
d(B°T?u,T°B’u,a) <d(B*Tu,TB%u,a) <d(BT%u,T*Bu,a) <d(BTu,TBu,a) <d(B°u,T?u,a)
d(u,u,a) <d(B°Tu,Tu,a) <d(Bu,T?Bu,a) <d(BTu,TBu,a) < d(u,u,a)
0<d(B*Tu,Tu,a) <d(Bu,T°Bu,a) <d(BTu,TBu,a) <0Va e X
d(B’Tu,Tu,a)=0=B’Tu=Tu

d(Bu,T*Bu,a)=0=T’Bu=Bu

d(BTu,TBu,a)=0= BTu=TBu

d(u,Tu,a)=d(A’,B*Tu,a)

d(S u,TZTu,a),d(Szu,Azu,a),d(TzTu,BZTu,a)

<

o %[d(Szu,BZTu,a)+d(T2Tu,A2u,a)}
d(u,Tu,a)=0
STu=u
since B®u=u
BB’u =Bu
B3 =Bu
We have

d(u, Bu,a)=d (Azu, B?’u,a): d (Azu, BzBu,a)
d (Szu,TZBu,a),d (Szu, Azu,a),d (TZBu, BzBu,a)

= ¢ mex 1[cl (s%,B%Bu,a)+d (TZBu,AZu,a)]
2
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d(u,Bu,a)=0
= Bu=u
LAU=Su=Tu=Bu=u

Hence u is a common fixed point of A, S, T and B

Now we prove that u is a Unique fixed pointof A, S, T and B

Suppose that there is a point V € X such that
Av=sv=Bv=Tv=v
Av=sv=B=T? =v

d(Szu,Tzv,a),d(Szu,Azu,a),d(Tzv,Bzv,a)
Then d (u, v,a):d(Azu, Bzv,a)SC max l[d(szu oy a)+d(T2v - a)]
> BV, , ,

d(u, v,a)=0
U=V

So, we proved that u is the unique common fixed point of A, B, Sand T.

2.2 Corollary: Let S, T: X—X and either S or T be continuous. Then S and T have a common fixed point z if there
exists two self mappings A,B of X and A (resp. B) weakly commute with S(resp. T) . Further z is the unique common
fixed point of A, B, Sand T.

Proof: As A (resp. B) weakly commutes with S (resp. T). But weakly commutativity implies weak **commutativity.
Thus the proof of theorem [2.1] work.

Remark:
1. The corollary (2.2) generalizes theorem 1 of kubaik [3] where continuity of both S and T and commutative of
both A and B with S and T are assumed. But assumptions in corollary (2.2) are much weaker than that of
kubaik [3] and thus theorem (2.1) is more general than kubaik [3].

2.3 Theorem: Let A, B, S and T be four self-mappings of a complete 2-metric space (X, d) such that
(1) AYX) < T*(X) and B¥(X) c S*(X),
(11) d(A%x, B?y, a) < ¢ max. {d(SX, T2, a), d(S*x, A%x, a), d(T?y, B?y, a), [d(S°x, B?y, a)+d(T?x, A%y, a)]}

For all x, y, a in X, where 0<c<1. if one of A, B, S and T is continuous and if A and B weak**commute with S and T
respectively, then A, B, S and T have a unique common fixed point in X.
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