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ABSTRACT
In this paper we define the commutator of automorphisms in groups.Let G be any group and ap,
a,, ... be automorphisms of G, then the commutator of automorphisms of wight 2, define as follows;

—y —1 -1
[ag,az]=07" 0" a0ty
In general, the element

[otg,00...s 001, O J=[[ 00,00, 0 1 ], 05 ]

is the left norm commutator of automorphisms of wight n=2,which is called a simple commutator of automorphisms of
wight n.

And in particular we prove some properties of them.
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1. INTRODUCTION:

Let G be a group and cosider the set Aut(G) is automorphisms of the group.In group theory [2]define the concept of
commutator elements of G ,as follows;

Let X1, X,... elements of G, then the element [X;,X,]=x7 151X, X, is the commutator of X; and x, of wight 2.In general
,the element
[X15e-0oXn =[] X15e0s Xno11, Xn]

is the left norm commutator of wight n>2,which is called a simple commutator of wight n. In this paper we are
interested in the structure of commutator of automorphisms of groups. We extend the above concept for automorphisms
of G in the case of 2 .

2. COMMUTATOR OF AUTOMORPHISMS:

Theorem (2.1): Let a, B, € Aut (G), then
(1) af = a[a, B

@) [o, B] = [, B] 72

B [ap=[Balf"  and [at, Bl=[B, a]*
(@) [0B. 8] = [o, 8]P[B.3]

(5) [o, B3] = [0,3] [, B]®

(6) aff = Bafa, ]

(7) [, B] °= [a®,B°]

(8) [, B~ 8]P[B, 6%, ][5, ™, B]* = 1
) [0, B.8%] [B.5.0P] [5,0.,B%] = 1

(10) [0, B3[8, ap][B, Sa] = 1
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Proof: The result of 1 and 2 follows by definition.

3. Wehave, [a,B Y= Bapt (1) and [B a]® =Bt Pa)B t=a~t BaB~t (2) From(1)and (2) the
equality holds.

4. By definition we have, [a, 8]8[B, 8] =(a~16 a8)P( B~1671B6)

=B a5t adPB 16 Bo= B ta 167t aBd (1)
and [oB, 8] = (aB) 167 (af)6 =B o 1671 0pd )
From (1) and (2) the equality holds.
5. The result follows by previous part.
6. The equality holds by definition.
7. We have, [o, BI3=(a~ 1B LaB)d=6"Ta" 1B~ LaBd (1)

and we have [a®,3]= (a®)"1 (%)~ a®pB?®
=(67a8) "1 (§7'B8) (87 a8 )(67IBS)
=5 1a 18671871 86 1a 857 1B5=6"1a 1B 1aBS )
So from (1) and (2) the equality holds.
9.We have, [a,,8%] = [ [0, B], 84
= [0, B] 71 (8°) a1 8" by part (2)
= [B, al (8")Ma,p1 8" = B~ o ! (e 8w) (o BT o) (0 800)
= a ! o187 a0 B aBa t8a=p et B8P oo L8 )
[B.3." = [ [B, 31, 1= [B, 8] * (") *[B,3] o
=3, Bl (") (B3] o by part(2)
=57'pTIIB(B B TIPS PO B aB)
=57'p 3B B ot BB BOR T up
=5 "B 80157 OB ap 2
[8.0,B°1 = [ [3, al, B*1=[8, a] ~* (B*)*[8, o] B°
=[0, 8] (B)'[8,c] B° by part (2)
= (0187 M ad)(37MB8) (8 o o) (871 BS)
=018 a8 P8 6 180 8BS
=018 ' 0180 57 B8 (©)
Therefore, by (1) and (2) and (3) we have the result.
8. The result follows by previous part.

10. We have, [o, B8]= a~1(B8) tapd=a~16"131aBs (1)
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[3, apl= 67" (aB) " 13(aP)=8"1B "t Sap
[B, dal= B~*(8c) "' B(de)= B~ o™ 8 Pdar
Therefore, by (1) and (2) and (3) the equality holds.
Remark: The equality of part (10) holds for n element of automorphism of G.
Theorem (2.2): Let a, B, 6 € Aut (G) such that [a, B] commutes with a and  .Then

@[ o, pi1=[o,B]¥ ,forall integer i, j.

n(n-1)

(i) (af)"=a"B"[B, a] 2 ,n= 0.

Proof: (i) we proceed by induction on j.For j= 2, by theorem (2.1), we see in [3], we have

[, B?1 = [0, BP] = [, B[, B]° = [, BIlet, BIL [at, B1.B] = [et, B]?
Now assume the result holds for j, i.e.

[(1, Bj]: [O(, B]]

We proved the result for j+1,
Lo B*1=[a. BIBI=[a, B][e, B'1* = [ B] [t B'] [[ot B'1B]=[cx Bl et B
= [o,B] [, B) = [a, B+

Now we have
[, B1= [od, BY =([B, o] ) =([B,o]")™" = ([B,] ™)V = [a B]".
(ii)Use induction on n, the case n=1 being obvious. For n=2, we have
(aB)? = aPop = aaBlB, alp = o®B[B, alp = o®BRIR, al[[B, al.p] = a®BZ[B, o] -

Assume the result holds for n-1, i.e,

(n-1)(n-2)

(aB)" ™t =a" BB, af

then we have
(m-1)(@n-2)

(aB)" = (ap) (@B )"~ = a1 B, af 2

(n—-1)(n-2)

— 0'o(n—l B[B’ an—l] Bn_l[B' (X] 2

(n-1)(n-2)

= o BROTHR, a I [ [B, ™M, BT [B o] 2

(n—-1)(n-2)

= o"B[B, " [B,a] 2

(n-1)(n-2)

=a"B[B, o] [Baf

n(n-1)

=a"B[B,a] 2 .

Theorem (3.2): Let a, , 0 be some elements of a group Aut(G) such that aff = fa and [o, Aut(G)] = <[a,B];

B € Aut(G) > be an abelian subgroup of G, then [a, B, 8]=[a, &, B].

Proof: We have [a, B, 8]= [[a.B],5] = [a, B]7267 [0,BI
=a ! (aftaB)(ad ta"t8) SR Laps
= oot B][BT, 8] 87 B aps.
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Clearly [a™%B]= ([0, 8] )™ =[a B ] € [0 Aut(G)].
And [0, 8]=[0, 8% ']t € [a Aut(G)].
Hence [a™1, 8] commutes with [a™1, 8] and therefore;
[o, B, 8] =8 ta 18aB a1 B8 1B 1aBd
But 6p=B6 .then
[0.B.8]= [0, 8] 7B~ [, 8] B=[ [et, 81, B] = [.3.B] -
Teorem (4.1): Let o, B € Aut(G) such that [0, B] commutes with o and f, then
[, B] = [ B]™" = [a, B7'].
Proof: Since [0,f] commutes with o and B ,it implies that
[ [ Bl o] =1=[1e, B1. B]
similarly, [ [a, B]7% a71] =1=[ [, B]7%, B71] .
Thus by theorem (2.1), see in [1], we have
[, 8] = ([ B]7 ) = [oBI7*[ [ B] 7", o '] =[et, B]
similarly, [, 8] = ([, 8] ¥ = [ B]7"[ [, B] ™", B7] = [o0, B
Therefore, [« B] = [ B]7t = [, B71].
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