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ABSTRACT
The idea of f-structure on a differentiable manifold was initiated and developed by Yano [6], Ishihara [1], Andreaou
[2] and others. In the present paper, we have defined a structure f y (2V + 3,i‘1) of rank r on a manifold with a

tensor field f of type (1, 1) satisfying (f w3 _ /12fo 2v+3 +,uzf): O Some results on this structure have been
proved in this paper.

(1.1) PRELIMINARIES:

Let M" be an n-dimensional differentiable manifold of class C°° and of rank r and f(;t 0) be a tensor field of type
(1, 1), such that

LD (f2v+3 —ﬂzfo2V+3 +,L12f)=0

2v+2 i/lz , f2v+2

where f ;t—,uz ; /1,,[16R+, A# 4 and rank of

1 .
f= 5 (rankfzwr2 +dimM " ): r = constant .
Let us define tensor fields 'I' and 'm' of type (1, 1) on M ", by
2v+2 _ 2 2v+2
f -4 f

(1.1.2) [=——— m=
ﬂ2+/12

+u 2
2+ ,u2
We have the following theorem:

Theorem 1.1.1: Let M" bean f A (21/ +3,t 1) -structure manifold, then

12 2

(1.1.3) l+m=1,1"=l, m " =m,Im=ml=0

Proof: In view of the equations (1.1.1) and (1.1.2), the proof of the theorem follows in obvious manner.

Thus, the operators [ and m when applied to tangent space of M " ata point are complementary projection

operators. Thus there exist complementary distributions L and M corresponding to projection operators [ and m
respectively. Let us call such a structure as then -structure of rank r.
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For the manifold M " equipped with f A (2V +3,% 1) -structure of rank r, we have the following theorem:

Theorem 1.1.2: Onan [y (2v + 3, % 1) -structure manifold, we have

(1.1.4) fl=—rm—— =t
A“+u A" +u
W2 22
(1.1.6) m_l:2f 3 /12 #
A +u

Proof: In view of the equations (1.1.1), (1.1.2) and (1.1.3), the proof of the theorem follows immediately.

a2 f A (2V +3,+ 1) -STRUCTURE IN LOCAL COORDINATES:

We now introduce a local coordinate system in the manifold M " represented by f} W ; , mlj in local components of

tensors f, [ and m respectively. We also introduce in M " a positive definite Riemannian metric by taking r

mutually orthogonal unit vectors V cjz (a, b,c,..... =12,3,....., r) inLand (n-r) mutually orthogonal unit vectors

VIJ4 (A,B,C, ..... =r+lLr+2,...... ,n) in M, and then we have

(1.2.1)
miv) =0, myvy =V

Let (sj-l ,S?) represents the matrix inverse of (Vé ’VIJB)’ then S? and Sj‘ are both components of linearly

independent covariant vectors and satisfy the relations
aj _ Sa aj _
sivp =0, , sivy =0

(1.2.2)
siv) =0, siv} =0,

and
(1.2.3) sOvi 4 sy = ot

- jtaT2jYATC)
5} being the Kronecker delta.
If we put

_.a.a A A

(1.2.4) 8kj =Sk S + 5 85

then g kj is globally well defined positive Riemannian metric such that
Sp = gijé sk = gijf‘

In view of the equations (1.2.1) and (1.2.2), we get
(ljsf)vg =0, (lj.sf)vg =0

(1.2.5) (m;sf‘)v,j =0,(m's; ) vl =6,

© 2011, IJMA. All Rights Reserved 1850



!Shadab Ahmad Khan* and *Ram Nivas / ON f 3 P (2V +3,+ 1) -STRUCTURE MANIFOLDS/ / IJMA- 2(10),

Oct.-2011, Page: 1849-1853
Thus we have,

(1.2.6)

Using l}vé = V; in equation (1.2.6), we have

i a_k _ a_i i k Ak )\ _ _a_i
Lsiv, =s lk(é’j —sij)—sjva

jla

Hence

127 lj~ =5

Similarly, we get

(1.2.8) m' =s8vlp
Let us now put
(1.2.9) i =1ligy and my=mpg,;

In view of the equations (1.2.4), (1.2.7) and (1.2.8), we have

(1.2.10) lij =38 » myj = s,‘?s‘?
and

(1.2.11) lk] =ljk > My =M ji
Consequently, we have

(1.2.12) Lig +mj =8 jk

The following equations can be proved easily:
M g =k
i lgmbe, =0
(1.2.13) and
(iii) m,ﬁm;’grp =myg

For any two vectors X and Y with components X" and Y' , let us put

m(X,Y)=m,,X"YP

(1.2.14) and
g(X’Y)zgrpXrXp
(1.2.15)
1 1
3 (X,)Y)== X,Y)+ g (X 1Y)+ g (£2X 7Y ) +.......
g(X.Y) 2(VH)[g( )+ g (IXFY)+ g )

Thus we have

m(VA,VA)=g(VA,VA)=g(fVA,fVA)=g(f2VA,f2VA)= ...... :g(fz‘”’1

and
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[g(VA,VA)+g(fVA,fVA)+g(f2VA,f2VA)+ ...... +g(f2"+lvA,f2V“VA)+m(VA,VA)]

By virtue of the fact that the distributions L and M are orthogonal with respect to the Riemannian metric g, the

distributions L and M are orthogonal with respect to g also. Hence, we have the following theorem:

Theorem 1.2.1: Let M " be an n-dimensional differentiable manifold equipped with I, P (2V +3,t 1)- structure

of rank r. Then there exist complementary distributions L and M and a positive definite Riemannian metric g with

respect to which distributions are orthogonal.

Further, by virtue of equations (1.2.9), (1.2.11) and (1.2.12) it is easy to verify that
g(fv,.fvy )= lrpfﬁfjpvgvg)
g(fv, . fvy )+ m(fv,,fvy ) = grpf}rlfjpvgvg)
NS

These relations lead to the following:

(1.2.16) Z(fX,fY)=g(X,Y) : forall X, YinL.

Let M be a space such that X &€ My, f(X) =AX and let M, be the distribution orthogonal to M; in M with
respect to g . We choose an orthogonal basis Upy_4seeeereerernens »Up(p.r) With respect to g for M. Further, let

€1,€250eeeennne ,€or_ be an orthogonal basis for L with respect to g . Using g, we can define a Riemannian metric

gle; a
g(f(ua),uﬁ =0
glflug ) flug))=0,p
where,
1<i,k<2r-n n-r+1<a, f<2n—r
then g is well defined because if Up_pyfseeereermee , ﬁZ(n-r) is another orthonormal basis for Mo, then for

ﬁa = zguﬂ , we have

~

g(ﬁa,ﬁ7)= g(zguﬂ,zf,ug)
Z'gz‘;é‘ﬂg
e

Sy

i gl 1(,)= glebrlug)esrlug)
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= zgz}?g(f(ufg),f(ug))
BB

=gy

=0y

This signifies that there is a Riemannian metric g with respect to which L, M, M are mutually orthogonal and

g(fX,fY):—,UQf ; forall X, YinL
g(fX,fY) = ﬂzf : forall X, YinM

Thus, we have:

Theorem 1.2.2: Let M " be an n-dimensional differentiable manifold with f AL (21/ +3,+ 1) -structure of rank r.

Then there exists complementary distribution L of dimension (2r-n) and distribution M of dimension 2(n-r) and a
positive definite Riemannian metric g with respect to which L and M are orthogonal and furthermore

g(fX.fY)=-u*f . VvV X, YelL
g(f(X.fY)=Af . VX YelL.
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