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1. INTRODUCTION 
 
In1971K.B.Stolarsky’s introduced one parameter mean by using logarithmic mean and later in 1975, the family of 
bivariate means with two-parameterare introduced and named as the Stolarsky’s means in mathematical literature [9] 
which are given by; 

𝐺𝐺(𝑝𝑝 ,𝑞𝑞)(𝑎𝑎, 𝑏𝑏) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ �

𝑝𝑝(𝑎𝑎𝑞𝑞 − 𝑏𝑏𝑞𝑞

𝑞𝑞(𝑎𝑎𝑝𝑝 − 𝑏𝑏𝑝𝑝
�

1/(𝑝𝑝−𝑞𝑞) 

𝑝𝑝𝑝𝑝(𝑝𝑝 − 𝑞𝑞) ≠ 0

𝑒𝑒𝑒𝑒𝑒𝑒 �
−1
𝑞𝑞

+
𝑎𝑎𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑏𝑏𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

𝑎𝑎𝑞𝑞 − 𝑏𝑏𝑞𝑞
� 𝑝𝑝 = 𝑞𝑞 ≠ 0

�
𝑎𝑎𝑞𝑞 − 𝑏𝑏𝑞𝑞

𝑞𝑞(𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙)
�

1
𝑞𝑞

                                        𝑞𝑞 ≠ 0, 𝑝𝑝 = 0

√𝑎𝑎𝑎𝑎 𝑝𝑝 = 𝑞𝑞 = 0
𝑎𝑎 𝑏𝑏 = 𝑎𝑎 > 0

� 

 
The following well known means are the particular cases of Stolarsky’s mean 𝐺𝐺𝑝𝑝 ,𝑞𝑞(𝑎𝑎,𝑏𝑏). Forexample,  
𝐺𝐺1,2 = �𝑎𝑎+𝑏𝑏

2
� = 𝐴𝐴 − arithmetic mean, 𝐺𝐺0,0 = 𝐺𝐺1,1 = √𝑎𝑎𝑎𝑎 = 𝐺𝐺 − geometrical mean, 𝐺𝐺0,1 = 𝑎𝑎−𝑏𝑏

𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
= 𝐿𝐿 − logarithmic 

mean, 𝐺𝐺1,1  =  1
𝑒𝑒
�𝑎𝑎

𝑎𝑎

𝑏𝑏𝑏𝑏
�

1 /(𝑎𝑎−𝑏𝑏)
=  𝐼𝐼− identric mean, 𝐺𝐺𝑝𝑝 ,2𝑝𝑝 = �𝑎𝑎

𝑝𝑝+𝑏𝑏𝑝𝑝

2
�

1
𝑝𝑝 =  𝑃𝑃− 𝑟𝑟𝑡𝑡ℎ  power mean etc. Several authors studied 

in depth about this mean and published good number of articles in two or more variables. The comparative study of this 
mean value with Gini mean. Established some inequalities and discussed few convexity related results in ([1]-[10]). 
 
The notations for the generalized weighted arithmetic and contra harmonic mean respectively denoted by 
𝐴𝐴(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) and 𝐶𝐶(𝑟𝑟, 𝑠𝑠;𝑎𝑎, 𝑏𝑏) . In [1], Janardhan et al., established an inequality chain involving harmonic mean, 
arithmetic means, contra harmonic mean and other well-known means in two and n variables refer [7]. The weighted 
form of Stolarsky’s mean and its extended generalization forms are introduced and discussed the Schur convexity and 
logarithmic convexity results by good number of authors ([6], [8, 10]). 
 
The weighted forms of arithmetic mean and contra harmonic mean defined as;  

𝐴𝐴 =  𝑟𝑟𝑟𝑟 +  𝑠𝑠𝑠𝑠; and 𝐶𝐶 = 𝑟𝑟𝑎𝑎2+ 𝑠𝑠𝑏𝑏2

𝑟𝑟𝑟𝑟  + 𝑠𝑠𝑠𝑠
, where 𝑟𝑟, 𝑠𝑠, 𝑎𝑎,𝑏𝑏 ∈ 𝑅𝑅+;  𝑟𝑟 +  𝑠𝑠 =  1. 

Note that 𝐶𝐶 > 𝐴𝐴 for 𝑎𝑎 ≠ 𝑏𝑏.  
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The weighted two parameter homogeneous function was introduced in [4], which is defined as extended Stolarsky’s 
mean class G as a particular case. Namely, for 𝑟𝑟, 𝑠𝑠, 𝑎𝑎, 𝑏𝑏 ∈ 𝑅𝑅+, 𝑟𝑟 +  𝑠𝑠 =  1, 𝑝𝑝𝑝𝑝(𝑝𝑝 − 𝑞𝑞)(𝑎𝑎 − 𝑏𝑏) ≠  0, is denoted by 
𝑁𝑁 = 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠;𝑎𝑎, 𝑏𝑏) and defined as; 

𝑁𝑁 = �
𝑝𝑝2𝐴𝐴(𝑟𝑟, 𝑠𝑠; 𝑎𝑎𝑞𝑞 , 𝑏𝑏𝑞𝑞) − 𝐶𝐶(𝑟𝑟, 𝑠𝑠; 𝑎𝑎𝑞𝑞 , 𝑏𝑏𝑞𝑞)
𝑞𝑞2𝐴𝐴(𝑟𝑟, 𝑠𝑠; 𝑎𝑎𝑝𝑝 , 𝑏𝑏𝑝𝑝) − 𝐶𝐶(𝑟𝑟, 𝑠𝑠;𝑎𝑎𝑝𝑝 , 𝑏𝑏𝑝𝑝)�

1
(𝑞𝑞−𝑝𝑝)

                                                                                          (1.1) 

     = �𝑝𝑝
2

𝑞𝑞2 �
𝑟𝑟𝑎𝑎𝑝𝑝+𝑠𝑠𝑏𝑏𝑝𝑝

𝑟𝑟𝑟𝑟𝑞𝑞+ 𝑠𝑠𝑏𝑏𝑞𝑞
� �𝑎𝑎

𝑞𝑞−𝑏𝑏𝑞𝑞

𝑎𝑎𝑝𝑝−𝑏𝑏𝑝𝑝
��

1
𝑞𝑞−𝑝𝑝                                                                                                                     (1.2) 

 
Authors established the following identities; 

𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏)  =  𝑁𝑁𝑞𝑞 ,𝑝𝑝(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) 
𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏)  =  𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑏𝑏, 𝑎𝑎) 
𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑏𝑏, 𝑎𝑎) =  𝑎𝑎𝑎𝑎𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠, 𝑎𝑎−1, 𝑏𝑏−1) 

𝑁𝑁𝑥𝑥𝑥𝑥 ,𝑥𝑥𝑥𝑥 (𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) =  �𝑁𝑁𝑞𝑞 ,𝑝𝑝(𝑟𝑟, 𝑠𝑠; 𝑎𝑎𝑥𝑥 , 𝑏𝑏𝑥𝑥)�
1
𝑥𝑥 ,    𝑥𝑥 ≠  0 

 
Note that 

𝑁𝑁2𝑝𝑝 ,2𝑞𝑞(1/2,1/2, 𝑎𝑎, 𝑏𝑏)  = �
𝑝𝑝2

𝑞𝑞2 �
𝑎𝑎2𝑝𝑝 + 𝑏𝑏2𝑝𝑝

𝑎𝑎2𝑞𝑞 + 𝑏𝑏2𝑞𝑞� �
𝑎𝑎2𝑞𝑞 − 𝑏𝑏2𝑞𝑞

𝑎𝑎2𝑞𝑞 − 𝑏𝑏2𝑞𝑞�
2

�

1
2(𝑞𝑞−𝑝𝑝)

 

 
The two-parameter homogeneous function 𝑁𝑁 = 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) is given by; 

𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

�
𝑝𝑝2

𝑞𝑞2 �
𝑟𝑟𝑎𝑎𝑝𝑝 + 𝑠𝑠𝑏𝑏𝑝𝑝

𝑟𝑟𝑎𝑎𝑞𝑞 + 𝑠𝑠𝑏𝑏𝑞𝑞
� �
𝑎𝑎𝑞𝑞 − 𝑏𝑏𝑞𝑞

𝑎𝑎𝑝𝑝 − 𝑏𝑏𝑝𝑝
�

2

�

1
𝑝𝑝−𝑞𝑞

𝑝𝑝𝑝𝑝(𝑝𝑝 − 𝑞𝑞)(𝑎𝑎 − 𝑏𝑏) ≠ 0

�
2

log2 �𝑎𝑎
𝑏𝑏
�
�

1
𝑟𝑟𝑎𝑎𝑞𝑞 + 𝑠𝑠𝑏𝑏𝑞𝑞

� �
𝑎𝑎𝑞𝑞 − 𝑏𝑏𝑞𝑞

𝑞𝑞
�

2

�

1
𝑞𝑞−𝑝𝑝

𝑞𝑞(𝑎𝑎 − 𝑏𝑏) ≠ 0, 𝑝𝑝 = 0

𝑒𝑒𝑒𝑒𝑒𝑒�
−2
𝑞𝑞
−
𝑟𝑟𝑟𝑟𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑠𝑠𝑏𝑏𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

𝑟𝑟𝑎𝑎𝑞𝑞 + 𝑠𝑠𝑠𝑠𝑞𝑞
+ 2

𝑎𝑎𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑏𝑏𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑎𝑎𝑞𝑞 − 𝑏𝑏𝑞𝑞

� 𝑞𝑞(𝑎𝑎 − 𝑏𝑏) ≠ 0, 𝑝𝑝 = 𝑞𝑞

𝑎𝑎(𝑟𝑟+1)/3𝑏𝑏(𝑟𝑟+1)/3                                                                               𝑎𝑎 ≠ 𝑏𝑏, 𝑝𝑝 = 𝑞𝑞 = 0
𝑎𝑎 𝑏𝑏 = 𝑎𝑎

� 

 
In articles [10] extension and application of Gini mean and Stolarsky’s mean for two or more variable has been 
discussed. 
 
Based on above literature survey, the following results are established. 
 
Result 1: [10] The function 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) are monotone increasing w.r.t 𝑝𝑝 or 𝑞𝑞 and 𝑎𝑎 or 𝑏𝑏. 
 
Result 2: The function 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) is 
(i) 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) ≡ 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑏𝑏, 𝑎𝑎) is symmetric. 
(ii) 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝜆𝜆𝜆𝜆, 𝜆𝜆𝜆𝜆) = 𝜆𝜆𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) is homogeneous. 
 
Based on the propositions, the property of Stolarsky’s mean and lemmas from the articles [9, 10], the theorem below is 
stated. 
 
Theorem 1.1: The homogeneous function 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) is logarithmic-convex for all 𝑝𝑝, 𝑞𝑞 ∈ 𝐼𝐼 
 
Proof: If the function 𝑁𝑁𝑁𝑁, 𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) is logarithmic-convex for all 𝑝𝑝, 𝑞𝑞 ∈ 𝐼𝐼, then the expression; 

𝑇𝑇 ∶  𝑁𝑁𝑝𝑝 ,𝑝𝑝−𝑥𝑥(𝑟𝑟, 𝑠𝑠;𝑎𝑎, 𝑏𝑏)𝑁𝑁𝑝𝑝 ,𝑝𝑝+𝑥𝑥(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) − �𝑁𝑁𝑝𝑝 ,𝑝𝑝(𝑟𝑟, 𝑠𝑠;𝑎𝑎, 𝑏𝑏)�2
 

 
For 𝑎𝑎, 𝑏𝑏 ∈ 𝑅𝑅+,𝑇𝑇 as definite sign for all values. 
 
Putting 𝑏𝑏 = 1, 𝑎𝑎𝑥𝑥  =  𝑒𝑒𝑡𝑡 , 𝑝𝑝/𝑥𝑥 =  𝑦𝑦. then 𝑇𝑇 reduces to  

𝑆𝑆: = �
𝑟𝑟 − 1
𝑟𝑟 + 1

�
2

�
𝑝𝑝𝑝𝑝(𝑟𝑟−1)𝑡𝑡 + 𝑞𝑞
𝑝𝑝𝑝𝑝(𝑟𝑟+1)𝑡𝑡 + 𝑞𝑞

��
𝑒𝑒(𝑟𝑟+1)𝑡𝑡 − 1
𝑒𝑒(𝑟𝑟−1)𝑡𝑡 − 1

�
2

− 𝑒𝑒𝑒𝑒𝑒𝑒 �
−4
𝑟𝑟
−

2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟 𝑡𝑡
𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟 + 𝑞𝑞

+
4𝑡𝑡𝑒𝑒𝑟𝑟𝑟𝑟

𝑒𝑒𝑟𝑟𝑟𝑟 − 1
� 
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Developing in 𝑡𝑡 ∈ 𝑅𝑅 and some laborious calculation, leads to; 

�
𝑟𝑟 − 1
𝑟𝑟 +  1

�
2

�
𝑝𝑝𝑒𝑒(𝑟𝑟−1)𝑡𝑡  +  𝑞𝑞
𝑝𝑝𝑒𝑒(𝑟𝑟+1)𝑡𝑡  +  𝑞𝑞

��
𝑒𝑒(𝑟𝑟+1)𝑡𝑡 − 1
𝑒𝑒(𝑟𝑟−1)𝑡𝑡 − 1

�
2

 =  1 +  𝑡𝑡 +  
1
6

(3 − 𝑟𝑟)𝑡𝑡2  +  𝑂𝑂[𝑡𝑡]3 

and 

𝑒𝑒𝑒𝑒𝑒𝑒 �
−4
𝑟𝑟
−

2𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟 𝑡𝑡
𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟 + 𝑞𝑞

+
4𝑡𝑡𝑒𝑒𝑟𝑟𝑟𝑟

𝑒𝑒𝑟𝑟𝑟𝑟 − 1
� =  1 +  𝑡𝑡 +  

1
6

(3 − 𝑟𝑟)𝑡𝑡2  +  𝑂𝑂[𝑡𝑡]3 

 
Therefore, the above equations together implies that; 

𝑆𝑆 = 1 
3

(𝑟𝑟 − 2)(𝑟𝑟 +  1)(2𝑟𝑟 − 1)𝑡𝑡3  +  𝑂𝑂(𝑡𝑡4). 
 
Hence 𝑆𝑆 is a definite sign and sufficiently for very small real number 𝑡𝑡, only if 𝑟𝑟 = 𝑠𝑠 = 1/2. 
 
The concept used to conclude the homogeneous function 𝑁𝑁𝑝𝑝 ,𝑞𝑞(𝑟𝑟, 𝑠𝑠; 𝑎𝑎, 𝑏𝑏) is logarithmic-convexis based on the famous 
theorem in [8] by Feng Qi. 
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