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ABSTRACT 
In this study it is proved that in a triangle if difference of two angles are 90˚ & top angle is divided in two parts (α1 & 
α2), and separation line divide base in two equal parts  then difference of, Cosine & Sine ratio of angle( α2 & α1 )and  
Cosine & Sine ratio of angle ( α1 & α2 ) is a Constant. 
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1. INTRODUCTION 
 
In present (m+ n) cot Ѳ = m cotα1 – n cotα2 is relation among separated angles (α1 & α2) and separation line 
inclination angle Ѳ . This study establish relation between separated  angles (α1 & α2) and says in a triangle, if 
difference of two angles are 90̊ and separation line divide base in two equal parts then difference of, Cosine & Sine 
ratio of angle (α2 & α1) and  Cosine & Sine ratio of angle ( α1 & α2) is a Constant . 
 
2. OBTUSE TRIANGLE WITH DIFFERENCE OF TWO ANGLE 90˚ 
 
2.1 In a triangle when difference of two angle is 90˚ and base of triangle is divided in two equal parts by line drawn 
from top of the triangle (Figure 2) then 
‘Difference of, Cosine and Sine ratio of second & first (α2 & α1) separated angles and Cosine & Sine ratio of first & 
second  (α1 & α2) separated angles, is a Constant’. 
 
It can be written as, 

2 1 2
1 2

cos cos Constant
sin sin
α α
α α

− = =
 

 
                                      Figure-1                                                                                Figure-2 
 
Abbreviation & various Steps used in this paper: 
  
α1 = First separated angle 
α2 = Second separated angle  
E is mid of BC line            
AB = c  , BC =a , AC = b   
  Angle ABC =   β, Angle  BAC = α , Angle ACB =C    
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For max. area of Δ ADE in ΔABC 

1)   
( )
( )
² ²  

² ²
b c

a
b c
−

=
√ +

a       

2)  α +2β = 270˚ Or  β - C = 90˚ 

3)  2 2  = 2
² ²
bcCos Sin Sin C

b c
α β= − =

+
      

4)   BC Sin(α +2β) +2DE Sin α = 0                 
5)  AB² +AC² = (2DE)²                                                                       
6)  2DE×AD = AB×AC 

7) 1 2 2.0
2 1

cos cos
sin sin

α α
α α

− =  

          
2.1 Proof. 
 
in Δ ABC  (Figure1)   
E is mid of BC      
 
D is perpendicular at at BC  
BD = (a/2-DE) ,  DC = (a/2+DE)   
 
In  Δ ADB     
AD² = c² - (a/2-DE)²                                                                                                                                                          (1) 
 
In  Δ ADC  
AD² = b² - (a/2+DE)²                                                                                                                                                         (2) 
 
After solving (1) & (2) 
c² - (a/2-DE)² =  b² - (a/2+DE)²  
c² - (a/2)² - DE²+ DE×a = b² - (a/2)² - DE²-  DE×a 
c² + DE × a = b² - DE×a 

−
=

b² c²
2

DE
a

 

 
Put the value of DE in equation (2) 

( ) 22 2

AD²  b²
2 2

 −
 = − +
  

b ca
a

  OR   
( ) ( )2ab ² a² b² c² ²

2
− + −

=AD
a

                         

Area of  Δ ADE (A1) = ½ AD× DE 

                                   
( )(2ab)² - a² b² c² ² 1 ( b² c²)

2 2 2
+ − −

= × ×
a a

 

( ) ( )( b² c²)A1 2ab ² a²  b²  c² ²
 8a²
−

= × − + −                                                                                                                    (3) 

( ) ( )4

(b² c²)²A1² 2ab ² a²  b²  c² ²
64a
−

= × − + −    

 
For being area of Δ ADE Max. Or Mini. 
dA1 dA1 dA1 0
da db dc

= = =  

 
Take  dA1/da =0 

( ) ( ) ( )4

b² c² ²dA1 1 d2A1 2ab ² - a²  b²  c² ²
 64 da ada

−
= × + −    

( ) ( ) ( )4

dA1 d 1128A1 b² c² ² 2ab ² a²  b²  c² ²
 da da a

= − × − + −    

                  ( ) db² c² ² [4b² / a² (1  b4 / a4  2b² / a²  c4 / a4 2c² / a² 2b²c² / a4]
da

= − − + + + − −
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d  [4b² / a² (1+b4 / a4 2b² / a²  c4 / a4 2c² / a² 2b²c² / a4]  0

da 
− + + − − =     put dA1 0

da
=  

-8b²/a𝟹𝟹 + 4b𝟰𝟰/a𝟱𝟱 + 4b²/a𝟹𝟹 + 4c𝟰𝟰/a𝟱𝟱 - 4c²/a𝟹𝟹 - 8b²c²/a𝟱𝟱 = 0 
-2b² + b𝟰𝟰/a² + b² + c𝟰𝟰/a² - c² - 2b²c²/a² = 0 
b𝟰𝟰/a² + c𝟰𝟰/a² - 2b²c²/a² = b² + c² 
[(b²- c²)/a]² =  b² + c² 
a = b² -c²/√ (b² + c²)   For Max. area of   Δ ADE                                                                                                              (4) 
 
Put the value of a in eqn. (3) 

( ) ( )(b² c²)A1 2ab ² a²  b²  c² ²
8a²
−

= √ − + −    

( )
( )
( )

( ) ( )4 b² c² ² b²  b² c² ²  b²  c² ² b ²  c²
A1max

8 b²  c² ² b² c²
 b² c²

√ − − − + − −  = ×
− +
+

 

( )
( )

( ) [ ]
( )

4 b² c² ² b²   b4 c4 2b²c²  b4 –  c4 ²  b² c²
8 b²  c² b² c² ²

√ − − + − ++
= ×

− +
 

( )
( )
 b² c²

8 b²  c²
+

=
−

( ) ( ]
( )

[2 b² b² c² ²4 b² c² ² b²
 b² c² b² c² ²

−√ −
× −

+ +
 

( )
( )

( ) ( ) ( ]
( )

4b² b² c² ² b² c² [2b² b² c² ² b² c²
 8 b² c² b² c² ²

√ − + − −+
= ×

− +
 

( ) ( )
( ) ( ) ( )
b² c² 2b b² c²

b² c² b²
8 b²  c²   b² c²

+ × −
= × + −

− × +
               

  
1

4
b cA max ×

=  

 
2.2 According to Cosine rule 

( )b² c² a²
Cos  

2bc
α

+ −
=  

 
Put the value of a   

( )
( )

( ) ( )

b²  c² ²
 b² c²

b²  c² b4+c4+2b²c² b4 – c4 2b²c² 4b²c²Cos
2bc 2bc b²  c² 2bc b²  c²

α

−
+ −

+ − +
= = =

+ +
 

( )
2bcCos  

b² c²
α =

+
 

 
Add 1 both side 

( ) ( )Cos  1 2bc b²  c² / b²  c²α + = + + +  

( ) ( )Cos  1 b  c ² / b² c²α + = + +  
 
Equation (2) can also be written as 
[a/(b - c)]² = (b + c)²/(b²  +  c²) 
 
Hence 
Cosα +1 = [a/(b - c)]² 
a/(b - c) = √(1 + Cosα) 
= √(1 +2 Cos²α/2 - 1) 

( ) b c2 Cos / 2 1
a 2  C os / 2

orα
α

−√
= =

√
 

 
Using Sine rule 

( )(Sin  SinC) 1 C  180     
Sin 2 Cos / 2
β α β

α α
−

= = − +
√
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( ) SinSin  Sin 180  
2 Cos / 2

αβ α β
α

− − + =   √
 

( ) ( ) ( )2Sin / 2 Cos / 2
Sin  Sin  

2  C os / 2
α α

β α β
α

− + =
√

 

Sinβ -Sin (α +β) = √2 Sin α/2 
2Cos[(β+α+β)/2]Sin[(β-α-β)/2] = √2 Sin(α/2)   
 
Using (SinC –SinD) formula 

2Cos(   2 ) 2
2
α β− +

= √  

( )(   2 ) 1Cos Cos 180 45
2 2

α β+
= − = −

√
   

α + 2β = 270˚ 
α +β +β = 270˚ 
180-C +β = 270˚    or  β – C = 90˚    
Cosα = 2bc/(b² + c²) 
And 
α + 2β = 270˚ Or  α = 270˚-  2β 
Cos(270˚-  2β ) = 2bc/(b² + c²) 

( )
22

 ²  ²
bcSin

b c
β− =

+
 

β = 90+C 

( ) ( ) ( ) ( )
2bc 2bc Sin2 90 C  Sin 180 2C

 b²  c² b²  c²
− + = = − + =

+ +
 

( )
2bc2

b²  c²
Sin C =

+
 

2

22 2
²

bcCos Sin Sin C
b c

α β= = =
+

 

In figure (1) 
E is mid of BC line 

( ) ( ) ( ) ( )
b² c²

Area of  ADE A1 2ab ² a² b² c² ²
8a²
−

∆ = ×√ − + −    

And 

( ) ( ) ( )1Area of  ABC A 2ab ² a² b² c² ²
4

∆ = ×√ − + −    

 
Dividing A1/A 

( ) ( ) ( )
( ) ( )

 b² c² / 8a²  2ab ² a²  b²  c² ²  
A1/ A

1/ 4 2ab ² a²  b²  c² ²
− × √ − + −  =

×√ − + −  
 

A1/A = (b²  -c²)/2a²                                                                                                                                                           (5) 
 
According to figure 1 

1A1= DE AD
2
× ×  

1A BC AD
2

= × ×  

 
Hence A1/A =DE/BC, Put the value of A1/A in equation no. (5) 
DE/BC = (b² - c²)/2a²                                                                                                                                                         (6) 
 
Using Sine rule 
2DE Sin²   Sin²C
BC Sin²

β
α

−
=  

( ) ( )Sin   SinC  Sin   SinC
 Sin²

β β
α

+ −
=
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( )[Sin   Sin 180   ][ (Sin   Sin(180  )]

Sin²
β α β β α β

α
+ − + − − +

=
 

            C = 180˚-(α +β) 

( )[Sin  Sin  ][ Sin   Sin(  )]
Sin²

β α β β α β
α

+ + − +
=  

( ) ( ) ( ) ( )2Sin   2 / 2 Cos / 2   2Cos  2 / 2 Sin / 2
Sin²

α β α α β α
α

+ × − +      =       use SinC +SinD  and SinC - SinD  

formula 
( ) ( ) ( ) ( )2Sin   2 / 2  Cos   2 / 2 2 Sin / 2 Cos / 2

 Sin²
α β α β α α

α
+ + ×      =  

( ) Sin[   2   Sin  / Sin²     α β α α= − + × ×  
2DE/BC = - Sin[(α + 2β)/ Sinα          
2DE Sinα = - BC Sin[(α + 2β) 
BC Sin[(α + 2β) + 2DE Sinα = 0 
 
By previous relation it is proved that for maximum area of Δ ADE 
α + 2β = 270˚ 
 
Put this value in above equation 
BC Sin 270˚+ 2DE Sinα = 0  ,  - BC +2DE Sinα = 0 
Sinα =BC/2DE       as BC =a   and DE = a1   So, Sinα = a/2a1                                                                                        (7) 
 
According to equation no. (5)  2DE/BC = (b² - c²)/a²  
Sinα = BC/2DE        
         = 1/(b² - c²)/a²  
Sinα = a²/(b² - c²)                                                                                                                                                               (8) 
 
According to equation no. (4) 
a² = 

( )
( )
( )

b²  c² ²
 b²  c²

Sin
b²  c²

α

−
+

=
−

(b² -  c²)² 
          b² + c² 
put the value of a² in equation no.(8) 

 

b²   c ²Sin
b²  c²

α −
=

+
                                                                                                                                                                (9) 

                b² + c² 
 
According to equation no. (7)  Sinα = a/2a1 
 
Put the value of a from equation no4 and Sinα from equation no. (9) in equation no. (7) 
( )
( ) ( )
 b²   c ²  b² c²
 b²  c²   b² c²

2a1

− −
=

+ √ +
 

( )
( ) ( )

b²   c ² b² c²
b²  c²  2a1   b²  c²

− −
=

+ × √ +
 

( )
( )
 b²  c²

2a1=
 b²  c²  

+

√ +
 

   
(2a1)² = b² + c²   OR   (2DE)² = AC² + AB²   As, AB = c AC =b & DE = a1 
 
AC² + AB²   = (2DE)²                                                                                                                                                      (10)            
 
As we are knowing Max. area of ΔADE = bc/4 
 
In figure 1 area of ΔADE = 1/2×AD×DE 
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Hence 
1/2×AD×DE = bc/4 
AD = bc/2DE Or bc/2a1,                    DE= a1 
And  a 1=a / 2Sinα  

bc bc SinHence AD
2a / 2Sin a

α
α

= =                                                                                                                           (11) 

 
In eqn. no. (4) & (9) 

( )
( )

( )
( )

b² c² b² c²
a and  S in

b² c²  b² c²
α

− −
= =

+√ +
 

 
Put the value of a & Sinα in eqn. no. (11) 

( )
( )

( ) ( )

 b² c²
 bc

 b² c² bcAD Or AD=  
 b² c² b² c²

−
×

−
=

√ + √ +
 

( )
( ) ( )

bc ²
AD² weknow  b² c²  2a1 ²

b² c²  
= + =

+
 

( )
( )

bc ²
AD²

2a1 ²
=  

2a1×AD = b×c     Or  2DE×AD = AB×AC                                                                                                                    (12) 
 
We know, 

22 2
b² c

bcCos Sin Sin Cα β= − = =
+

 

And 
b² +c² = (2DE)²,  bc = 2AD × DE 

2 4AD DE2 2
 ² 4 ²

bc ADCos Sin Sin C
b c DE DE

α β ×
= − = = = =

+
 

 
In figure  2,  AD/DE= TanѲ 
 
Hence 
Cosα =- Sin2β = Sin2C = TanѲ 
 
In figure 2 
(CE+BE) CotѲ =CE Cotα1 - BE Cotα2  
BC CotѲ =BC/2(Cotα1 - Cotα2)     As BE = CE= BC/2 
2CotѲ =Cotα1 - Cotα2     TanѲ = Cosα 
2/TanѲ =Cotα1 - Cotα2 
2/Cosα =Cotα1 - Cotα2 

α α
α α α

= −
  2   1  2

  1  Sin 2
Cos Cos

Cos Sin
 

             
( )α αα α α α

α α α α

−
= =

Sin 2  1 Sin 2Cos 1 –  Cos 2Sin 1 
Sin 1Sin 2  Sin 1Sin 2

 

        
 2 Sinα1Sinα2  = Cosα  Sin(α2- α1)                                   
 2 Sinα1Sin(α –α1)  = Sin(α- 2α1) Cosα           As α2= α-α1  and α = α1 +α2 
 
Cos(α1-α+α1) – Cos(α1 +α –α1) =1/2[ sin(α -2α1+α) +sin(α-2α1-α)         Using 2SinASinB  & 2SinACosB  Formula 
 
Cos(2α1-α) – Cosα = 1/2[ sin2(α -α1) - sin2α1] 
 
Cos(2α1-α) – Cosα = 1/2[2 sin(α -α1)cos(α-α1) - 2sinα1cosα1]       using,    Sin2α = 2sinacosa 
 
Cos(2α1-α) – Cosα = sin(α -α1)cos(α-α1) - sinα1cosα1 
 
Cosα = Cos(2α1-α) +sinα1cosα1- sin(α -α1)cos(α-α1) \ 



Rajbali Yadav*/ Case Study of Top Angle of an Obtuse Triangle with Difference of Two Angle 90˚/ IJMA- 11(8), August-2020. 

© 2020, IJMA. All Rights Reserved                                                                                                                                                                         27 

 
Cosα = Cos (2α1-α1-α2) + sinα1cosα1- sinα2cosα2, As α- α1 =α2 

( ) sin2 1 sin2 2Cos Cos 1 2
2 2
α αα α α= − + −  

 
Cosα = Cos(α1-α2) +1/2(sin2α1 -   sin2α2) 

        ( ) ( ) ( )2cos 1 2 sin 1  2
Cos 1 2

2
α α α α

α α
+ −

= − +  

         = Cos(α1-α2) +  cos(α1+α2) sin(α1 - α2) 
 
         = Cos(α1-α2) +  cosα sin(α1 - α2) 
 
Cosα = Cos(α1-α2) -  cosα sin(α2 – α1)  As sin(-α) = -sinα 
 
Cosα + cosα sin(α2 – α1) = Cos(α1-α2 )                     
 
Cosα [1 + sin(α2 – α1)] =  Cos(α2-α1)  

( )
( )
α α

α
α α

−
=

+

Cos 2 1
Cos

 1  sin 2 –  1
 

( ) ( ) ( )
( )

α α α α
α α

α α α

− −
+ = =

+

Cos 2 1 )  Cos 2 1
1 sin 2 –  1

Cos Cos 2 1
 

( ) ( )
( )

Cos 2 1
sin 2 –  1 1

Cos 2 1
α α

α α
α α

−
= −

+
                  

                       ( ) ( )
( )

Cos 2 1   c os 2 1
Cos 2 1

α α α α
α α

− − +
=

+
 using (Cos C-Cos D)  formula 

                       
( ) ( )

( )
2 sin 2 1 2 1 / 2 sin 2 1  – 2 1 / 2

Cos 2 1
α α α α α α α α

α α
− + + + +      =

+
 

( ) ( )
2sin 2 sin 1sin 2 –  1
Cos 2 1

α αα α
α α
×

=
+

 

 
2sin(α2 – α1)× Cos(α2+α1 )=   2× 2sinα2×sinα1 
 
sin(α2 – α1+α+ α1) + sin(α2+α1-α2-α1 )=   2× 2sinα2×sinα1 
 
sin2α2 - sin2α1 =   2× 2sinα2×sinα1 
 
2sinα2cosα2 - 2sinα1cosα1 = 2× 2sinα2×sinα1 
 
sinα2cosα2 - sinα1cosα1 = 2sinα2×sinα1 

sin 2cos 2   sin 1cos 1 2
sin 2 sin 1    sin 2 sin 1    

α α α α
α α α α

− =
× ×

 

2   1 2
1    sin 2    

cos cos
sin

α α
α α

− =  
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