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ABSTRACT 

The idea of f-structure on a differentiable manifold was initiated and developed by Yano [6], Ishihara [1], Andreaou 

[2] and others. In the present paper, we have defined a structure ( )1,32, ±+νµλf  of rank r on a manifold with a 

tensor field f of type (1, 1) satisfying  ( )( ) 0232232 =+− ++
ffff µλ νν

 Some results on this structure have been 

proved in this paper. 

________________________________________________________________________________________________ 

 

(1.1)    PRELIMINARIES:        

          

Let 
n

M  be an n-dimensional differentiable manifold of class 
∞

C and of rank r and ( )0f ≠  be a tensor field of type 

(1, 1), such that 

 

(1.1.1)                       (((( ))))(((( )))) 0232232 ====++++−−−− ++++++++ ffff µλ νν
 

 

where µλµλµλ νν ≠∈−≠≠ +++ ,,;, 222222
Rff  and rank of  

 

( ) constantdimrank
2

1 22 ==+= +
rMff

nν
. 

Let us define tensor fields ''l  and ''m  of type (1, 1) on 
n

M , by 

 

(1.1.2)                        
22

222

22

222

,
µλ

µ

λµ

λ νν
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====
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−−−−====
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m
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We have the following theorem: 

 

Theorem 1.1.1:  Let 
n

M  be an ( )1,32, ±+νµλf -structure manifold, then                   

 (1.1.3)              0,,, 22 =====+ mllmmmllIml  

 

Proof: In view of the equations (1.1.1) and (1.1.2), the proof of the theorem follows in obvious manner.      

   

Thus, the operators  l  and m  when applied to tangent space of 
n

M  at a point are complementary projection 

operators. Thus there exist complementary distributions L and M corresponding to projection operators l  and m  

respectively. Let us call such a structure as then -structure of rank r. 
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For the manifold 
n

M  equipped with  ( )1,32, ±+νµλf  -structure of rank r, we have the following theorem: 

 

Theorem 1.1.2:  On an ( )1,32, ±+νµλf -structure manifold, we have 

 (1.1.4)                   
22

232

22

232

,
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λ νν
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ff
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ff
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(1.1.5)                   mmfllf
222222 , λµ νν =−= ++

 

(1.1.6)                   
22

22222

µλ

µλν

+

−−
=−

+
f

lm  

Proof: In view of the equations (1.1.1), (1.1.2) and (1.1.3), the proof of the theorem follows immediately. 

 

 

(1.2)    ( )1,32, ±+νµλf -STRUCTURE IN LOCAL COORDINATES: 

We now introduce a local coordinate system in the manifold 
n

M  represented by 
i
j

i
j

i
j ml ,,f  in local components of 

tensors l,f  and m  respectively. We also introduce in 
n

M  a positive definite Riemannian metric by taking r 

mutually orthogonal unit vectors ( )rcbaj
a ,.....,3,2,1,.....,,v =  in L and    (n-r) mutually orthogonal unit vectors 

( )nrrCBA
j
A

,.......,2,1,.....,,v ++=  in M, and then we have 

 

                                    v v , v 0i j i i j

j b b j Bl l= =  

(1.2.1) 

                                    v 0, v vi j i j i

j b j B Bm m= =  

 

Let ( )A
j

a
j ss ,  represents the matrix inverse of ( )j

B
j
b

v,v , then 
a
js  and 

A
js  are both components of linearly 

independent covariant vectors and satisfy the relations 

                                    v , v 0a j a a j

j b b j B
s sδ= =  

(1.2.2) 

                                    v 0, vA j A j A

j b j B B
s s δ= =  

and 

 

(1.2.3)                          
i
j

i
A

A
j

i
a

a
j ss δ=+ vv  

i
jδ  being the Kronecker delta. 

 

If we put 

(1.2.4)                         
A
j

A
k

a
j

a
kkj ssssg +=  

 

then kjg  is globally well defined positive Riemannian metric such that 

                                  
j
Akj

A
k

j
akj

a
k

gsgs v,v ==  

 

In view of the equations (1.2.1) and (1.2.2), we get 

 

                                   ( ) ( )s v , s v 0i a j a i a j

j i b b j i B
l lδ= =  

 

(1.2.5)                         ( ) ( )s v 0, s vi A j i A j A

j i b j i B B
m m δ= =  
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Thus we have, 

                                    s , s si a a i A A

j i j j i j
l s m= =  

(1.2.6) 

                                    s 0, s 0i A i a

j i j i
l m= =  

Using  
i
a

j
a

i
jl vv =   in equation (1.2.6), we have 

                       ( )k

js v s v , -s v s vi a k a i i A k a i

k j a j a k j A j al l δ= =      

 

Hence 

(1.2.7)                        
i
a

a
j

i
jl vs=  

 

Similarly, we get 

(1.2.8)                       
i
B

B
j

i
jm vs=  

 

Let us now put 

(1.2.9)                        rj
r
kkj gll =    and    rj

r
kkj gmm =  

 

In view of the equations (1.2.4), (1.2.7) and (1.2.8), we have 

 

(1.2.10)                       
A
j

A
kkj

a
j

a
kkj ml ss,ss ==  

and 

(1.2.11)                       jkkjjkkj mmll == ,  

 

Consequently, we have 

(1.2.12)                       jkjkjk gml =+  

 

The following equations can be proved easily: 

                           (i)         kjrpg lll
p
j

r
k =  

                           (ii)        0grp =
p
j

r
k ml  

 

(1.2.13)              and 

                          (iii)        kjrpg mmm
p
j

r
k =  

 

For any two vectors X and Y with components 
iX  and 

iY , let us put 

                                        ( ) prYXYX, rpmm =  

(1.2.14)                  and 

                                        ( ) prXXYX, rpgg =  

 

(1.2.15)  

               
( )

( )
( ) ( ) ( ) ( ) ( )2 2 2 1 2 11 1

X,Y X,Y fX,fY f X,f Y ....... f X,f Y X,Y
2 1

g g g g g m
ν ν

ν
+ +� �= + + + + +� �+

�

 

Thus we have                           

( ) ( ) ( ) ( ) ( )2 2 2 1 2 1

A A A A A A A A A Av ,v v ,v fv ,fv f v ,f v ...... f v ,f v 0m g g g g
ν ν+ += = = = = =  

and                               
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( )
( )

( ) ( ) ( ) ( ) ( )2 2 2 1 2 1

A A A A A A A A A A A A

1 1
v ,v v ,v fv ,fv f v ,f v ...... f v ,f v v ,v

2 1

0

g g g g g m
ν ν

ν
+ + ��= + + + + +� �+

=

�

 

By virtue of the fact that the distributions L and M are orthogonal with respect to the Riemannian metric g , the 

distributions L and M are orthogonal with respect to g~  also. Hence, we have the following theorem: 

 

Theorem 1.2.1:  Let 
n

M  be an n-dimensional differentiable manifold equipped with ( )1,32, ±+νµλf - structure 

of rank r. Then there exist complementary distributions L and M and a positive definite Riemannian metric g~  with 

respect to which distributions are orthogonal. 

 

Further, by virtue of equations (1.2.9), (1.2.11) and (1.2.12) it is easy to verify that 

 

                               ( ) j
b

h
a

p
j

r
hba vvfffv,fv rplg =   

                               ( ) ( ) j
b

h
a

p
j

r
hbaba vvfffv,fvfv,fv rpgmg =+   

                               ( ) p
b

r
ab

2
a

2 vvvf,vf rpgg =   

 

These relations lead to the following: 

 

(1.2.16)                     ( ) ( )YX,fYfX,~ gg =   ;   for all X, Y in L. 

 

Let 1M  be a space such that ( ) �XXf,MX 1 =∈  and let 2M  be the distribution orthogonal to 1M  in M  with 

respect to g~ . We choose an orthogonal basis ( )r-n21r-n u.....,,.........u +  with respect to g~  for 2M . Further, let 

n-2r21 e,,.........e,e   be an orthogonal basis for L with respect to g~ . Using g~ , we can define a Riemannian metric 

g  on 
n

M  by 

                               ( ) ( )kiki e,e~e,e gg =   

                               ( ) ( )αα u,e~u,e ii gg =   

                               ( ) ( )βαβα u,u~u,u gg =   

                               ( )( ) ( )( )αα uf,e~uf,e ii gg =   

                               ( )( ) 0u,uf =βαg   

                               ( ) ( )( ) αββα δ=uf,ufg   

where, 

                               rn�ki −≤≤+≤≤ 2,1r-n,n-2r,1 α  

 

then g  is well defined because if ( )r-n21r-n u~...,,.........u~ +   is another orthonormal basis for 2M , then for 

β
β
αα uu~ z=  , we have  

                            ( ) ( )ε
ε
γβ

β
αγα uz,uz~u~,u~~ gg =   

                                                βε
ε
γ

β
α δzz=   

                                                
β
γ

β
α zz=   

                                                αγδ=   

 

and,                ( ) ( )( ) ( ) ( )( )ε
ε
γβ

β
αγα uf,ufu~f,u~f zzgg =   
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                                                     ( ) ( )( )εβ
ε
γ

β
α uf,ufgzz=   

                                                      
β
γ

β
α zz=   

                                                      αγδ=   

 

This signifies that there is a Riemannian metric g  with respect to which L, 1M , 2M  are mutually orthogonal and  

 

                   ( ) ffYfX, 2µ−=g            ;           for all X, Y in L 

                   ( ) ffYfX, 2λ=g               ;           for all X, Y in M 

 

Thus, we have: 

 

Theorem 1.2.2: Let 
n

M  be an n-dimensional differentiable manifold with ( )1,32, ±+νµλf -structure of rank r. 

Then there exists complementary distribution L of dimension (2r-n) and distribution M of dimension 2(n-r) and a 

positive definite Riemannian metric g  with respect to which L and M are orthogonal and furthermore    

 

                       ( ) ffYfX, 2µ−=g     ;      LYX, ∈∀                                                               

                       ( ) ffYfX, 2λ=g       ;      LYX, ∈∀ . 
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