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ABSTRACT

The status of a vertex u in a connected graph G is defined as the sum of the distances between u and all other vertices
of G. In this study, we introduce the first, second and third or vertex status neighborhood Dakshayani indices, the first
and second hyper status neighborhood Dakshayani indices of a graph and determine exact formulas for some standard
graphs and friendship graphs. Also we define the first, second, third or vertex status neighborhood Dakshayani
polynomials of a graph and compute exact formulas for some standard graphs and friendship graphs.
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1. INTRODUCTION

A graph index is a numerical parameter mathematically derived from graph structure. Graph indices are very important
on the development of Chemical Graph Theory. Many graph indices were defined by using vertex degree concept,
distance concept [1]. Several graph indices have applications in various disciplines of Science and Technology, see
[2, 3].

Let G be a finite, simple, connected graph with vertex set V(G) and edge set E(G). The degree dg(u) of a vertex u in a
graph G is the number of vertices adjacent to u. The distance between any two vertices u and v is the length of shortest
path containing u and v; and it is denoted by d(u, v). The status o(u) of a vertex u in a connected graph G is the sum of
distances of all other vertices from u in G. Let N(u) = Ng(u) = {v : uv € E(G)}.

Let oy (W=0c(+ > ov)= > o(v), where N[u] = N(u){v}. Then oy(u) is the status sum of closed
veN(u) veN[u]

neighborhood vertices of u. For other graph terminology and notation, we refer the book [4]. Several status indices of a
graph such as first and second status connectivity indices [5], first and second status coindices [6], harmonic status
index [7], geometric-arithmetic status index [8], first and second hyper status indices [9], F-status index [10],
(a, b)-status index [11], ABC and augmented status indices [12], status Gourava indices [13], multiplicative first and
second status indices [14], multiplicative ABC status index [15], multiplicative status indices [16], status neighborhood
indices [17] were introduced and studied in the literature.

Recently, the first and second neighborhood Dakshayani indices were introduced by Kulli in [18] and they are defined
as
ND,(G)= > [Dg(u)+Dg (V)] ND,(G)= > Dg(u)Dg(v),
uveE(G) uveE(G)

where  Dg (u)= ) dg (V).
veN[u]

Recently, some variants of neighborhood Dakshayani indices were introduced and studied such as F-neighborhood
Dakshayani index [19], square neighborhood Dakshayani index [20], connectivity neighborhood Dakshayani indices
[21], first and second multiplicative neighborhood Dakshayani indices [22], multiplicative ABC, GA neighborhood
Dakshayani indices [23].
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Motivated by the definitions and their applications, we now introduce new distance based topological indices as
follows:
The first and second status neighborhood Dakshayani indices of a graph G are defined as

SD,(G) = z |:O'd (u)+o, (V)] SD,(G)= Z o, (o, (v).
uveE(G) ueE(G)
The third or vertex status neighborhood Dakshayani index of a graph is defined as
SD,(G)= Y o, (u).
ueVv(G)
Also we propose the first and second hyper status neighborhood Dakshayani indices of a graph, defined as
HSD,(G)= Y [o,(W+0,(], HSD,(G)= ¥ [o,(Wa, W]
ueE(G) uveE(G)

Recently some hyper indices such as hyper reverse Zagreb indices [24], hyper Revan indices [25] were introduced and
studied.

We also introduce the first, second, third status neighborhood Dakshayani polynomials, first and second hyper status
neighborhood Dakshayani polynomials of a graph G and they are defined as:

SDl (G, X) = Z X”d(”)+<’d(v)_

ueE(G)

SD2 (G,X): Z Xo_d(U)O'd(V).

uveE(G)

SD, (G, x)= 3 x=",

ueV(G)

HSDl (Ga X) = Z X[(’d(U)Hrd W7T .

uveE(G)

HSD, (G,x) = yloaWa T
‘ UV;G)
Recently, some different polynomials were studied, for example, in [24, 25].

In this study, the first, second and third status neighborhood Dakashayani indices, first and second hyper status
neighborhood Dakshayani indices of complete graphs, complete bipartite graphs, wheel graphs, friendship graphs are
computed. Also the status neighborhood Dakshayani polynomials, hyper status neighborhood Dakshayani polynomials
of some standard graphs, friendship graphs are determined.

2. RESULTS FOR COMPLETE GRAPHS

Theorem 1: Let K, be a complete graph with n vertices. Then
1) SD, (K,)=n"-2n°+n?
1
@) SD,(K,)=n*(n-1)"
3 SD,(K,)=n*(n-1)",

. . n(n-1
Proof: Let K, be a complete graph with n vertices and ( )

edges. Then d (u)=n-1 and ofu) = n -1 for

every vertex u in K,. Hence o,(u) = (n — 1)? for every vertex u of K,. Thus, oy(u) = (n — 1) + (n — 1) = n(n - 1).
Therefore

@ oK)= Y [oy@+o,]=""Dnn-1)+n(n-)]

uveE(K,) 2
=n*-2n°+n%
@ DK)= 3 [0,o,w]=""Plnn-1n(n-1]
ueE(K,)
=%n3(n—1)3.

©) SD,(K,) = > o,()’ =nn*(n-1)°=n*(n-1)".

ueV(K,)
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Theorem 2: The first and second hyper status neighborhood Dakshayani indices of K, is
(1) HSD,(K,)=2n*(n-1)".

) HSDZ(Kn)zénS(n—l)s.

Proof: If K, be a complete graph with n vertices, then oy(u) = n(n — 1) for every vertex u of K,.. Thus

@ HD(K)= 3 oo, ] - n{n— 1)[n(n—1)+n(n—l)]2
=2n° (n—l) .
) HSD, ( Z [ad (Wo, W] = n(n Y [n(h-Dn(nh-1]°

uveE

=—n5(n—1)5.
2

Theorem 3: Let K,, be a complete graph with n vertices. Then

1) SD,(K,,x)= @ 21D

(2) SD,(K,.,x)= _n(nz— D joros?.

3 SD;(K,,x)=nx""",

@ HSD, (K, x)= 11=Y oo
) _ n(n _1) Xn4(n—1)4.

(5) HSD,(K 5

Proof: Let K, be a complete graph with n vertices, then oy(u) = n(n — 1) for every vertex u in K,. Therefore
(1) SD, ( K, X) = z x%a W+ (V)

uveE(K,)
— n(n _1) Xn(n—1)+n(n71)
2
— n(n _1) X2n(n—1)
—2 .
(2) SDZ(Kan): Z Xo'd(u)ad(v)
uveE(K,)
— n(n _1) Xn(n—l)n(nfl)
2
(D)
2
3) SD, (Kn , X) — Z Xcrd(u)2 _ nxnz(nfl)2 -
uev(K,)
4) HSD, (K, x)= 3 xlos@ronF
uveE(K,)
— n(n _1) X[n(n—1)+n(n—1)]2
2
= _n(n _1) X4n2(n—l)2 )
2
(5) HSD, (K, x)= > xlme@e]
uveE(K,)
— n(n _1) X[n(n—l)n(n—l)]2
2
_ n(n-1) e
2
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3. RESULTS FOR COMPLETE BIPARTITE GRAPHS

Theorem 4: Let K, 4 be a complete bipartite graph with p+q vertices and pg edges. Then
(1) SD,(K,q)=pa[2(p*+q*)+(p+0q)-2pg—4].
(2 SD, (K, )= pa(l+p)(L+a)[2(p*+0*)-6(p+q)+5pq+4]
(3) SD3(KM)= p(1+q)2(p+2q—2)2 +q(L1+ p)z(q+2p—2)2.

Proof: The vertex set of K;4 can be partitioned into two independent set V; and V, such that ueV; and ueV, for every
edge uv in K, 4. Let K=K, . We have dk(u)=0, d«(v)=p. Then s(u) =q +2p-2and o(v) =p + 29 - 2.
Thus on(u) = p(g + 2p - 2) and o,(v) = q(p + 29 — 2). Therefore
oy(u)= o(u)*+ on(U)=(q+2p-2) +p(q +2p-2) = (1+p)(q + 2p - 2)
y cd(V)=o(v)+ on(V)= (P +29-2) +q(p + 20 - 2) = (1+q)(p + 29 - 2)
ence

(1) SD, (K, q)= > [ocW+o()]

uveE(K)
= pa[(1+p)(q+2p-2)+(1+q)(p+2q-2)]
=pa[2(p?+q?)+(p+q)+2pq—4]

2 SD, (K,q)= > oWwaov)

p.q
uveE(K)

= pq(1+p)(a+2p-2)(1+q)(p+29-2)
= pg(1+ p)(1+q)[2(p2 +q2)—6(p+q)+5pq+4]
©) SD; (Kye)= > o(u)

ueV(K)

=p(1+q) (p+2q-2) +q(L+p) (g+2p-2)".
Theorem 5: The first and second hyper status neighborhood Dakshayani indices of K 4 are given by
(1) HSD,(K, )= pal2(p?+q?)+(p+q)+2pg-4] .
() HSD, (K, )= pa(l+p)’ (1+a)[2(p? +0%)~6(p+a)+5pq-+4] .

Proof: The K, 4 is a complete bipartite graph with p+q vertices and pq edges, then o4(u) = (1+p)(q + 2p - 2) and
ca(v) = (1+qg)(p + 2q — 2) for every edge uv of K, 4. Thus

D HSD,(K,,)= X [cW+ocW]

uveE(K)

= pa[(1+ p)(a+2p-2)+(1+q)(p+2q-2)]

:pq[z(pz+q2)+(p+q)+2pq—4]{
@  HSD,(K,,)= X [cWwoW)]

uveE(K)

= pa[(L+p)(a+2p-2)(1+0a)(p+2q-2)]
~ pa(1+ p) (1+a)°[2(p* +0°)—6(p+q)+5pq-+4] .

Theorem 6: Let K, 4 be a complete bipartite. Then
(1) SD,(K,q.X)= quZ(P2+q2)+(p+q)—2pq—4.

(2 SD ( b ) POX (+p)1+a)2(* +0*)-6(p+a)+5para]

3) SD( . ) x(L+a)"(p+20-2)° +gx@®+P) “(av2p-2)"

(4) HSD, (K, ,x)=pgx ) (p+a)-2pa-4]

(5) HSD, (K, x)= pax? @l2 2" 40 )-6(pea)-Spaa]
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Proof: Let K;q be a complete bipartite graph. Then o,(u) = (1+p)(p + 29 — 2) and c,(v) = (1+g)(q + 2p — 2) for every
degree uv of K, 4. Thus

1) SD (qu, )— Z Xad(u)+od(v)
uveE(K)
= poxtPNer2p-2)ta)(pe2a-2)

— pqx 2(p?+q )+(p+q)+2pq—4_

g (Woy(v)
) SD, (K, g, X)= D, x7tet
uveE(K)
= pgx (1+p)(a+2p-2)(1+a)(p+29-2)

— pax (1+p)(L+a)[ 2 (p2+q2)76(p+Q)+5pq+4]_

@) SDy(KpgX)= >, x=

p.q’
ueVv(K)

2
= pX 1+q (p+29- 2 +OX (1+p) (q+2p—2) .

(4) HSD (qu, ): z X[%(U)Hfd(v)]

uveE(K)

pqx[ (1+p)(a+2 p-2)+(1+0)(p+20-2) ]

= pax
(5) HSD( - ): Z X[ad(u)ad(v)]z

uveE(K)

_ pqx[(l+p q+2p-2)(1+q)( p+29- 2)]

[ (p?+q )+(p+q)+2pq—4]2_

2
(1+p) (1+a)° 2( p+02)-6( p+)-+5 pg-+4]

= Pax

4. RESULTS FOR WHEEL GRAPHS

A wheel W, is the join of K;and C,. A wheel W, is shown in Figure 1.

Figure-1: Wheel graph W,

This graph W, has n+1 vertices and 2n edges. In W,, there are two types of status vertices as follows:

Vi={ueVW,)| oc(u)=n}, IVa| = n.
V,={ueEW,)| c(u)=2n-3}, IV =n.
By calculation, we find that there are two types of status neighborhood vertices as follows:
Vi={ueVW,)| o, (u)=n(2n-3)3}, V4] =n.
Vy={ueEW,)]| o, (u)=5n-6}, V2l = n.

By calculation, we obtain that there are two types of status neighborhood Dakshayani vertices as given Table 1.

og(u)\ue E(W,) n(2n-2) 7n-9
Number of edges 1 n
Table-1: Status neighborhood Dakshayani vertex partition of W,

By calculation, we obtain that there are two types of status neighborhood Dakshayani vertices as given Table 1.

© 2020, IJMA. All Rights Reserved 11
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oy(u), ogW)\uv € E(W,) (Tn—=9,7n-9) 7n-9,n(2n-2)
Number of edges n n
Table-2: Status neighborhood Dakshayani edge partition of W,

Theorem 7: The first, second and third status neighborhood Dakshayani indices of a wheel graph W, are given by
(1) SD,(W,)=2n®+19n* - 27n.
(2) SD,(W,)=n(14n° +17n* ~108n +81).
(3) SD, (Wn ) =4n* +41n°® -122n* +81n.

Proof: Let W, be a wheel graph with n+1 vertices and 2n edges. By definitions and using Table 2, we deduce
) sO,(W,)= > [o,(W+0,(V)]=n(7Tn-9+7n-9)+n(7n-9+2n° —2n)

uveE(W,)
=2n°+19n* - 27n.
) SD,(W,) = > o, (Weo, (V)=n(7Tn-9)(7Tn-9)+n(7n-9)(2n* - 2n)

uveE(W,)

—n(14n® +17n? —108n + 81).

By using definition and Table 1, we derive
@  SD,W,)= 3 o, =(2n*=2n)" +n(7n-9y’

ueVv(W,)

=4n* +41n®* —-122n® + 81n.

Theorem 8: The first and second hyper status neighborhood Dakshayani indices of a wheel graph W, are given by
(1) HSD,(W,)=n(14n-18)2(2n* +5n-9)".

(2) HSD,(W,) =n(7n-9)" +n(7n-9)* (2n’ _on)’.

Proof: By definitions and using Table 2, we deduce

@  HSD,W,)= 3 [oyW+0,(V)]=n(7Tn=9+7n-9)° +n(7n—-9+2n*—2n)’
U\/EE(W)
=n(14n-18n)* +n(2n? +5n-9)".
@  HD,W,)= 3 [o,(Wo, W] =n[(7Tn-9)(7n-9)]" +n[(7n-9)(2n _on)
uveE(W)

—n(7n-9)* +n(7n-9)*(2n? —2n)’.
Theorem 9: Let W, be a wheel graph with n+1 vertices and 2n edges. Then
(1) SDl (Wn , X) — nX14n—18 + nX2n2+5n—9.
) S an’x) _ nx49n2—126n+81 n nXl4n3—32n2+18n.
©) SD3 (Wn , X) _ X4n4—8n3+4n2 n nX49n2—126n+81.
(4) HSD,(W,,x)= X418 4 (2 esn-o)”
(5) HS anvx) _ nX(49n2—126n+81) i nx(14n3—32n2+18n) .

Proof:
Q) By definition and using Table 2, we deduce
Z XO'd (W+oy (V)
UVeE

7n-9+7n-9 7n-9+2n%-2n
=nx"T T

2
— nX14n—1B + nX2n +5n-9

© 2020, IJMA. All Rights Reserved
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(2) By definition and using Table 2, we derive
S W X)= Xad(u)od (v)
g " ) UVEEZ(\N”)

(7n-9)(7n-9) (7n-9)(2n2-2n)

=nXx + NX

49n2-126n+81 14n°-32n%+18n
=nx + NX

(3) By definition and by using Table 1, we obtain
SD3 (Wn ’ X) — Z XO'd (u)?

ueVv(W,)

_ an(Zn—Z)2 (7n-9)

+ nx

4n?-8n®+4n? 49n?-126n+81
=X 4 nx *

(4) From definition and by using Table 2, we have
HSD, (W, x) = > X[t

uveE(W,)

2
(7n-9+7n-9)* (7n-9+2n2-2n)

=NnX +NX

2
(14n-18)° (2n2+5n-9)

=nXx + nXx
(5) Using definition and Table 2, we deduce
HS QWH,X) _ Z X[Ud(u)ad W]

uweE(W,)

[(7n-9)(7n-9)] [(7n-9)(2n2-2n)]"

=nXx + NX

2 2
(49n2-126n+81) (14n3-32n2 +18n)

=NnX +NnX
5. RESULTS FOR FRIENDSHIP GRAPHS

A friendship graph, denoted by F,, is a graph obtained by taking n>2 copies of C; with vertex in common. A Friendship
graph F4 is presented in Figure 2.

Figure-2: Friendship graph F,4

A graph F, has 2n+1 vertices and 3n edges. In F,, there are two types of status vertices as follows:

Vi={ueV(F)| olu)=2n}, V4 = 1.
Vo={ueV(F,)| c(u)=4n-2}%, V2| = 2n.

By calculation, there are two types of status neighborhood vertices as follows:
Vi={ueV(F,)| o,(u)=2n(4n-2)}, V4| = 1.
Vo,={ueV(F,)| o,(u)=6n-2}, V2| = 2n.

By calculation, we obtain that there are two types of status neighborhood Dakshayani vertices as given in Table 3.

og(W\ueE(F,) 2n(4n-1) 10n-4
Number of edges n 2n
Table-3: Status neighborhood Dakshayani vertex partition of F.

© 2020, IJMA. All Rights Reserved 13
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By calculation, we obtain that there are two types of status neighborhood Dakshayani edges as given in Table 4.

oy(u), og(v) \uv € E(F,) (10n—-4,10n-4) (10n-4,2n(4n-1)
Number of edges n 2n
Table-4: Status neighborhood Dakshayani edge partition of F.

Theorem 10: The first, second and third status neighborhood Dakshayani indices of a friendship graph F, are given by
(1) SD,(F,)=16n°+36n’—16n.

(2) SD,(F,)=n(160n° +4n* —64n).
(3) SD,(F,)= 64n*+168n®-156n" +32n.

Proof: Let F, be a friendship graph with 2n+1 vertices and 3n edges.
(1) From definition and using Table 4, we obtain

SD,(F,) = > [o4(W+0,(v)]=n(10n-4+10n-4)+2n(10n-4+8n° —2n)

uveE(F )

=16n° +36n° —16n.
(2) From definition and using Table 4, we have

SD,(F,)= Y. oy(u)o, (v)=n(10n-4)(10n-4)+2n(10n-4)(8n* - 2n)

uveE(F,)

=n(160n° —4n? —64n).
(3) Using definition and Table 1, we deduce

SD,(F,) = Y o,(u)’ =(8n? —2n)" +2n(10n—4)*

ueV(F,)

=64n* +168n° —156n?% + 32n.

Theorem 11: The first and second hyper status neighborhood Dakshayani indices of a friendship graph F, are given by
(1) HSD,(F,)=n(20n-18)" +2n(8n? +8n - 4)".

(2) HSD,(F,) =n(10n-4)" +2n(10n—4)* (8> - 2n)’.

Proof:
(1) From definition and using Table 4, we derive

HSD,(F,) = 3 [oy(W+o, (V)]

uveE(F,)
=n(10n—4+10n—4)° + 2n(10n—4+8n? — 2n)’

=n(20n-8)" +2n(8n? +8n-4)".
(2) Using definition and using Table 4, we deduce

HSD, ( Z [0, (We, V]

weE(F,)
=n(10n-4)’ (10n—4)* + 2n(10n—4)* (2n? - 2n)’
=n(10n-4)" +2n(10n - 4)* (8n% —2n)".
Theorem 12: Let F, be a friendship graph with 2n+1 vertices and 3n edges. Then
(1) SD,(F,,x)=nx*"* +2nxE e
(2) SD,(
(3) SD,(

100n?-80n+16 80n°-52n2+8n

F,.X) = nx +2nx

n
2
F ,X) — X8n -2n + 2nx100n —80n+16.
2 2 2
(F X) x(20n-18) +2nx(8n +8n-4) '

(5) HSD,(F,,x)= nx(mOn ~80n+16)° o (Bon*—s2nissn)’

(4) HS

© 2020, IJMA. All Rights Reserved 14
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Proof:
1) Using definition and using Table 4, we obtain
Z chd(u)+ad(v) nxion-4+10n-4 | nxlOn—4+8n2—2n
uveE
— nXZOn—lS + 2nx8n +8n-4
(2) From definition, and using Table 4, we deduce
( ) z erd(u)rrd(v)
uveE
_ nX(lOn—4)(10n—4) " 2nx(10n-4>(8n2—2n)
_ nx100n2—80n+16 n 2nx80n3—52n2+8n
3) By using definition and Table 3, we have
Z Xo‘d(u) KB -2 +2nx(10n-4)2
ueV
— X8n -2n + 2nx100n —80n+16_
(4) From definition and by using Table 4, we deduce
HSD (F X X[ad(u)w—d wm7T
uVEEZ(F )
_ nX(lOn—4+10n—4)2 n 2nx(10n—4+8n2—2n)2
_ nX(ZOn—B)2 + 2nx(8n2+8n—4)2 .
(5) Using definition and Table 4, we derive
HSD (F X X[ad(u)od Ol
uVEEz(F )
— pyl@on-a)aon- »T +2nx[(10n-4>(8n2—2n)]2
_ nX(100n —80n+16)° + 2nx (80n°~52n% +8n)’
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