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ABSTRACT 
Fuzzy arithmetic is based on properties of fuzzy numbers. Each fuzzy number can uniquely be determined by its 𝛼𝛼- cut 
and the𝛼𝛼- cut of each fuzzy number (0 ≤ 𝛼𝛼≤ 1) is a closed interval of real numbers.  
  
In this paper, fuzzy arithmetic +, –, and ÷ have been developed by trapezoidal fuzzy numbers.  
 
Key words: Fuzzy number, 𝛼𝛼- cut, Fuzzy arithmetic, Trapezoidal fuzzy number. 
 
 
1. INTRODUCTION  
 
Fuzzy set theory has been introduced by L.A. Zadeh [1] which permits the gradual assessments of the membership of 
elements in a set described in the interval [0, 1]. 
 
Fuzzy numbers and triangular fuzzy numbers have their importance in fuzzy set theory [2], [3]. G.J. Klir [2] introduced 
the interval arithmetic method of developing fuzzy arithmetic by triangular fuzzy numbers, where as in this paper, we 
have developed fuzzy arithmetic by trapezoidal fuzzy numbers. Figures have been sketched for justification.  

 
2. PRELIMINARIES  
 
A fuzzy set 𝐴̃𝐴  on a non empty set X is characterised by its membership function μ 𝐴𝐴� :  X ⟶ [0, 1] where μ 𝐴𝐴� (x) is the 
degree of membership of the elements of X in fuzzy set  𝐴𝐴� for each x∊X [1]. 
 
A fuzzy set  𝐴𝐴�  is called normal if  μ 𝐴𝐴�  (x) = 1 for at least one  x ∊X  and the 𝛼𝛼- cut of a fuzzy set  𝐴𝐴�  on X is a crisp set 
defined by:- 𝐴𝐴𝛼𝛼�  = { x∊ X : μ𝐴𝐴𝛼𝛼� (x)≥ 𝛼𝛼}, 𝛼𝛼∊[0, 1] 
 
Definition 2.1: Fuzzy numbers are close to a given real number or around a given interval of real numbers. To qualify 
for a fuzzy number, a fuzzy set  𝐴𝐴�  on R must be  

i) A normal fuzzy set.  
ii) The 𝛼𝛼- cut,  𝐴𝐴𝛼𝛼�must be a closed interval for every𝛼𝛼 ∈ [0, 1] 
iii) The support set O +  𝐴𝐴�  must be bounded.  
        It is remarkable that a fuzzy number is convex normalised fuzzy set [2].  

 
Definition 2.2: A fuzzy numbers  𝐴𝐴�  = (a1, a2, a3) is said to be a triangular fuzzy number [4] if its membership function 
is given by   :-  
 
        0,          x ≤ a1 

        𝑥𝑥  − 𝑎𝑎1
𝑎𝑎2 − 𝑎𝑎1

 , a1≤ x≤ a2 

𝜇𝜇 𝐴𝐴�  (x) =     1,               x = a2 
        𝑎𝑎3 − 𝑥𝑥

𝑎𝑎3 − 𝑎𝑎2
 , a2 ≤ x ≤ a3 

        0,               x > a3 
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3. TRAPEZOIDAL FUZZY NUMBER  

 
On the basis of the definition (2.2), a fuzzy number 𝐴𝐴�  = (a1, a2, a3, a4) may be called trapezoidal fuzzy number if its 
membership function is given by  
 
    0,  if   x  ≤  a1 

    𝑥𝑥  − 𝑎𝑎1
𝑎𝑎2 − 𝑎𝑎1

 , if   a1≤x  ≤  a2 

𝜇𝜇 𝐴𝐴�  (x) = 1, if   a2≤x≤a3 
    𝑎𝑎4 − 𝑥𝑥

𝑎𝑎4 − 𝑎𝑎3
 , if   a3≤x ≤ a4 

    0, if   x>a4 
 
Example:  
 
    0,  for  x  ≤-1, x  > 4 

𝜇𝜇 𝐴𝐴�  (x) = 𝑥𝑥+ 1
2

 for -1 <x  ≤1 

    1            for   1 ≤x ≤2 
    4 − 𝑥𝑥

2
        for  2<x ≤  4 

 
is a trapezoidal fuzzy number 𝐴̃𝐴 = (-1,  1,  2,  4) fig.  (a)  
 
 
  

  
 
 

    
 
 
 
 
 
 
 
 
 
 
 

Figure:  (a) 
 
Excluding 0 and 1 in the definition of 𝜇𝜇 𝐴𝐴�  (x) of the above example, The 𝛼𝛼-cut of such trapezoidal fuzzy number is 
obtained by putting  𝑥𝑥  +1

2
 = 𝛼𝛼 and  4 − 𝑥𝑥  

2
 = 𝛼𝛼, Thus getting two values of x as 2𝛼𝛼– 1, 4 – 2𝛼𝛼, the lower and upper bound. 

 
∴  𝐴𝐴�𝛼𝛼  = [2𝛼𝛼 – 1, 4 – 2𝛼𝛼] is 𝛼𝛼–cut of above trapezoidal fuzzy number.  
 
4. FUZZY ARITHMETIC  
 
Arithmetic operations on fuzzy numbers mean the arithmetic operations on 𝛼𝛼 – cuts which are closed intervals 
 
Let O denote any one of the basic arithmetic operations +, –, . and  ÷. 
 
Then [a, b] O [d, e] = {fog / a≤f ≤ b,  d ≤ g ≤ e} 
 
We define  [a, b] +  [d,  e]  =  [a + d,  b + e]  

[a, b]  – [d, e] = [a – e, b – d] 
[a, b] . [d, e] = [min (ad, ae, bd, be), max (ad, ae, bd, be)] 
[a, b] ÷ [d, e] = [a, b] . [1

𝑑𝑑
, 1
𝑒𝑒
]  provide [d, e]≠0 [2] 

 
 
 

𝛼𝛼=1/2 𝛼𝛼=1/2 

𝐴𝐴𝛼𝛼�  
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Let  𝐴𝐴�  and 𝐵𝐵 �denote fuzzy number and O denotes any of the basic four operations. Then we define a fuzzy set  𝐴𝐴�O𝐵𝐵 � on 
R by introducing its 𝛼𝛼–cut as  

(𝐴̃𝐴O𝐵𝐵 � )𝛼𝛼=𝐴̃𝐴𝛼𝛼O  𝐵𝐵�𝛼𝛼   for all 𝛼𝛼 𝜖𝜖(0, 1]                                                                                                     (1) 
 
Obviously when O stend’s for division, we require that O ∉ 𝐵𝐵�𝛼𝛼  for all 𝛼𝛼 ∊ (0, 1] 
 
By first decomposition theorem 

𝐴𝐴 �O𝐵𝐵 �=∪𝛼𝛼 .  (𝐴𝐴 �  O 𝐵𝐵 � )𝛼𝛼  -                                                                                                   (2) 
                             𝛼𝛼 ∊  [0, 1]     
 
Since 𝜇𝜇 (𝐴𝐴 �  O 𝐵𝐵 � )𝛼𝛼  is a closed interval and   𝐴𝐴 � , 𝐵𝐵 �  are fuzzy numbers, So 𝐴𝐴 �  O 𝐵𝐵 � is also a fuzzy number. 
 
Let us now consider two trapezoidal fuzzy numbers 𝐴𝐴 �  = (–1, 1, 2, 4) and 𝐵𝐵 �= (1, 3, 4, 6) whose membership functions 
are given by 
 
                                                                 0,  for   x  ≤  -1, x  > 4 

𝜇𝜇 𝐴𝐴�  (x) =       𝑥𝑥+ 1
2

 for  -1 <x ≤   1 

           1      for   1 ≤  x   ≤   2 
           4 − 𝑥𝑥

2
  for   2<x ≤  4 

 
 
     0,  for   x ≤ 1, x  > 6 

𝜇𝜇 𝐵𝐵�  (x) =   𝑥𝑥  − 1
2

 for   1 < x   ≤3 

     1            for  3 ≤  x   ≤4 
     6 − 𝑥𝑥

2
        for  4 < x   ≤  6 

 
Their  𝛼𝛼 – cut are 𝐴𝐴 �𝜶𝜶= [2𝛼𝛼– 1, 4 – 2𝛼𝛼], 𝐵𝐵 � 𝜶𝜶= [2𝛼𝛼+ 1, 6 – 2𝛼𝛼] 
 
I. if O stands for + in equation (1) Then (𝐴𝐴 �  + 𝐵𝐵 � )𝛼𝛼= 𝐴𝐴 �𝜶𝜶+𝐵𝐵 � 𝜶𝜶 
                                        = [2𝛼𝛼– 1,  4 – 2𝛼𝛼] +  [2𝛼𝛼+ 1,  6 – 2𝛼𝛼] = [4𝛼𝛼,10 – 4𝛼𝛼] 
 
When 𝛼𝛼= 0, [0, 10] is the range. Hence the resulting trapezoidal fuzzy number is 
 
                                                              0,         for x ≤ 0, x > 10 

𝜇𝜇 𝐴𝐴�+ 𝐵𝐵� (x) =               𝑥𝑥  
4

          for 0 < x ≤4 

                                                               1         for   4≤ x ≤6 
                                                              10 − 𝑥𝑥

4
    for 6 < x ≤10 

 
So  𝐴𝐴�  +  𝐵𝐵�  = (0, 4, 6, 10) fig.  (b)  

 
 
 
 
 
 
 
 

    
 
 
 
 
 
 
 

Figure: (b) 
 
 
 

𝐴𝐴 �𝜶𝜶 

𝐵𝐵 � 𝜶𝜶 

(𝐴𝐴 �  + 𝐵𝐵 � )𝛼𝛼  
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By equation (2) (𝐴𝐴 �  + 𝐵𝐵 � )𝛼𝛼  is the union of 𝐴𝐴 �𝜶𝜶 and 𝐵𝐵 � 𝜶𝜶 
 
II. If O stands for ‘ – ’ in equation (1), Then  (𝐴𝐴 �  – 𝐵𝐵 � )𝛼𝛼  = 𝐴𝐴 �𝜶𝜶–𝐵𝐵 � 𝜶𝜶 =  [4𝛼𝛼– 7,  3 – 4𝛼𝛼],    

 
When 𝛼𝛼 = 0, [-7, 3] is the range, So the resulting trapezoidal fuzzy number is given by 
 
     0,  for x ≤– 7, x>3 

                                 𝑥𝑥  + 7 
4

       for –7<x ≤ –3 

                            𝜇𝜇 𝐴𝐴�   – 𝐵𝐵�   (x) =                      1           for –3 ≤ x ≤–1 
     3 − 𝑥𝑥

4
        for –1< x ≤3 

 
So   𝐴𝐴� – 𝐵𝐵� =  (–7,  –3,  –1,  3) and (𝐴𝐴 �  – 𝐵𝐵 � )𝛼𝛼  is the  union of 𝐴𝐴 �𝜶𝜶 and 𝐵𝐵 � 𝜶𝜶 

  
 

  
 
 
 
 

                                 
 
 
 
 
 
 
 
 
 

Figure: (c) 
 

III. If O stands for .in (1), we have  
 

(𝐴𝐴 � . 𝐵𝐵 � )𝛼𝛼    =   𝐴𝐴 �𝛼𝛼 .𝐵𝐵 � 𝛼𝛼  = [2𝛼𝛼– 1,   4 – 2𝛼𝛼] [2𝛼𝛼+ 1, 6 – 2𝛼𝛼] 
= [min (4𝛼𝛼2– 1, – 4𝛼𝛼2+ 14𝛼𝛼– 6, – 4𝛼𝛼2+ 6𝛼𝛼+ 4, 4𝛼𝛼2– 20𝛼𝛼 + 24), 
    max (4𝛼𝛼2– 1, – 4𝛼𝛼2 + 14𝛼𝛼 – 6, – 4𝛼𝛼2 + 6𝛼𝛼 + 4,  4𝛼𝛼2 – 20𝛼𝛼 + 24)] 
= [–4𝛼𝛼2+ 14𝛼𝛼 – 6, 4𝛼𝛼2 – 20𝛼𝛼 + 24 ]  for  𝛼𝛼 ∈  (0, .5] 

 
and                                            =  [4𝛼𝛼2 – 1, 4𝛼𝛼2 – 20𝛼𝛼 + 24]  for  𝛼𝛼 ∈  (.5,  1] 
 
when 𝛼𝛼  = 0,  [ – 6,24 ] and [ –1,  24] are ranges of  (𝐴𝐴 � . 𝐵𝐵 � )𝛼𝛼  
 
But [ – 1, 24 ] ⊂[ –6,  24]   So we shall take  [ –6,  24] as range and  hence  

(𝐴𝐴 � . 𝐵𝐵 � )𝛼𝛼  = [– 4𝛼𝛼2+ 14𝛼𝛼 – 6,   4𝛼𝛼2 – 20𝛼𝛼 + 24]    
   

So the resulting trapezoidal fuzzy number has the membership function. 
 
 

                                     0,           for  x  ≤ – 6,  x > 24 

𝜇𝜇 𝐴𝐴� . 𝐵𝐵�   (x) =      √1+𝑥𝑥
2

             for –6 < x ≤ 3 

                                     1                   for 3  ≤ x ≤ 4 
                                      7 − √25−4𝑥𝑥

4
   for 4 < x  ≤ 24 

 

This is found by obtaining value of  𝛼𝛼 when both,  4𝛼𝛼2– 1  and  – 4𝛼𝛼2 + 14𝛼𝛼 – 6  are put equal to x  

So  𝐴𝐴� . 𝐵𝐵�  = (–6, 3, 4, 24) is the trapezoidal fuzzy number figure (d) 

 

 

𝐴𝐴 �𝜶𝜶 𝐵𝐵 � 𝜶𝜶 

(𝐴𝐴 �  - 𝐵𝐵 � )𝛼𝛼  
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Figure: (d) 
 
(𝐴𝐴 � . 𝐵𝐵 � )𝛼𝛼  is the union of 𝐴𝐴 �𝜶𝜶 and 𝐵𝐵 � 𝜶𝜶 
 

IV. If   O stand s for  ÷   in  (1), we have  
 �𝐴𝐴

𝐵𝐵
�
𝛼𝛼

=𝐴𝐴
�𝛼𝛼
𝐵𝐵�𝛼𝛼

 = [2α - 1, 4 – 2α] .[ 1
2𝛼𝛼  + 1

 ,  1
6 − 2𝛼𝛼

] 

   = [ min( 2𝛼𝛼  − 1
2𝛼𝛼  + 1

 ,2𝛼𝛼  − 1
6 − 2𝛼𝛼

, 4 − 2𝛼𝛼
2𝛼𝛼  + 1

,4 − 2𝛼𝛼
6 − 2𝛼𝛼

 ), max (same)] 

   = [2𝛼𝛼  − 1
2𝛼𝛼  + 1

,   4 − 2𝛼𝛼
2𝛼𝛼  + 1

 ] for α  ∊  (0,  .5] 

and         = [ 2𝛼𝛼  − 1
6 − 2α

,   4 − 2𝛼𝛼
2𝛼𝛼  + 1

 ]  for α  ∊  ( .5,  1] 
 
When  α = 0,  [-1,  4] and  [-1

6
 ,  4 ]  are  ranges we take [-1,  4] as it is super, So the resulting trapezoidal fuzzy numbers 

has the grade.  
      0,     for   x ≤ –1, x> 4 

𝜇𝜇 𝐴𝐴
�

𝐵𝐵 �
(x) =    1 + 𝑥𝑥  

2 − 2𝑥𝑥
       for  –1< x ≤ 1

3 

       1            for  1
3
≤ x ≤ 2

 3
 

       4 − 𝑥𝑥
2 + 2𝑥𝑥

      for  2
3

<x ≤4 
 
So  𝐴𝐴

�

𝐵𝐵 �
=  (–1,  1

3
,  2

3
,  4)   figure (e)  

 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

�𝐴𝐴
�

𝐵𝐵�
�
𝛼𝛼

 is the union of 𝐴𝐴 �𝜶𝜶 and 𝐵𝐵 � 𝜶𝜶 

Justification: From the figure (a), (b), (c), (d), (e) we observe that each fuzzy number is a convex normalised fuzzy set.  
 
 

𝐴𝐴 �𝜶𝜶 
𝐵𝐵 � 𝜶𝜶 (𝐴𝐴 � . 𝐵𝐵 � )𝛼𝛼  

𝐴𝐴 �𝜶𝜶 
𝐵𝐵 � 𝜶𝜶 

�
𝐴̃𝐴
𝐵𝐵�
�
𝛼𝛼

 

2/3 1/3 
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