International Journal of Mathematical Archive-2(10), 2011, page: 1920-1925
@§ M A Available online through www.ijma.info ISSN 2229 - 5046

Almost v-closed mappings
S. Balasubramanian', P. Aruna Swathi Vyjayanthi’ and C Sandhya’
’Department of Mathematics, Government Arts College (A), Karur — 639 005, T. N., India
Research Scholar, Dravidian University, Kuppam —-517 425, A.P., India

3Department of Mathematics, C. S. R. Sarma College, Ongole — 523 001, A. P., India
E-mail: mani55682 @rediffmail.com

(Received on: 14-09-11; Accepted on: 05-10-11)

ABSTRACT

The aim of the paper is to study basic properties of v-closed mappings and interrelations with other mappings.

Keywords: v-closed sets, v-continuity, v-irresolute, v-closed mappings and almost v-closed mappings.

Ams: 54C10, 54C08, 54C05.

1. INTRODUCTION:

Mappings plays an important role in the study of modern mathematics, especially in Topology and Functional Analysis.
Closed mappings are one such mapping which are studied for different types of closed sets by various mathematicians
for the past many years. In this paper we tried to study a new variety of closed maps called almost v-closed maps.
Throughout the paper X, Y means a topological spaces (X,t) and (Y,0) unless otherwise mentioned without any
separation axioms defined in it.

2. PRELIMINARIES:

Definition 2.1: Ac X is called

(i) pre-open if AcC (cl A)° and pre-closed if cl{(A%)} C A;

(ii) semi-open if AC cl{(A°)} and semi-closed if (cl A)°C A,

(iii)semipre-open[B-open] if Ac cl{((cl A)°)} and semipre-closed[B-closed] if (cl{(A°)})°C A;
(iv) a-open if Ac (cl{(A")})° and a-closed if cl{((cl A)°)}c A;

(v) regular open if A = (cl A)° and regular closed if A = clI{(A°)}

(vi) v-open if there exists a regular open set U such that Uc Ac cl U.

(vii)ra-closed if there exists a regular closed set U such that o (U)o ¢ Ac U.
(viii)g-closed[resp: rg-closed] if c1 Ac U whenever Ac U and U is open[resp: regular open].

Note 1: From the above definition we have the following implication diagram.
al.ro.closed set — al.v-closed set
T A
al.r. closed set —al.s. closed set — al. B. closed set
2
al.closed set — al. a. closed set

\:

al.p. closed set
Definition 2.2: A function f> X— Y is said to be
1. Continuous [resp: pre-continuous; semi-continuous; -continuous; o-continuous; nearly-continuous; v-continuous;

ra-continuous] if the inverse image of every open set is open [ resp:pre-open; semi-open; [-open; a-open; regular-
open; v-open; roi-open]
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2. Irresolute [resp:pre-irresolute; B-irresolute; o-irresolute; nearly-irresolute; v-irresolute; ro-irresolute] if the inverse
image of every semi-open[resp:pre-open; B-open; a-open; regular-open; v-open; roi-open] set is semi-open[resp:pre-
open; B-open; a-open; regular-open; v-open; ro--open]

3. closed[resp:pre-closed; semi-closed; B-closed; a-closed; nearly-closed; ro-closed] if the image of every closed set is
closed[resp:pre-closed; semi-closed; B-closed; a-closed; regular-closed; ra-closed] almost closed[resp:almost pre-
closed; almost semi-closed; almost B-closed; almost a-closed; almost nearly-closed; almost rai-closed] if the image of
every regular closed set is closed[resp:pre-closed; semi-closed; B-closed; a-closed; regular-closed; ra-closed)

4. g-continuous [resp: rg-continuous] if the inverse image of every open set is g-open [resp: rg-open]

Definition 2.3: X is said to be Ty,,[r-T] if every [regular-] generalized closed set is [regular-] closed 3.
Almost v-closed mappings:

Definition 3.1: A function f: X— Y is said to be almost v-closed if image of every regular closed set in X is v-closed in
Y

Theorem 3.1:

(i) Every almost-r-closed map is almost v-closed but not conversely.

(ii) Every almost-r-closed map is almost rai-closed but not conversely.
(iii) Every almost roi-closed map is almost v-closed but not conversely.
(iv) Every almost v-closed map is almost semi-closed but not conversely.
(v) Every almost v-closed map is almost B-closed but not conversely.
(vi) Every almost-r-closed map is almost closed but not conversely.

(vii) Every almost-r-closed map is almost semi-closed but not conversely.

Proof: (i) fis almost-r-closed = image of every regular closed set is r-closed = image of every regular closed set is
v-closed [since every r-closed set is v-closed] = f'is almost v-closed.

Similarly we can prove the remaining parts using definition 2.1 and Note 1.

Example 1: Let X =Y = {a, b, c}; T=0={¢, {a}, {b}, {a, b}, X}. Let f- X— Y is identity map. Then fis almost
v-closed.

Example 2: Let X =Y = {a, b, c}; t=0= {0, {a}, {b}, {a, b}, X}. Let f- X— Y be the map defined as fla) =b;
f(b) = ¢ and f(c) = a is not almost v-closed.

Example 3: Let X =Y = {a, b, c}; T= {0, {a}, {b, c}, X} and 6 = {¢, {a}, {b}, {a, b}, X} and let /> X— Y is identity
map. Then f is almost v-closed}, almost semi-closed, almost B-closed and almost ra-closed but not almost-closed,
almost-r-closed, almost-pre-closed and almost a-closed.

Example 4: Let X =Y ={a, b, c}; t= {9, {a}, {b, c}, X} and 6 = {0, {a, c}, X} and let /- X— Y is identity map. Then
fis almost B-closed but not almost v-closed}, almost semi-closed, almost ro-closed, almost-closed, almost-r-closed,
almost-pre-closed and almost o-closed.

Example 5: Let X =Y = {a, b, c}; 1= {9, {a}, {b, c}, X} and 6 = {9, {a, c}, X} and let f: X— Y be the map defined as
fla) = c; fib) = b and f(c) = a. Then fis almost B-closed and almost-pre-closed but not almost v-closed}, almost semi-
closed, almost ra-closed, almost-closed, almost-r-closed and almost o-closed.

Example 6: Let X =Y = {a, b, c}; T= {0, {a}, {b, c}, X} and 6 = {9, {b}, {a, b}, {b, c}, X} and let f X— Y be the
map defined as f'(a) = c; f(b) = a and f(c) = c. Then fis almost a-closed and almost-closed but not almost v-closed}.

Theorem 3.2:

i) If RaO(Y) = RO(Y), then f'is almost roi-closed iff fis almost-r-closed.
(>ii) If RaO(Y) = vO(Y), then fis almost ro-closed iff fis almost v-closed.
(>iii) If vO(Y) = RO(Y), then fis almost-r-closed iff f is almost v-closed.
@1v) If vO(Y) = aO(Y), then fis almost a-closed iff fis almost v-closed.

Corollary 3.1:
(1) Every almost ra-closed map is almost semi-closed and hence almost B-closed but not conversely
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(ii)Every almost-r-closed map is almost B-closed but not conversely
Note 2:
(i) almost closed map and almost v-closed map are independent to each other
(ii) almost a-closed map and almost v-closed map are independent to each other
(iii) almost pre-closed map and almost v-closed map are independent to each other
Example 7: In Example 2 above, fis almost closed; almost pre-closed and almost o-closed but not almost v-closed.
Example 8: f as in Example 3 is almost v-closed but not almost closed; almost pre-closed and almost o-closed.
Example 9: f as in Example 6 is almost closed; almost pre-closed and almost tt-closed but not almost v-closed.
Example 10: f as in Example 5 is almost B-closed but not almost v-closed

Note 3: We have the following implication diagram among the closed maps.

al.ro.c-map — al.v.c-map
T

alrc-map —  al.s.c-map — al. B.c-map
2

al.cpen map — al. o..c-map

2
al.p.c-map
Theorem 3.3:
(i) If fis almost closed and g is v-closed then gefis almost v-closed
(ii) If fis almost closed and g is r-closed then gefis almost v-closed
(iiD)If f and g are almost-r-closed then gefis almost v-closed
(iv) If fis almost-r-closed and g is almost v-closed then gefis almost v-closed

Proof: (i) Let A be regular closed set in X = f(A) is closed in Y = g (f(A)) is v-closed in Z = g*f(A) is v-closed in Z
= g fis almost v-closed.

Similarly we can prove the remaining parts and so omitted.

Corollary 3.2:
(i) If fis almost closed and g is v-closed[r-closed] then gef is almost semi-closed and hence almost B-closed

(ii) If fand g are almost-r-closed then gef is almost semi-closed and hence almost B-closed.

(iii) If £ is almost-r-closed and g is almost v-closed then gef is almost semi-closed and hence almost 3-closed

Theorem 3.4: If f> X— Y is almost v-closed, then v(cl{f(A)})c ficl{A})

Proof: Let Ac X and f: X— Y is v-closed gives f(cl{A}) is v-closed in Y and f{A) c f(cl{A}) which in turn gives
v(cl{f(A)}) cvel{(filc{A}))} ey
Since f(cl{A}) is v-closed in Y, vel{(f(cl{A}))} = ficl{A}) 2)
combaining (1) and (2) we have v(cl{f(A)}) < (f(cl{A})) for every subset A of X.

Remark 1: converse is not true in general.

Corollary 3.3: If /- X— Y is almost r-closed, then v(cl{f{A)}) c ficl{A})

Theorem 3.5: If > X— Y is almost v-closed and Ac X is r-closed, then f (A) is T,-closed in Y.

Proof: Let Ac X and f: X— Y is almost v-closed implies v(cl{f{A)}) < f(cl{A}) which in turn implies v(cl{f(A)})
Sf(A), since f{A) =f(cl{A}). But flA) < v(cl{f(A)}). Combaining we get f{A) = v(cl{f(A)}). Therefore f(A) is T,~closed in
Y.
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Corollary 3.4: If f- X— Y is almost r-closed, then f (A) is T,-closed in Y if A is r-closed set in X.
Theorem 3.6: If v(cl{A}) =r(cl{A}) for every Ac Y, then the following are equivalent:

(i) f: X— Y is v-closed map
@i1) v(el{fiA)}) c ficl{ A})

Proof: (i) = (ii) follows from theorem 3.4

(ii) = (i) Let A be any r-closed set in X, then f{A) = flcl{ A})D> v(cl{f(A)}) by hypothesis. We have {A) c v(cI{f(A)}).
Combaining we get f{A) = v(cl{f(A)}) = r(cl{f(A)})[ by given condition] which implies f{A) is r-closed and hence
v-closed. Thus fis v-closed.

Theorem 3.7: /- X— Y is almost v-closed iff for each subset S of Y and each r-closed set U containing f~'(S), there is a
v-closed set V of Y such that Sc V andf’](V) cU.

Proof: Assume fis almost v-closed, SC Y and U an r-closed set of X containing f7'(S), then X - U) is v-closed in Y
and V=Y - f{iX-U)isv-closedin Y. (S) cU implies Sc V and f(V) = X X -U)cX-(X-U)=U.

Conversely let F be r-closed in X, then f(f(F ©))c F¢. By hypothesis, exists Ve v O(Y) such that AF)c V and f(V) ¢
F*and so fc (f(V))©. Hence V ‘cf(F)  f[(f (V)] V ¢ implies fAF) < V ¢, which implies f(F) = V . Thus f(F) is
v-closed in Y and therefore fis v-closed.

Remark 2: composition of two almost v-closed maps is not almost v-closed in general

Theorem 3.8: Let X, Y, Z be topological spaces and every v-closed set is r-closed in Y, then the composition of two
almost v-closed maps is almost v-closed.

Proof: Let A be regular closed in X = f(A) is v-closed in Y = f{A) is r-closed in Y[by assumption] = g(f(A)) is
v-closed in Z = g*f(A) is v-closed in Z = g*f'is almost v-closed.

Theorem 3.9: If > X— Y is almost g-closed; g:Y— Z is v-closed[r-closed] and Y is T,[r-Ty5], then gefis almost
v-closed.

Proof:(i) Let A be regular closed in X = f(A) is g-closed in Y = f(A) is closed in Y[since Y is Ti] = g(f(A)) is
v-closed in Z = g*f(A) is v-closed in Z = g¢fis almost v-closed.

(ii) Since every g-closed set is rg-closed, this part follows from the above case.

Corollary 3.5: If f: X— Y is almost g-closed; g: Y— Z is v-closed[r-closed] and Y is Ty,{r-T;5}, then gef is almost
semi-closed and hence almost B-closed.

Corollary 3.6: If f: X— Y is almost g-closed; g: Y— Z is almost v-closed[almost r-closed] and Y is r-T},, then gef is
almost semi-closed and hence almost -closed.

Proof: Since every g-closed set is rg-closed, the proof follows from theorem 3.9.

Theorem 3.10: If /- X— Y is almost rg-closed; g: Y— Z is v-closed[r-closed] and Y is r-T},, then gefis almost
v-closed.

Proof: Let A be regular closed in X = f(A) is rg-closed in Y = f(A) is r-closed in Y[since Y is r-Ty] = f(A) is closed
in Y[since every r-closed set is closed] = g(f(A)) is v-closed in Z = g*f(A) is v-closed in Z = g*f is almost v-closed.

Theorem 3.11: If f: X— Y is almost rg-closed; g: Y— Z is almost v-closed [almost r-closed] and Y is r-Ty,,, then gefis
almost v-closed.

Corollary 3.7: If f: X— Y is almost rg-closed; g: Y— Z is v-closed[r-closed] and Y is r-T}, then g*f is almost semi-
closed and hence almost B-closed.

Corollary 3.8: If /- X— Y is almost rg-closed; g: Y— Z is almost v-closed[almost r-closed] and Y is r-Ty, then g*f is
almost semi-closed and hence almost B-closed.
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Theorem 3.12: If f: X— Y; g:Y— Z be two mappings such that gfis v-closed[r-closed]. Then the following are true
(i) If fis continuous [r-continuous] and surjective, then g is v-closed

(ii) If fis g-continuous, surjective and X is Ty, then g is v-closed

(iii)If fis g-continuous [rg-continuous], surjective and X is r-T.,, then g is v-closed

Proof: (i) Let A be regular closed in Y :f‘l(A) is closed in X = g°f(f'1(A)) is v-closed in Z = g(A) is v-closed in Z
= g is almost v-closed.

Similarly we can prove the remaining parts and so omitted.

Corollary 3.9: If /> X— Y; g: Y— Z be two mappings such that gefis v-closed[r-closed]. Then the following are true
(i) If fis continuous[r-continuous] and surjective, then g is semi-closed and hence B-closed

(ii) If fis g-continuous, surjective and X is Ty, then g is semi-closed and hence B-closed

(iii)If f'is g-continuous [rg-continuous], surjective and X is r-Ty;, then g is semi-closed and hence B-closed

Theorem 3.13: If X is v-regular, f: X— Y is r-closed, nearly-continuous, v-closed surjection and A ~ = A for every
v-closed set in Y, then Y is v-regular.

Proof: Let peUevO(Y), there exists a point xeX such that f{x) = p by surjection. Since X is v-regular and f is nearly-
continuous there exists VeRC(X) such that xeVcV cf “I(U) which implies

PeflV)cfiV) cU (1)
for fis v-closed, f(V ") U is v-closed. By hypothesis (f{V ") ~=f(V ") and

(V7)) =(v)" )
Combaining (1) and (2) pe f{V)c(f{V))~ < U and f(V) is r-closed. Hence Y is v-regular.

Corollary 3.10: If X is v-regular, f X— Y is r-closed, nearly-continuous, v-closed surjection and A™ = A for every
r-closed set in Y, then Y is v-regular.

Theorem 3.14: If f: X— Y is almost v-closed [almost-r-closed] and A is regular closed set of X, then fy:(X, Ta) —
(Y, o) is v-closed.

Proof: Let F be r-closed set in A. Then f= AN E for some r-closed set E of X and so F is r-closed in X which implies
f(A) is v-closed in Y. But f{(F) = fo(F) and therefore f, is v-closed.

Corollary 3.11: If f: X— Y is almost v-closed [almost-r-closed] and A is regular closed set of X, then fy:(X, Ts) —
(Y, 0) is semi-closed and hence B-closed.

Theorem 3.15: If /- X— Y is almost v-closed [almost-r-closed], X is Ty, and A is g-closed set of X, then fa:(X, Ta) —
(Y, o) is almost v-closed.

Corollary 3.12: If f: X— Y is almost v-closed [almost-r-closed], X is Ty, and A is g-closed set of X, then fx:(X, T4) —
(Y, 0) is almost semi-closed and hence almost -closed.

Theorem 3.16: If f;: X; — Y; be almost v-closed [almost-r-closed] fori = 1, 2. Let f> X;X X; — Y;X Y, be defined as
follows: f(x1, X2) = (fi(X1), f2(X2)). Then f: XX X, — Y X Y, is almost v-closed.

Proof: Let U;x U,c X;x X, where U; is regular closed in X; for i = 1, 2. Then f (U;x U,) = f; (U}) X f2(U,) a v-closed
set in Y;X Y. Thus f{U;x U,) is v-closed and hence fis almost v-closed.

Corollary 3.13: If fi: X; — Y; be almost v-closed [almost r-closed] for i = 1, 2. Let f: X;X X, — Y X Y, be defined as
follows: f(x1, X2) = (fi(X1), /2(x2)). Then f: X;x X, = Y X Y, is almost semi-closed and hence almost $-closed.

Theorem 3.17: Let i: X — X;X X, be almost v-closed [almost-r-closed]. Let fi: X — X be defined as i(x) = (xi, X»)
and fi(x) = x;. Then fi: X — X is almost v-closed fori=1, 2.
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Corollary 3.14: Let i: X — X;X X, be almost v-closed [almost-r-closed]. Let fi: X — X; be defined as h(x) = (xy, X»)
and fi(x) = x;. Then fi: X — X is almost semi-closed and hence almost B-closed fori =1, 2.

CONCLUSION:

We studied some properties and interrelations of almost v-closed mappings.
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