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ABSTRACT 
In this paper we can extend  the well-known result  Eneström-Kakeya theorem by relaxing the hypothesis in several 
ways and obtain zero-free regions for polynomials with special complex coefficients and there by present some 
interesting generalizations and extensions of the Eneström-Kakeya Theorem. 
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1. INTRODUCTION 
 
The well-known Results Eneström-Kakeya theorem [2, 4] in theory of the distribution of zeros of polynomials is the 
following. 
 
Theorem 1.1: Let P(z) = ∑ 𝑎𝑎𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0 be a polynomial of degree n such that 0 < 𝑎𝑎0 ≤ 𝑎𝑎1 ≤ 𝑎𝑎2 ≤, … ,≤ 𝑎𝑎𝑛𝑛  then all the 
zeros of P(z) lie in |𝑧𝑧| ≤1. 
 
Applying the above result to the polynomial 𝑧𝑧𝑛𝑛P(1

𝑧𝑧
)  we get the following result: 

 
Theorem 1.2: If P(z) = ∑ 𝑎𝑎𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0  be a polynomial of degree n such that 0 < 𝑎𝑎𝑛𝑛 ≤ 𝑎𝑎𝑛𝑛−1 ≤ 𝑎𝑎𝑛𝑛−2 ≤, … ,≤ 𝑎𝑎0 then P(z) 
does not vanish in |𝑧𝑧| < 1. 
 
In the literature [1, 3, 5-9], there exist several extensions and generalizations of the Eneström-Kakeya Theorem. 
Recently B. A. Zargar [11] proved the following results: 
 
Theorem 1.3: If P(z) =∑ 𝑎𝑎𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0  be a polynomial of degree n such that for some 𝑘𝑘 ≥1, 0 < 𝑎𝑎𝑛𝑛 ≤ 𝑎𝑎𝑛𝑛−1 ≤ 𝑎𝑎𝑛𝑛−2 ≤, … ,≤
𝑎𝑎0 then P(z) does not vanish in the disk |𝑧𝑧| < 1

2𝑘𝑘−1
. 

 
Theorem 1.4: If P(z)= ∑ aizin

i=0  be a polynomial of degree such that for some real number ρ ≥ 0 
  0 < a0 ≤ a1 ≤ a2 ≤, … ,≤ an−1 ≤ an + ρ, then P(z) does not vanish in the disk |z| < 1

2(an +ρ)−ao
. 

The following results due to P. Ramulu [10]. 
 
Theorem 1.5: Let P(z) = ∑ 𝑎𝑎𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with real coefficients such that for some k ≥1  
𝜌𝜌 ≥0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 − 𝜌𝜌 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑘𝑘𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 then all the zeros of P(z) does not 
vanish in the disk |𝑧𝑧| < |𝑎𝑎0|

2𝑘𝑘(𝑎𝑎𝑚𝑚 +|𝑎𝑎𝑚𝑚 |)−(𝑎𝑎0+2|𝑎𝑎𝑚𝑚 |+𝑎𝑎𝑛𝑛 )+𝑎𝑎𝑛𝑛+2𝜌𝜌
. 
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Theorem 1.6: Let P(z) =∑ 𝑎𝑎𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with real coefficients such that for some 0 < 𝑟𝑟 ≤ 1, 
𝜌𝜌 ≥0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 + 𝜌𝜌 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝑟𝑟𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑎𝑎0 then all the zeros of P(z) does not 
vanish in the disk 

 |𝑧𝑧| < |𝑎𝑎0|
𝑎𝑎0+2|𝑎𝑎𝑚𝑚 |−2𝑟𝑟(𝑎𝑎𝑚𝑚 +|𝑎𝑎𝑚𝑚 |)+𝑎𝑎𝑛𝑛+|𝑎𝑎𝑛𝑛 |+2𝜌𝜌

. 
 
In this paper we give generalizations of the above mentioned results. In fact, we prove the following results. 

 
2. MAIN RESULTS 
 
Theorem 2.1: Let P(z) = ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with 𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖  such that for some 
k ≥ 1 , 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 − 𝜉𝜉 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑘𝑘𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 a n d for some 𝑡𝑡 ≥ 1 , 𝜂𝜂 ≥ 0, 
𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 − 𝜂𝜂 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑡𝑡𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0, then all the zeros of P(z) does not vanish in the 
disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
Corollary 2.2: Let P(z) = ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
somek ≥1 , 𝜉𝜉 ≥0, 𝑎𝑎𝑚𝑚 ≠ 0, 0 < 𝑎𝑎𝑛𝑛 − 𝜉𝜉 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑘𝑘𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 > 0a n d  𝑡𝑡 ≥1, 𝜂𝜂 ≥0, 
𝑏𝑏𝑚𝑚 ≠ 0, 0 < 𝑏𝑏𝑛𝑛 − 𝜂𝜂 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑡𝑡𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0 > 0, then all the zeros of P(z) does not 
vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[(2𝑘𝑘 − 1)𝑎𝑎𝑚𝑚 + (2𝑡𝑡 − 1)𝑏𝑏𝑚𝑚 + 𝜉𝜉 + 𝜂𝜂] − (𝑎𝑎0 + 𝑏𝑏0)
. 

 
Corollary 2.3: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖  such that for 
some k ≥1, 𝜉𝜉 ≥0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 − 𝜉𝜉 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑘𝑘𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 a n d  
𝑏𝑏𝑛𝑛 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0, then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑏𝑏𝑚𝑚 − |𝑎𝑎𝑚𝑚 | + 𝜉𝜉] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
Corollary 2.4: Let P(z) =  ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with 𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and   𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖  such that 
𝑎𝑎𝑛𝑛 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0  and for some 𝑡𝑡 ≥1 , 𝜂𝜂 ≥ 0, 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 − 𝜂𝜂 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤
𝑏𝑏𝑚𝑚+1 ≤ 𝑡𝑡𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑎𝑎𝑚𝑚 + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑏𝑏𝑚𝑚 | + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
Corollary 2.5: Let P(z) = ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
somek ≥ 1 , 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 − 𝜉𝜉 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑘𝑘𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 a n d 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 − 𝜉𝜉 ≤
𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑘𝑘𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + |𝑏𝑏𝑚𝑚 | + 𝑎𝑎𝑚𝑚 + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
Corollary 2.6: Let P(z) = ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some 𝑎𝑎𝑛𝑛 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 a n d 𝑏𝑏𝑛𝑛 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥
𝑏𝑏1 ≥ 𝑏𝑏0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑎𝑎𝑚𝑚 + 𝑏𝑏𝑚𝑚 ] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
Corollary 2.7: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  0 < 𝑎𝑎𝑛𝑛 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 > 0 a n d  0 < 𝑏𝑏𝑛𝑛 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑏𝑏𝑚𝑚 ≥
𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0 > 0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑎𝑎𝑚𝑚 + 𝑏𝑏𝑚𝑚 ] − (𝑎𝑎0 + 𝑏𝑏0)
. 

 
Remark 2.8: By taking 𝑎𝑎𝑖𝑖 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏𝑖𝑖 > 0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0,1,2, … ,𝑛𝑛,  in Theorem 2.1, it reduces to Corollary 2.2. 
 
Remark 2.9: By taking 𝜂𝜂 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡 = 1 in Theorem 2.1, it reduces to Corollary 2.3. 
 
Remark 2.10: By taking 𝜉𝜉 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 = 1 in Theorem 2.1, it reduces to Corollary 2.4 
 



P. Ramulu*1, G. L. Reddy2 and C. Gangadhar2/  
Zero-Free Regions for Polynomials with Special Complex Coefficients/ IJMA- 11(5), May-2020. 

© 2020, IJMA. All Rights Reserved                                                                                                                                                                        9 

 
Remark 2.11: By taking 𝜂𝜂 = 𝜉𝜉 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡 = 𝑘𝑘 in Theorem 2.1, it reduces to Corollary 2.5. 
 
Remark 2.12: By taking 𝜂𝜂 = 𝜉𝜉 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 = 𝑡𝑡 = 1 in Theorem 2.1, it reduces to Corollary 2.6. 
 
Remark 2.13: By taking 𝜂𝜂 = 𝜉𝜉 = 0 , 𝑘𝑘 = 𝑡𝑡 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑖𝑖 > 0, 𝑏𝑏𝑖𝑖 > 0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0,1,2, … ,𝑛𝑛, in Theorem 2.1, it reduces to 
Corollary 2.7. 
 
Remark 2.14: By taking 𝑏𝑏𝑖𝑖 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜉𝜉 = 𝜌𝜌 in Theorem 1, it reduces to Theorem 1.5. 
 
Theorem 2.15: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  0 < 𝜏𝜏 ≤ 1, 𝑘𝑘 ≥ 1, 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 + 𝜉𝜉 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝜏𝜏𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑘𝑘𝑎𝑎0 a n d for 
some 0 < 𝜇𝜇 ≤ 1, 𝑡𝑡 ≥1 , 𝜂𝜂 ≥0, 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 + 𝜂𝜂 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝜇𝜇𝑏𝑏𝑚𝑚 ≤ 𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑡𝑡𝑏𝑏0 ,  then all the 
zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

𝑘𝑘(|𝑎𝑎0| + 𝑎𝑎0) + 𝑡𝑡(|𝑏𝑏0| + 𝑏𝑏0) + 𝑋𝑋 + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛 − (|𝑎𝑎0| + |𝑏𝑏0|), 

 
where 𝑋𝑋 = 2[|𝑎𝑎𝑚𝑚 | + |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂 − 𝜏𝜏(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) − 𝜇𝜇(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 )]. 
 
Corollary 2.16: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  0 < 𝜏𝜏 ≤ 1, 𝑘𝑘 ≥ 1, 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 0 < 𝑎𝑎𝑛𝑛 + 𝜉𝜉 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝜏𝜏𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑘𝑘𝑎𝑎0 >
0 a n d  for some 0 < 𝜇𝜇 ≤ 1, 𝑡𝑡 ≥ 1 , 𝜂𝜂 ≥ 0, 𝑏𝑏𝑚𝑚 ≠ 0, 0 < 𝑏𝑏𝑛𝑛 + 𝜂𝜂 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝜇𝜇𝑏𝑏𝑚𝑚 ≤ 𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤
𝑡𝑡𝑏𝑏0 > 0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑘𝑘𝑎𝑎0 + 𝑡𝑡𝑏𝑏0 − 𝜏𝜏𝑎𝑎𝑚𝑚 − 𝜇𝜇𝑏𝑏𝑚𝑚 + 𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛 + 𝜉𝜉 + 𝜂𝜂] + [𝑎𝑎𝑚𝑚 + 𝑏𝑏𝑚𝑚 − 𝑎𝑎0 − 𝑏𝑏0]
. 

 
Corollary 2.17: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  0 < 𝜏𝜏 ≤ 1, 𝑘𝑘 ≥ 1, 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 + 𝜉𝜉 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝜏𝜏𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑘𝑘𝑎𝑎0 a n d  for 
some𝑏𝑏𝑛𝑛 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝑏𝑏𝑚𝑚 ≤ 𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑏𝑏0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

𝑘𝑘(|𝑎𝑎0| + 𝑎𝑎0) + 𝑏𝑏0 + 2[|𝑎𝑎𝑚𝑚 | + 𝜉𝜉 − 𝜏𝜏(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) − 𝑏𝑏𝑚𝑚 ] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛 − |𝑎𝑎0|. 

 
Corollary 2.18: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some𝑎𝑎𝑛𝑛 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑎𝑎0  a n d  for some 0 < 𝜇𝜇 ≤ 1, 𝑡𝑡 ≥1, 𝜂𝜂 ≥ 0, 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 +
𝜂𝜂 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝜇𝜇𝑏𝑏𝑚𝑚 ≤ 𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑡𝑡𝑏𝑏0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

𝑡𝑡(|𝑏𝑏0| + 𝑏𝑏0) + 2[|𝑏𝑏𝑚𝑚 | + 𝜂𝜂 − 𝑎𝑎𝑚𝑚 − 𝜇𝜇(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 )] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛 − |𝑏𝑏0|. 

 
Corollary 2.19: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  0 < 𝜏𝜏 ≤ 1, 𝑘𝑘 ≥ 1, 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 + 𝜉𝜉 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝜏𝜏𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑘𝑘𝑎𝑎0 a n d  for 
some 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 + 𝜉𝜉 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝜏𝜏𝑏𝑏𝑚𝑚 ≤ 𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑘𝑘𝑏𝑏0 , then all the zeros of P(z) does not 
vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

𝑘𝑘(|𝑎𝑎0| + |𝑏𝑏0| + 𝑎𝑎0 + 𝑏𝑏0) + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛 − (|𝑎𝑎0| + |𝑏𝑏0|), 

 
where 𝑋𝑋1 = 2[|𝑎𝑎𝑚𝑚 | + |𝑏𝑏𝑚𝑚 | + 2𝜉𝜉 − 𝜏𝜏(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 + |𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 )]. 
 
Corollary 2.20: Let P(z) = ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  , 𝑎𝑎𝑛𝑛 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑎𝑎0 a n d for some 𝑏𝑏𝑛𝑛 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝑏𝑏𝑚𝑚 ≤
𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑏𝑏0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

(|𝑎𝑎0| + |𝑏𝑏0| + 𝑎𝑎0 + 𝑏𝑏0) − (𝑎𝑎𝑚𝑚 + 𝑏𝑏𝑚𝑚 ) + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛 − (|𝑎𝑎0| + |𝑏𝑏0|). 

 
Corollary 2.21: Let P(z) = ∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that 
0 < 𝑎𝑎𝑛𝑛 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑎𝑎0 > 0 a n d  0 < 𝑏𝑏𝑛𝑛 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝑏𝑏𝑚𝑚 ≤
𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑏𝑏0 > 0,  then all the zeros of P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

(𝑎𝑎0 + 𝑏𝑏0) − (𝑎𝑎𝑚𝑚 + 𝑏𝑏𝑚𝑚 ) + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | + 2(𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛
. 
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Remark 2.22: By taking 𝑎𝑎𝑖𝑖 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏𝑖𝑖 > 0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0,1,2, … ,𝑛𝑛,  in Theorem 2, it reduces to Corollary 2.16. 
 
Remark 2.23: By taking 𝜂𝜂 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡 = 𝜇𝜇 = 1 in Theorem 2.15, it reduces to Corollary 2.17. 
 
Remark 2.24: By taking 𝜉𝜉 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑘𝑘 = 𝜏𝜏 = 1 in Theorem 2.15, it reduces to Corollary 2.18. 
 
Remark 2.25: By taking 𝜂𝜂 = 𝜉𝜉 ,𝜇𝜇 = 𝜏𝜏 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡 = 𝑘𝑘 in Theorem 2.15, it reduces to Corollary 2.19. 
 
Remark 2.26: By taking 𝜂𝜂 = 𝜉𝜉 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜇𝜇 = 𝜏𝜏 = 𝑘𝑘 = 𝑡𝑡 = 1 in Theorem 2.15, it reduces to Corollary 2.20. 
 
Remark 2.27: By taking 𝜂𝜂 = 𝜉𝜉 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜇𝜇 = 𝜏𝜏 = 𝑘𝑘 = 𝑡𝑡 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑖𝑖 > 0, 𝑏𝑏𝑖𝑖 > 0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0,1,2, … ,𝑛𝑛, in Theorem 2.15, 
itreduces to Corollary 2.21. 
 
Remark 2.28: By taking 𝑏𝑏𝑖𝑖 = 0 , 𝜏𝜏 = 𝑟𝑟 𝑎𝑎𝑎𝑎𝑎𝑎 𝜉𝜉 = 𝜌𝜌 in Theorem 2.15, it reduces toTheorem 1.6. 
 
Theorem 2.29: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
somek ≥1 , 𝜉𝜉 ≥0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛– 𝜉𝜉 ≤ 𝑎𝑎𝑛𝑛−1 ≤, … ,≤ 𝑎𝑎𝑚𝑚+1 ≤ 𝑘𝑘𝑎𝑎𝑚𝑚 ≥ 𝑎𝑎𝑚𝑚−1 ≥, … ,≥ 𝑎𝑎1 ≥ 𝑎𝑎0 a n d  for some 0 < 𝜇𝜇 ≤ 1,
𝑡𝑡 ≥1, 𝜂𝜂 ≥0, 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 + 𝜂𝜂 ≥ 𝑏𝑏𝑛𝑛−1 ≥, … ,≥ 𝑏𝑏𝑚𝑚+1 ≥ 𝜇𝜇𝑏𝑏𝑚𝑚 ≤ 𝑏𝑏𝑚𝑚−1 ≤, … ,≤ 𝑏𝑏1 ≤ 𝑡𝑡𝑏𝑏0,  then all the zeros of P(z) does 
not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

𝑡𝑡(|𝑏𝑏0| + 𝑏𝑏0) + (𝑎𝑎0 + |𝑏𝑏0|) + 𝑋𝑋2 + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛
, 

where 𝑋𝑋2 =  2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | + |𝑏𝑏𝑚𝑚 | − 𝜇𝜇(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) + 𝜉𝜉 + 𝜂𝜂]. 
 
Theorem 2.30: Let P(z) =∑ 𝛼𝛼𝑖𝑖𝑧𝑧𝑖𝑖𝑛𝑛

𝑖𝑖=0   be a polynomial of degree n with  𝑅𝑅𝑅𝑅(𝛼𝛼𝑖𝑖) = 𝑎𝑎𝑖𝑖  and  𝐼𝐼𝐼𝐼(𝛼𝛼𝑖𝑖) = 𝑏𝑏𝑖𝑖   such that for 
some  0 < 𝜏𝜏 ≤ 1, 𝑘𝑘 ≥ 1, 𝜉𝜉 ≥ 0, 𝑎𝑎𝑚𝑚 ≠ 0, 𝑎𝑎𝑛𝑛 + 𝜉𝜉 ≥ 𝑎𝑎𝑛𝑛−1 ≥, … ,≥ 𝑎𝑎𝑚𝑚+1 ≥ 𝜏𝜏𝑎𝑎𝑚𝑚 ≤ 𝑎𝑎𝑚𝑚−1 ≤, … ,≤ 𝑎𝑎1 ≤ 𝑘𝑘𝑎𝑎0 a n d  for 
some𝑡𝑡 ≥1 , 𝜂𝜂 ≥0, 𝑏𝑏𝑚𝑚 ≠ 0, 𝑏𝑏𝑛𝑛 − 𝜂𝜂 ≤ 𝑏𝑏𝑛𝑛−1 ≤, … ,≤ 𝑏𝑏𝑚𝑚+1 ≤ 𝑡𝑡𝑏𝑏𝑚𝑚 ≥ 𝑏𝑏𝑚𝑚−1 ≥, … ,≥ 𝑏𝑏1 ≥ 𝑏𝑏0 ,  then all the zeros of P(z) 
does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

𝑘𝑘(|𝑎𝑎0| + 𝑎𝑎0) − (|𝑎𝑎0| + 𝑏𝑏0) + 𝑋𝑋3 + 𝑎𝑎𝑛𝑛 − 𝑏𝑏𝑛𝑛  + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |,  

 
where 𝑋𝑋3 =  2[|𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | − 𝜇𝜇(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) + 𝜉𝜉 + 𝜂𝜂]. 
 
3. Proofs of the Theorems 
 
Proof of the Theorem 2.1: 
 
Let P(z)= 𝛼𝛼𝑛𝑛𝑧𝑧𝑛𝑛 + 𝛼𝛼𝑛𝑛−1𝑧𝑧𝑛𝑛−1 + ⋯+ 𝛼𝛼𝑚𝑚+1𝑧𝑧𝑚𝑚+1 + 𝛼𝛼𝑚𝑚𝑧𝑧𝑚𝑚 + 𝛼𝛼𝑚𝑚−1𝑧𝑧𝑚𝑚−1 + ⋯+ 𝛼𝛼1𝑧𝑧 + 𝛼𝛼0 
 
Let Consider the polynomial J(z) = 𝑧𝑧𝑛𝑛P(1

𝑧𝑧
) 

 
And R(z) = (z-1)J(z) so that 
 
Then R(z) = (z-1)(𝛼𝛼0𝑧𝑧𝑛𝑛 + 𝛼𝛼1𝑧𝑧𝑛𝑛−1 + ⋯+ 𝛼𝛼𝑚𝑚−1𝑧𝑧𝑚𝑚−1 + 𝛼𝛼𝑚𝑚𝑧𝑧𝑚𝑚 + 𝛼𝛼𝑚𝑚+1𝑧𝑧𝑚𝑚+1 + ⋯+ 𝛼𝛼𝑛𝑛−1𝑧𝑧 + 𝑎𝑎𝑛𝑛 ) 

  = 𝛼𝛼0𝑧𝑧𝑛𝑛+1 −{(𝛼𝛼0 − 𝛼𝛼1)𝑧𝑧𝑛𝑛 + (𝛼𝛼1 − 𝛼𝛼2)𝑧𝑧𝑛𝑛−1 + ⋯+ (𝛼𝛼𝑚𝑚−1 − 𝛼𝛼𝑚𝑚)𝑧𝑧𝑛𝑛−𝑚𝑚+1 + (𝛼𝛼𝑚𝑚 − 𝛼𝛼𝑚𝑚+1)𝑧𝑧𝑛𝑛−𝑚𝑚  
         +⋯+ 𝛼𝛼 − 𝛼𝛼𝑛𝑛)𝑧𝑧 + 𝛼𝛼𝑛𝑛} 
 = 𝛼𝛼0𝑧𝑧𝑛𝑛+1 −{(𝑎𝑎0 − 𝑎𝑎1)𝑧𝑧𝑛𝑛 + (𝑎𝑎1 − 𝑎𝑎2)𝑧𝑧𝑛𝑛−1 + ⋯+ (𝑎𝑎𝑚𝑚−1 − 𝑎𝑎𝑚𝑚 )𝑧𝑧𝑛𝑛−𝑚𝑚+1 + (𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚+1)𝑧𝑧𝑛𝑛−𝑚𝑚  

+⋯+ (𝑎𝑎𝑛𝑛−1 − 𝑎𝑎𝑛𝑛)𝑧𝑧 + 𝑎𝑎𝑛𝑛}−𝑖𝑖{(𝑏𝑏0 − 𝑏𝑏1)𝑧𝑧𝑛𝑛 + (𝑏𝑏1 − 𝑏𝑏2)𝑧𝑧𝑛𝑛−1 + ⋯+ (𝑏𝑏𝑚𝑚−1 − 𝑏𝑏𝑚𝑚 )𝑧𝑧𝑛𝑛−𝑚𝑚+1 
+(𝑏𝑏𝑚𝑚 − 𝑏𝑏𝑚𝑚+1)𝑧𝑧𝑛𝑛−𝑚𝑚 + ⋯+ (𝑏𝑏𝑛𝑛−1 − 𝑏𝑏𝑛𝑛)𝑧𝑧 + 𝑏𝑏𝑛𝑛} 

 
Also if  |𝑧𝑧| > 1 then 𝟏𝟏

|𝒛𝒛|𝒏𝒏−𝒊𝒊
< 𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 0,1,2, … ,𝑛𝑛 − 1. Now 

|𝑅𝑅(𝑧𝑧)| ≥ |𝛼𝛼0||𝑧𝑧|𝑛𝑛+1 − [{|𝑎𝑎0 − 𝑎𝑎1||z|𝑛𝑛 + |𝑎𝑎1 − 𝑎𝑎2||z|𝑛𝑛−1 + ⋯+ |𝑎𝑎𝑚𝑚−1 − 𝑎𝑎𝑚𝑚 ||z|𝑛𝑛 + |𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚+1||z|𝑛𝑛 + ⋯
+ |𝑎𝑎𝑛𝑛−1 − 𝑎𝑎𝑛𝑛 ||z| + |𝑎𝑎𝑛𝑛 |} + {|𝑏𝑏0 − 𝑏𝑏1||z|𝑛𝑛 + |𝑏𝑏1 − 𝑏𝑏2||z|𝑛𝑛−1 + ⋯+ |𝑏𝑏𝑚𝑚−1 − 𝑏𝑏𝑚𝑚 ||z|𝑛𝑛
+ |𝑏𝑏 − 𝑏𝑏𝑚𝑚+1||z|𝑛𝑛 + ⋯+ |𝑏𝑏𝑛𝑛−1 − 𝑏𝑏𝑛𝑛 ||z| + |𝑏𝑏𝑛𝑛 |}] 

 
|𝑅𝑅(𝑧𝑧)| ≥  |𝑎𝑎0||𝑧𝑧|𝑛𝑛+1 − {    |𝑎𝑎0 − 𝑎𝑎1�|𝑧𝑧|𝑛𝑛 + |𝑎𝑎1 − 𝑎𝑎2|�𝑧𝑧|𝑛𝑛−1 + ⋯+ |𝑎𝑎𝑚𝑚−1

− 𝑎𝑎𝑚𝑚�|𝑧𝑧|𝑛𝑛−𝑚𝑚+1 + |𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚+1|�𝑧𝑧|𝑛𝑛−𝑚𝑚      + ⋯+|𝑎𝑎𝑛𝑛−1 − 𝑎𝑎𝑛𝑛 ||𝑧𝑧| + |𝑎𝑎𝑛𝑛 | } 
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≥ |𝛼𝛼0||𝑧𝑧|𝑛𝑛[|𝑧𝑧| −
1

|𝛼𝛼0|
{(|𝑎𝑎0 − 𝑎𝑎1| +

 |𝑎𝑎0 − 𝑎𝑎1|
|𝑧𝑧| +

 |𝑎𝑎1 − 𝑎𝑎2|
|𝑧𝑧|2 + ⋯+

 |𝑎𝑎𝑚𝑚−1 − 𝑎𝑎𝑚𝑚 |
|𝑧𝑧|𝑚𝑚−1 +

 |𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚+1|
|𝑧𝑧|𝑚𝑚 + ⋯

+
 |𝑎𝑎𝑛𝑛−2 − 𝑎𝑎𝑛𝑛−1|

|𝑧𝑧|𝑛𝑛−2 +
 |𝑎𝑎𝑛𝑛−1 − 𝑎𝑎𝑛𝑛 |

|𝑧𝑧|𝑛𝑛−1 +
 |𝑎𝑎𝑛𝑛 |
|𝑧𝑧|𝑛𝑛 ) + (|𝑏𝑏0 − 𝑏𝑏1| +

|𝑏𝑏0 − 𝑏𝑏1|
|𝑧𝑧| +

|𝑏𝑏1 − 𝑏𝑏2|
|𝑧𝑧|2 + ⋯

+
|𝑏𝑏𝑚𝑚−1 − 𝑏𝑏𝑚𝑚 |

|𝑧𝑧|𝑚𝑚−1 +
|𝑏𝑏𝑚𝑚 − 𝑏𝑏𝑚𝑚+1|

|𝑧𝑧|𝑚𝑚 + ⋯+
|𝑏𝑏𝑛𝑛−2 − 𝑏𝑏𝑛𝑛−1|

|𝑧𝑧|𝑛𝑛−2 +
|𝑏𝑏𝑛𝑛−1 − 𝑏𝑏𝑛𝑛 |

|𝑧𝑧|𝑛𝑛−1 +
|𝑏𝑏𝑛𝑛 |
|𝑧𝑧|𝑛𝑛)}] 

 

≥ |𝛼𝛼0||𝑧𝑧|𝑛𝑛+1[|𝑧𝑧| −
1

|𝛼𝛼0|
{(|𝑎𝑎0 − 𝑎𝑎1| + |𝑎𝑎1 − 𝑎𝑎2| + ⋯+ |𝑎𝑎𝑚𝑚−1 − 𝑘𝑘𝑘𝑘𝑚𝑚  + 𝑘𝑘𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚 |

+ |𝑎𝑎𝑚𝑚 − 𝑘𝑘𝑘𝑘𝑚𝑚  + 𝑘𝑘𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚+1| + ⋯+  |𝑎𝑎𝑛𝑛−2 − 𝑎𝑎𝑛𝑛−1| + |𝑎𝑎𝑛𝑛−1 − ξ + ξ− 𝑎𝑎𝑛𝑛 | + |𝑎𝑎𝑛𝑛 |)
+ (|𝑏𝑏0 − 𝑏𝑏1| + |𝑏𝑏1 − 𝑏𝑏2| + ⋯+ |𝑏𝑏𝑚𝑚−1 − 𝑡𝑡𝑏𝑏𝑚𝑚 + 𝑡𝑡𝑏𝑏𝑚𝑚 − 𝑏𝑏𝑚𝑚 | + |𝑏𝑏𝑚𝑚 − 𝑡𝑡𝑏𝑏𝑚𝑚 + 𝑡𝑡𝑏𝑏𝑚𝑚 − 𝑏𝑏𝑚𝑚+1|
+ ⋯+ |𝑏𝑏𝑛𝑛−2 − 𝑏𝑏𝑛𝑛−1| + |𝑏𝑏𝑛𝑛−1 − 𝜂𝜂 + 𝜂𝜂 − 𝑏𝑏𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |)}] 

 

≥ |𝛼𝛼0||𝑧𝑧|𝑛𝑛+1[|𝑧𝑧| −
1

|𝛼𝛼0|
{((𝑎𝑎1 − 𝑎𝑎0) + (𝑎𝑎2 − 𝑎𝑎1) + (𝑎𝑎3 − 𝑎𝑎2) + ⋯+ (𝑘𝑘𝑘𝑘𝑚𝑚 − 𝑎𝑎𝑚𝑚−1) + 2(𝑘𝑘 − 1)|𝑎𝑎𝑚𝑚 |

+ (𝑘𝑘𝑎𝑎𝑚𝑚 − 𝑎𝑎𝑚𝑚+1) + ⋯+  (𝑎𝑎𝑛𝑛−2 − 𝑎𝑎𝑛𝑛−1) + (𝑎𝑎𝑛𝑛−1 + ξ − 𝑎𝑎𝑛𝑛) + ξ + |𝑎𝑎𝑛𝑛 |) + ((𝑏𝑏1 − 𝑏𝑏0)
+ (𝑏𝑏2 − 𝑏𝑏1) + (𝑏𝑏3 − 𝑏𝑏2) + ⋯+ (𝑡𝑡𝑏𝑏𝑚𝑚 − 𝑏𝑏𝑚𝑚−1) + 2(𝑡𝑡 − 1)|𝑏𝑏𝑚𝑚 | + (𝑡𝑡𝑏𝑏𝑚𝑚 − 𝑏𝑏𝑚𝑚+1) + ⋯
+ (𝑏𝑏𝑛𝑛−2 − 𝑏𝑏𝑛𝑛−1) + (𝑏𝑏𝑛𝑛−1 + 𝜂𝜂 − 𝑏𝑏𝑛𝑛) + 𝜂𝜂 + |𝑏𝑏𝑛𝑛 |)}] 

 
≥ |𝛼𝛼0||𝑧𝑧|𝑛𝑛+1[|𝑧𝑧| − 1

|𝛼𝛼0|
{2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] 

+|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)}] 
 

> 0 
 
if |𝑧𝑧| > 1

|𝛼𝛼0|
{2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)}. 

 
This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed disk 

|𝑧𝑧| ≤ 1
|𝛼𝛼0|

{2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)}. 
 
But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the above disk. 
 
Therefore, it follows that all the zeros of R(z) and hence J(z) lie in 

|𝑧𝑧| ≤ 1
|𝛼𝛼0|

{2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)}. 
 
Since P(z) = 𝑧𝑧𝑛𝑛 J(1

𝑧𝑧
) it follows, by replacing z by 1

𝑧𝑧
 , 

 
Then all the zeros of P(z) lie in 

|𝑧𝑧| ≥
|𝛼𝛼0|

2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
Hence P(z) does not vanish in the disk 

|𝑧𝑧| <
|𝛼𝛼0|

2[𝑘𝑘(|𝑎𝑎𝑚𝑚 | + 𝑎𝑎𝑚𝑚 ) + 𝑡𝑡(|𝑏𝑏𝑚𝑚 | + 𝑏𝑏𝑚𝑚 ) − |𝑎𝑎𝑚𝑚 | − |𝑏𝑏𝑚𝑚 | + 𝜉𝜉 + 𝜂𝜂] + |𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 | − (𝑎𝑎0 + 𝑏𝑏0 + 𝑎𝑎𝑛𝑛  + 𝑏𝑏𝑛𝑛)
. 

 
This completes the proof of the Theorem 2.1. 
 
Proof of the Theorem 2.15: Proof of the Theorem 2.15 is similar to that the proof of Theorem 2.1. 
 
Proof of the Theorem 2.29: Proof of the Theorem 2.29 is similar to that the proof of Theorem 2.1. 
 
Proof of the Theorem 2.30: Proof of the Theorem 2.30.is similar to that the proof of Theorem 2.1. 
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