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ABSTRACT 
In this paper, the author discussed the solutions of the standard quadratic congruence of composite modulus modulo a 
special even multiple of an odd prime in two cases. It is found that in the first case, the congruence has eight 
incongruence solutions while in the second case, it has sixteen incongruent solutions. The author established different 
formulae for the solutions for the congruence for both the cases. Formulation of solutions is the merit of the paper. 
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INTRODUCTION 
 
A standard quadratic congruence of composite modulus is a congruence of the type: 𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑚𝑚), m being a 
composite positive integer, 𝑎𝑎any integer. This congruence is solvable if𝑎𝑎 is quadratic residue of m                               
i.e. 𝑟𝑟2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑚𝑚), 𝑟𝑟 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑎𝑎 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑜𝑜𝑜𝑜 𝑚𝑚. Here the author considers 𝑚𝑚 = 2𝑛𝑛 .𝑝𝑝;  𝑝𝑝 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑎𝑎𝑎𝑎𝑎𝑎 𝑛𝑛 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. So, the congruence under consideration is 

𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝)                                                                                                                             (1) 
 
PROBLEM STATEMENT 
 
Here the problem is-“To discuss the solutions of the congruence: 

𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝),   𝑝𝑝 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝, 𝑛𝑛 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 
 
LITERATURE REVIEW 
 
Such types of congruence are not formulated earlier by earlier mathematicians. The literature of mathematics is nearly 
silent to provide any type of formulation for its solutions. Readers are compelled to use Chinese Remainder theorem 
[1]. This is the only existed method. 
 
EXISTED METHOD 
 
In [2], only standard quadratic congruence of prime modulus are discussed while in [3], congruence of composite 
modulus are also discussed, but using Chinese Remainder Theorem.  
 
The congruence in the problem stated can be solved using Chinese Remainder Theorem by spliting into two individual 
congruence: 

𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝)                                                                                                                                   (2) 
𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 )                                                                                                                                 (3) 
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Congruence (2) has exactly two incongruent solutions [2] while the congruence (3) has exactly four incongruent 
solutions, if 𝑎𝑎 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 8) 𝑖𝑖. 𝑒𝑒. 𝑎𝑎 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 [2]. But if 𝑎𝑎 is a perfect square even positive integer, 
then the congruence has exactly eight incongruent solutions [4]. Hence it can be easily said that the congruence under 
consideration (1) must have eight or sixteen incongruent solutions. Sometimes, the congruence (1) takes a long time to 
find its two solutions. There is no method to find the solutions found in the literature of mathematics except the 
author’s Middle- pair solutions formulation [5].The author already has formulated the same congruence with            
𝑚𝑚 = 2 & 3 [6], [7]. 
 
ANALYSIS & RESULTS 
 
Consider the congruence 𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝), 𝑝𝑝 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝. 
It is a standard quadratic congruence of composite modulus. 
Such types of congruence are only solvable if 𝑎𝑎 is a quadratic residue of p. 
 
So, 𝑎𝑎 can always be expressible as 𝑏𝑏2 by adding 𝑘𝑘. 𝑝𝑝. 2𝑛𝑛   𝑡𝑡𝑡𝑡 𝑎𝑎  𝑖𝑖. 𝑒𝑒.𝑎𝑎 = 𝑏𝑏2  𝑜𝑜𝑜𝑜  𝑎𝑎 + 𝑘𝑘.𝑝𝑝. 2𝑛𝑛 = 𝑏𝑏2, for some suitable k. 
Then the congruence is written as: 𝑥𝑥2 ≡ 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 
 
Case-I: Let 𝑎𝑎 be an odd positive integer such that 𝑎𝑎 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 8). 
 
For solutions, consider 𝑥𝑥 ≡ 2𝑛𝑛−1𝑝𝑝𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
Then,   𝑥𝑥2 ≡ (2𝑛𝑛−1𝑝𝑝𝑝𝑝 ± 𝑏𝑏)2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

≡ (2𝑛𝑛−1𝑝𝑝𝑝𝑝 )2 ± 2. 2𝑛𝑛−1𝑝𝑝𝑝𝑝.𝑏𝑏 + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
≡ 22𝑛𝑛−2𝑝𝑝2𝑘𝑘2 ± 2𝑛𝑛 .𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
≡ 2𝑛𝑛𝑝𝑝𝑝𝑝(2𝑛𝑛−2𝑝𝑝𝑝𝑝 ± 𝑏𝑏) + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
≡ 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 

 
Thus, 𝑥𝑥 ≡ 2𝑛𝑛−1𝑝𝑝𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) are the solutions of the congruence. 
 
But for 𝑘𝑘 = 2, the solutions formula reduces to:  𝑥𝑥 ≡ 2𝑛𝑛−1𝑝𝑝. 2 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

 ≡ 2𝑛𝑛𝑝𝑝± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 0 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

These are the same solutions as for 𝑘𝑘 = 0. 
 
Also for𝑘𝑘 = 3 = 2 + 1, the solutions formula reduces to:  𝑥𝑥 ≡ 2𝑛𝑛−1𝑝𝑝. (2 + 1) ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

                                                         ≡ 2𝑛𝑛  . 𝑝𝑝+ 𝑝𝑝. 2𝑛𝑛−1 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
                                              ≡  2𝑛𝑛−1.𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

These are the same solutions as for 𝑘𝑘 = 1. 
 
Therefore, the solutions are given by: 𝑥𝑥 ≡ 2𝑛𝑛−1𝑝𝑝𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝);  𝑘𝑘 = 0, 1. 
 
This gives only four of the eight solutions. 
 
For the remaining four solutions, consider 𝑥𝑥 ≡ ±(2𝑝𝑝𝑝𝑝 ± 𝑏𝑏)(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 
Then, 𝑥𝑥2 ≡ (2𝑝𝑝𝑝𝑝 ± 𝑏𝑏)2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

 ≡ (2𝑝𝑝𝑝𝑝 )2 ± 2.2𝑝𝑝𝑝𝑝.𝑏𝑏 + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 4𝑝𝑝2𝑘𝑘2 ± 4. 𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 4𝑝𝑝𝑝𝑝(𝑝𝑝𝑝𝑝 ± 𝑏𝑏) + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 4𝑝𝑝. 2𝑛𝑛−2𝑡𝑡 + 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝), 𝑖𝑖𝑖𝑖 𝑘𝑘(𝑝𝑝𝑝𝑝 ± 𝑏𝑏) = 2𝑛𝑛−2𝑡𝑡. 
 ≡ 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 

These gives the remaining four solutions of the congruence. 
 
Therefore, the congruence in the problem has exactly eight incongruent solutions. 
 
Case-II: Let 𝑏𝑏 be an even perfect square. 
Consider  𝑥𝑥 ≡ 2𝑛𝑛−3. 𝑝𝑝𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 
Then, 𝑥𝑥2 ≡ (2𝑛𝑛−3𝑝𝑝𝑝𝑝 ± 𝑏𝑏)2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

 ≡ (2𝑛𝑛−3𝑝𝑝𝑝𝑝 )2 ± 2. 2𝑛𝑛−3𝑝𝑝𝑝𝑝. 𝑏𝑏 + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 22𝑛𝑛−6𝑝𝑝2𝑘𝑘2 ± 2𝑛𝑛−2.𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 2𝑛𝑛−2𝑝𝑝𝑝𝑝(2𝑛𝑛−4𝑝𝑝𝑝𝑝 ± 𝑏𝑏) + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 2𝑛𝑛−2𝑝𝑝𝑝𝑝(2𝑛𝑛−4𝑝𝑝𝑝𝑝 ± 4𝑡𝑡) + 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝)𝑎𝑎𝑎𝑎 𝑏𝑏 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 
 ≡ 2𝑛𝑛𝑝𝑝𝑝𝑝(2𝑛𝑛−6𝑝𝑝𝑝𝑝 ± 𝑡𝑡) + 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
 ≡ 𝑏𝑏2 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 

Thus, 𝑥𝑥 ≡ 2𝑛𝑛−3𝑝𝑝𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) are the solutions of the congruence. 
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But for 𝑘𝑘 = 8, the solutions formula reduces to:  𝑥𝑥 ≡ 2𝑛𝑛−3𝑝𝑝. 8 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

          ≡ 2𝑛𝑛𝑝𝑝± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
     ≡ 0 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

These are the same solutions as for 𝑘𝑘 = 0. 
 
Also for𝑘𝑘 = 9 = 8 + 1, the solutions formula reduces to:  𝑥𝑥 ≡ 2𝑛𝑛−3𝑝𝑝. (8 + 1) ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

  ≡ 2𝑛𝑛  . 𝑝𝑝+ 2𝑛𝑛−3.𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 
  ≡  2𝑛𝑛−3. 𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 

These are the same solutions as for 𝑘𝑘 = 1. 
 
Therefore, the solutions are given by:𝑥𝑥 ≡ 2𝑛𝑛−3𝑝𝑝𝑝𝑝 ± 𝑏𝑏 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝);  𝑘𝑘 = 0, 1, 2, 3, 4, 5, 6, 7. 
 
These gives the sixteen incongruent solutions of the congruence. 
 
ILLUSTRATIONS 
 
Example-1: Consider the congruence𝑥𝑥2 ≡ 9 (𝑚𝑚𝑚𝑚𝑚𝑚 80). 
It can be written as 𝑥𝑥2 ≡ 32(𝑚𝑚𝑚𝑚𝑚𝑚 24. 5). 
It is of the type 𝑥𝑥2 ≡ 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑝𝑝 = 5,𝑛𝑛 = 4, 𝑏𝑏 = 3,𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. 
It has exactly eight incongruent solutions. 
The four of the eight solutions are given by 𝑥𝑥 ≡ 2𝑛𝑛−1.𝑝𝑝𝑝𝑝 ± 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 

 ≡ 23. 5𝑘𝑘 ± 3 (𝑚𝑚𝑚𝑚𝑚𝑚 24. 5) 
 ≡ 40𝑘𝑘 ± 3 (𝑚𝑚𝑚𝑚𝑚𝑚 80),𝑘𝑘 = 0, 1. 
 ≡ 0 ± 3; 40 ± 3 (𝑚𝑚𝑚𝑚𝑚𝑚 80). 
 ≡ 3, 80− 3; 40 − 3, 40 + 3 (𝑚𝑚𝑚𝑚𝑚𝑚 80) 
 ≡ 3, 77; 37, 43 (𝑚𝑚𝑚𝑚𝑚𝑚 80). 

 
The other four solutions are given by:   𝑥𝑥 ≡ ±(2𝑝𝑝𝑝𝑝 ± 𝑏𝑏 ) (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝), 𝑖𝑖𝑖𝑖 (𝑝𝑝𝑝𝑝 ± 𝑏𝑏) = 2𝑛𝑛−2𝑡𝑡 

≡ ±(2.5𝑘𝑘 ± 3) (𝑚𝑚𝑚𝑚𝑚𝑚 24. 5), 𝑖𝑖𝑖𝑖 (5𝑘𝑘 ± 3) = 24−2𝑡𝑡. 
≡ ±(10𝑘𝑘 ± 3)(𝑚𝑚𝑚𝑚𝑚𝑚 80), 𝑖𝑖𝑖𝑖 (5𝑘𝑘 ± 3) = 4𝑡𝑡 
≡ ±(10𝑘𝑘 ± 3) (𝑚𝑚𝑚𝑚𝑚𝑚 5.16), 𝑖𝑖𝑖𝑖 (5𝑘𝑘 ± 3) = 4𝑡𝑡 
≡ ±(10𝑘𝑘 ± 3) (𝑚𝑚𝑚𝑚𝑚𝑚 80) 

 
But for 𝑘𝑘 = 1, (5.1 + 3) = 8 = 4.2 
So, 𝑥𝑥 ≡ ±(10.1 + 3) (𝑚𝑚𝑚𝑚𝑚𝑚 5. 24) 

≡ ±13 (𝑚𝑚𝑚𝑚𝑚𝑚 80) 
≡ 13, 67 (𝑚𝑚𝑚𝑚𝑚𝑚 80). 

 
Also, for 𝑘𝑘 = 3, (5.3− 3) = 12 = 4.3 
So,   𝑥𝑥 ≡ ±(10.3− 3) (𝑚𝑚𝑚𝑚𝑚𝑚 5. 24) 

≡ ±27 (𝑚𝑚𝑚𝑚𝑚𝑚 80) 
≡ 27, 53 (𝑚𝑚𝑚𝑚𝑚𝑚 80). 

 
Therefore, all the eight solutions are  𝑥𝑥 ≡ 3, 77; 13, 67;  27, 53;  37, 43 (𝑚𝑚𝑚𝑚𝑚𝑚 80). 
 
Example-2: Consider the congruence𝑥𝑥2 ≡ 49 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 
It can be written as 𝑥𝑥2 ≡ 72(𝑚𝑚𝑚𝑚𝑚𝑚 25. 𝑝𝑝). 
It is of the type 𝑥𝑥2 ≡ 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑝𝑝 = 5,𝑛𝑛 = 5, 𝑏𝑏 = 7,   𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. 
It has exactly eight incongruent solutions given by 𝑥𝑥 ≡ 2𝑛𝑛−1.𝑝𝑝𝑝𝑝 ± 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 

  ≡ 24. 5𝑘𝑘 ± 7 (𝑚𝑚𝑚𝑚𝑚𝑚 25. 5) 
  ≡ 80𝑘𝑘 ± 7 (𝑚𝑚𝑚𝑚𝑚𝑚 160), 𝑘𝑘 = 0, 1. 
  ≡ 0 ± 7; 80 ± 7 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 
  ≡ 7, 153; 73, 87 (𝑚𝑚𝑚𝑚𝑚𝑚 160).  

 
The other four solutions are given by:  𝑥𝑥 ≡ ±(2𝑝𝑝𝑝𝑝 ± 𝑏𝑏 ) (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝), 𝑖𝑖𝑖𝑖 (𝑝𝑝𝑝𝑝 ± 𝑏𝑏) = 2𝑛𝑛−2𝑡𝑡 

≡ ±(2.5𝑘𝑘 ± 7) (𝑚𝑚𝑚𝑚𝑚𝑚 25. 5), 𝑖𝑖𝑖𝑖 (5𝑘𝑘 ± 7) = 25−2𝑡𝑡. 
≡ ±(10𝑘𝑘 ± 7)(𝑚𝑚𝑚𝑚𝑚𝑚 32.5), 𝑖𝑖𝑖𝑖 (5𝑘𝑘 ± 7) = 8𝑡𝑡 
≡ ±(10𝑘𝑘 ± 3) (𝑚𝑚𝑚𝑚𝑚𝑚 160. ), 𝑖𝑖𝑖𝑖 (5𝑘𝑘 ± 7) = 8𝑡𝑡 
≡ ±(10𝑘𝑘 ± 7) (𝑚𝑚𝑚𝑚𝑚𝑚 160) 

But for 𝑘𝑘 = 3, (5.3− 7) = 8 = 8.1 
So,   𝑥𝑥 ≡ ±(10.3− 7) (𝑚𝑚𝑚𝑚𝑚𝑚 25. 5) 

  ≡ ±23 (𝑚𝑚𝑚𝑚𝑚𝑚 160) 
  ≡ 23, 137 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 
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Also, for 𝑘𝑘 = 5, (5.5 + 7) = 32 = 8.4 
 
So,   𝑥𝑥 ≡ ±(10.5 + 7) (𝑚𝑚𝑚𝑚𝑚𝑚 25. 5) 

  ≡ ±57 (𝑚𝑚𝑚𝑚𝑚𝑚 160) 
  ≡ 57, 103 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 

Therefore, all the eight solutions are 𝑥𝑥 ≡ 7, 153; 73, 87;  23, 137;  57, 103 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 
 
Example-3: Consider the congruence𝑥𝑥2 ≡ 36 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 
It can be written as 𝑥𝑥2 ≡ 62(𝑚𝑚𝑚𝑚𝑚𝑚 25. 5). 
It is of the type 𝑥𝑥2 ≡ 𝑏𝑏2(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝) 𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑝𝑝 = 5,𝑛𝑛 = 5, 𝑏𝑏 = 6,   𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖. 
It has exactly sixteen incongruent solutions given by 

𝑥𝑥 ≡ 2𝑛𝑛−3. 𝑝𝑝𝑝𝑝 ± 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝). 
≡ 22. 5𝑘𝑘 ± 6 (𝑚𝑚𝑚𝑚𝑚𝑚 25. 5) 
≡ 20𝑘𝑘 ± 6 (𝑚𝑚𝑚𝑚𝑚𝑚 160),𝑘𝑘 = 0, 1. 
≡ 0 ± 6; 20 ± 6; 40 ± 6 ; 60 ± 6; 80 ± 6; 100 ± 6; 120 ± 6; 140 ± 6 (𝑚𝑚𝑚𝑚𝑚𝑚 160). 
≡ 6, 154; 14, 26; 34, 46;  54, 66; 74, 86; 94,106; 114, 126; 134, 146  (𝑚𝑚𝑚𝑚𝑚𝑚 160). 

These are the sixteen incongruent solutions. 
 
CONCLUSION 
 
Therefore, it can be concluded that the congruence under consideration: 𝑥𝑥2 ≡ 𝑎𝑎 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝑛𝑛 .𝑝𝑝), 𝑝𝑝 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝, has 
exactly eight incongruent solutions, if 𝑎𝑎 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 8) 
𝑖𝑖. 𝑒𝑒.𝑎𝑎 𝑖𝑖𝑖𝑖 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; it has exactly sixteen incongruent solutions if 𝑎𝑎 is an even perfect 
square. 
 
MERIT OF THE PAPER 
 
The congruence under consideration can be solved very easily and sometimes orally also using the author’s formulation 
established. This is the merit of the paper. 
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