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ABSTRACT

In this paper we studied peristaltic motion of a third order fluid through a porous medium in a symmetric channel
under the assumptions of long wavelength and low Reynolds number. The expressions for the velocity pressure rise and
friction force over one wavelength are obtained by a regular perturbation technique. The effects of various emerging
parameters on the pressure gradient, pressure rise and frictional force over one wavelength are discussed. It is
observed that, the pressure gradient increases as the Darcy number or Deborah number increases. It is found that, as
the Deborah number increases the pumping and magnitude of the friction force both increase. Both the pumping and
friction force decrease with an increase in the Darcy number. Further, the pumping is less for Newtonian fluid

(T — 0) than that of third order fluid (0 < T <1).
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1. INTRODUCTION

In the literature, many researchers considered the peristaltic motion of Newtonian fluids. Such approach is true in
ureter, but it fails to give an adequate understanding of peristalsis in blood vessels, chyme movement in intestine,
sperm transport in ductus efferentes of male productive tract, in transport of spermatozoa and in cervical canal. In these
body organs the fluid viscosity varies across the thickness of the duct. Also, the assumption that most of the
physiological fluids behave like Newtonian fluid is not true in reality. Here, it is clear that viscoelastic rheology is the
correct way of properly describing the peristaltic flow.

Flows through porous medium occur in filtration of fluids and seepage of water in river beds. Movement of
underground water and oils, limestone, rye bread, wood, the human lung, bile duct, gall bladder with stones, and small
blood vessels are some important examples of flow through porous medium. Another example is the seepage water
under a dam which is very important Rathy [11]. Several works have been published by using the generalized Darcy’s
law (Scheidegger, [12]), where the convective acceleration and viscous- stress are taken into account by Yamamoto and
Iwamura [16]. The net flow of compressible viscous liquids induced by traveling waves in porous media has been
studied by Aarts and Ooms [1]. The effects of porous boundaries on peristaltic transport through a porous medium in a
two- dimensional channel have been studied by El Shehawey and Husseny [2] in a fixed frame. The peristaltic transport
in a cylindrical tube through a porous medium has been studied by El Shehwey and El Sebaei [3]. The non-linear and
magneto-hydrodynamic flow effect in peristaltic transport through a porous medium was studied by Mekheimer and
Al- Arabi [10]. Mekheimer [9] investigated the non linear peristaltic flow through a porous medium in an inclined
planar channel. El - Shehawey et al. [5] studied peristaltic transport in an asymmetric channel through a porous
medium.

Siddiqui et al. [14] investigated peristaltic motion of a third order fluid in a planer channel. Siddiqui and Schwarz [15]
discussed the peristaltic flow of a second order fluid in a tube. Hayat et al. [6] studied the peristaltic flow of a third
order fluid in a cylindrical tube. Hayat and Ali [7] investigated the peristaltic flow of a MHD third grade fluid in a
cylindrical tube. Recently, Hayat et al. [8] discussed the peristaltic transport of a third order fluid under the effect of a
magnetic field.
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In all the above studies the flow is considered through non-porous medium. But, flow through porous medium finds
many applications in physiological and mechanical problems. Hence, an attempt is made to model the peristaltic flow
of a third order fluid through a porous medium in a symmetric channel under the assumptions of long wavelength and
zero Reynolds number. The expressions for the velocity pressure rise and friction force over one wavelength are
obtained by a regular perturbation technique. The effects of Deborah number, Darcy number and porosity on the flow
characteristics are studied in detail.

2. MATHEMATICAL FORMULATION

An incompressible third order fluid through a porous medium in a two-dimensional symmetrical channel of width 2a

is considered. A rectangular coordinate system (X R Y) is chosen in such a way that X -axis lies along the centre line
of the channel and Y -axis normal to it. It is assumed that an infinite wave train is traveling with velocity ¢ along the
channel walls. The channel is taken to be symmetric about its centerline, as given in Shapiro (1969). Fig. 1 depicts the

physical model of the problem.

The geometry of the wall surface is given by

- === 2T~ -
Y:iHC&ﬁziaiMmj{(X—a) @.1)
where b - the wave amplitude, A - the wavelength and f - the time.

A Brinkman-extended Darcy equations is employed to study the third order flow through the porous medium (Alazmi
and Vafai, 2001).

The equations governing the flow field are

divV =0 2.2)

dVv ) U=
—=divI -=V (2.3)
P dt k

where d/d; is the material derivative, V - the velocity, I - the viscosity, k -the permeability of the porous medium,

P - the current density and 7" - the Cauchy stress tensor.
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Fig. 1: Physical model

The constitutive equation for T in a third order fluid is

T:-P1+l§, 2.4)
E

where P is the pressure, I is the identity tensor, € is the porosity and the extra stress tensor S is given by
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S =/JA1 + 0!1A1 +,82(A2A1 +AA2) +,B3(IFA1 )Ai 2.5

in which i,@,,Q,, ,31, ,32, ,33 are the material constants and the Rivlin-Ericksen tensors (A,) are given through

the following relations
A = (grad\7) + (gde)T

A = diZn L+ A 1(gradV)+(gradV) A, n>1 (2.6)

n

For two-dimensional flow in a fixed frame the velocity field is given by
V= [U(Y,?, 0, V(X,Y.1), o] @.7)

in which U and V are the velocity components in the X and Y directions respectively. It is also assumed that for
the flow under consideration there is no motion of the wall in the longitudinal direction. This assumption constrains the
deformation of the wall; it does not necessarily imply that the channel is rigid against longitudinal motions, but is a
convenient simplification that can be justified by a more complete analysis. This assumption implies that there is no-

slip condition, U =0, at the wall.

In view of Equation (2.7), the Equations (2.2) and (2.3) can be written as

aU av

=0 (2.10)
X aY

p(__+ﬁ__+‘7ij :_ap(X_,Y,t)_’_laSYX lany ﬁﬁ @.11)
ot 0X Y 0X £ 09X € Y k

P(a +U a_+17 J JV:—BP(X_’Y’I)+18S1Y+laSﬁY —EV
ot 0X oY Y € 90X € 9Y k

=]

(2.12)

where

Sxx =2uUx +¢, (25}; +2UUs% +2VU 7 +4U 5 +2V 5 + 2X7§517)
— = = — —
+a2(4U ¥ +U7+V }+2V}U?)

+8 [2Ui +2UiUxx +4UU T +2ViUx7 +4V U7 +12U5 Ui

+6VXVx; +2UyVXt ++4UYtVX +14UUXUXX +12VUxUxy
+8U ¥ +6UVxUxy +6VVxVxy +4VViUri +6UVxVxx

+2U UXXX +2UVUXXY +2VUyUxx +2V UXYY +2VVYUXY

VU7 Vyy +8U7VxUx +2UVxxUy +4UVUx%7]

+5, [SUXUXt +8UVxUxx +8VUR U7 +16U ¥ +2U7Vx +2U7V

+2VXVXt +2UUvVxx +R2UVxVxx +2VUvVyy +2VV)(VXY

+2UUYUXY +2UVxUxy +2VVxUxy +2VU7yVxy +4VXU X

+4UXU Y+8UYVXUX +2VXUYt]
+/5’3(2U ¥ +4UxU 7 +8UxV 74UV 5 +85ﬂ7§5¥) (2.13)
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S¥7 = ,u(ﬁy +\7§)+ o, (\7?; +U7i +UUxx +VV37 +VU77 +UVxx +2UxU7 +2\7ﬂ7?)

+a, (25?‘7? + 2\7§\7?)

+5, Vi +Uvii +UiUxy +UUxvi +ViVxy +2VVxii +2VUx7 +ViUx7

+UiVxx +2UV s +2ViVsi + 4V Vyi + ViV +4UxiUs +3Ux Ui

+5VUrUxv +4UUvUxx +4UU7Usx +4U xUy +4V xUs +4VxU 7

+2ViUs7 +UVsz Vi +4VV 7 +4UxUsy +2VViVex +4VVs V7

+UU5vi + ﬁZVﬁy +UVUx7v +3VUxUri +5UVx Vv + Ezﬁﬂfz

+UVVsiv +2VUrUxx +V Vi +UVViv +UVxxUr]

+f, [2UxVxi +2UxUsi +2UUxUxy +2VUx V37 +2VUxUrr

+2UUxVxx +2VxVyi +2UvUxi ++2VxUxi +2UUVxv +2VVxUvxr

+2UUUxx +2VUrUxy +2UVxVxy +2VU5Vir +2VVxViv

+2UVxUxx +2UViVxx +6Vx 52? +2ViUyi +2ViVii +2VV 5 Viy

+2UV5Uxv +2VViUsy +2U xUs6V xUr +2V 5 +6VzU 7 +6V U7

+2V Vs + 205V

+5, [UZYUY +2U 7 +6VsUy +4V 7U7 +6VxU 7 +VxU % +2V %

4V V] (2.14)
Svr =2uVy +a, (2\7?; +F2UVET +2VVi +20 7 +4V 7 + 2V 207 )

+a, (52? + 4‘7217 + ‘72§ + ZVXE?)

+B [2V7i +2U:Vxy +4UV v +2ViVir +4VUTs +2U7 Vs +2ViUri

+2UFV i +6U7 U7 +12ViVi +4UUFV x% + 6V U7V 7 +8V 7

+6UUrUxy +6VUrUrr +12UV5Vxy +14VViVir + ZEZV?W

+HUVV s +20VsVir +2V Vier +2VVVsr +2VV i Usy

+8U7VyUx +2UUx7Vx]

+B[8ViV7i +8UViV w7 +8VViVir ++16V 7 +2U5 Vs +2U7 +2Vi Vi

+2VUvVxy +2UVxVxx + 2\75? +\7ﬁ + 2\/_\/?5?? + 2UVYEY? +2UUvyUxy

FVUTUs7 +4ViU 57 +4V 5Vi +8U7ViUx +2VViVir +2ViUri]
+5, (8&739 +2U %V +4V 5Vy +4U 7V +8UsVx Uy ) (2.15)

In the above equations the subscripts indicate the partial derivatives. In the fixed coordinate system ( X,Y ) , the motion

is unsteady because of the moving boundary. However, if observed in a coordinate systems (x, y) moving with the

speed c, it can be treated as steady because the boundary shape appears to be stationary.
The transformations between the two frames are given by
x=X-ct, y=Y,u=U-c,v=V, (2.16)
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where (U, V) are components of the velocity in the moving co-ordinate system.

The boundary conditions for the velocity (in a fixed frame) are

ou t y=0 (2.17)
—_—= al = .
oY

U=0 at y=h (2.18)

Upon making use of transformations (2.16) in Equations (2.10)-(2.15) and introducing the following non-dimensional
quantities

v h(x) 27a’ —

x="2y= h=—2 X, S=2L5@ (2.19)
77 . L P e p(x), 7 (x)
and introducing the stream function vy (x,y) , defined by
oy oy
u=—, V=—0—— 2.20
dy ox 2:20)

we see that continuity Equation (2.10) is identically satisfied, and the Equations (2.11) - (2.15) reduce to

)
SRel[Q¥ O Oy d oy | dp J9S, 195, 1 a‘//+ 2.21)
dy ox € ox & ay dy

5 R{[a_«// A ja_'ﬂ}:_a_ﬁﬁ_z%ﬁas_w_i

ox ox dy v (2.22)
dy dx dx dy) dy dy € ox & dy Da
where
: 3 2 2
5. =269V 1| 250V OV 550 al/f+454 oy ) 5381//3;,/ Py
0xay y ox’dy dy oxdy’ oxdy ox’ ay ox’

2 2 2 2 2
252V a5 a—"z’ ra5r[ 2V —2528 voy .9 "2’
0xdy ox 0xdy ox~ dy ox

2 N4 2 3 4
+7, [26° v 83;1/ +26° Oy oy Iy 4§3a_wa_z// 821//2
dy ) ox’dy dy 0xdy 0x°dy ox dy ox°dy
L5t WY Py Ly dy By +255(8_wj2 o'y
ox 9y’ ox’dy dy 0x* Oxdy’ ox ) 0xdy’
L0252 W OY Y Y Iy Y o Y Oy IY

dy 0xdy 0xdy’ dy 0xdy 0x°dy oxdy 0x 0xdy’
2 3 2 3 2 3
65 W IV OV | (50OW IV IY 50V IV IY
ox dx~ dx dy dy ox~ ox ox dx° dy
2 3 2 3 2
L ogi 0¥ oY w+2538_1//81/2/ 8;// g5 SV IV IY s oy Y |
dy oy* ox’ ox dy” dx“dy oxdy ox* 9y’ 0xdy
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2 3 2 3 3 )
48_w8_w8+/f+8538w Iy 3;// 165 OV ) 45 0¥ [0 ER Al
0xdy dy 0x°dy 0x dxdy 0x*dy 0xdy 9xdy | 0x’

g SV IV I )y Y Oy oy Iy Iy

+7, [80

oxdy ox> 9y’ dy dy’ oxdy’ dy ox* oxdy’
2 3 2 3 2 3
g WYY o YYDy 5y Oy Oy
dy 9y’ ox’ ox~ dy ox ox 0x° dxdy

+20°

3 2 3 2 3 2 2. \?
Bz//ay/ 82 25481//81gaw2+2548w81/2/81//2+4581// oy |
dy oy’ ax dy Oox dx° dxdy dx dy” dxdy axay
7y )
Y
0xdy

2 2 2 2 2. \? 2
wpi88°| 2V 8638‘/2’3‘/2’3‘/’+458'” a"z’ NP4 K +852
xdy xdy ox~ dy~ dxdy dxdy | dy 0xdy e
(2.23)

Iy Sy N A A A X oI’y
S 20 -26° - 46| ——| =26 258°
Y [ay ox’ } Al dy ox’dy ox oxdy’ " oxdy oxdy dy’ " ox’ ]

2 2 2 2 2
+27[-253a'/2,’a‘”+4aa’”a L 538"’8”’ 253¥ 9V,
0x~ dxdy oxdy 9y’ ox* oxdy dy”~ dxdy

2 2 3 4
+7, [8° [a"’j oY | 50V Oy oY —aﬁ(a—‘”j oV

dy ) ox’dy’ dy 0xdy dxdy’ ox ) ox*
QW Oy Oy Loy dy 'y LIy dly Iy sy dy Iy
0" == 3 5.2 —20 __—3_5 3. a2 2+6 N v D3
ox dx° dx“dy dy 0x dxdy ox dy” dxdy ox dy dx’dy
2 3 2 3
LYY Y o B_Wa_sz;a_v:+5z(8wj IV 55V Y Oy
ox dy® ox’ dy dx~ dy ox ) oy’ dy dx~ dx“dy
2 N4 2 3 2 2 3
5 (a‘/’] OV 351V OV OY OV IV IV 520y Oy Oy

dy ) ox*dy’ ox 0xdy 9y’ ox 0xdy ox’ 0x 0xdy 0xdy’

2 3 2 3 2 3 2 3
_5281//81/218 2_5281/131//81/3/+25581//81//83_45431//alg8w2
ox dy” dxdy ox axay ox 0x 0xdy dx ox ax 0xdy

2 2 2 2 2. \? 32 2 2
s 2V a—"2’+45 AR IV 45| 2V i’ oV,
axay dy ay ox’> oxdy ) ox P oxdy
2 3 2 3 3 3 2, \?
Py dy By Loy dy v,y oy 8w+85281/f(81/fj

dy> dy ox’dy dy 8x2 0x’dy ox 0xdy> dy’ dy” | oxdy

2
125t IV VIV, o) ve5'| 2V oy 106 2V | 2V
oxdy® ox*> ox ox’ ox* | 9y’ ay* | ox’

2

LV OV Oy oYY Y 0 0y oYy Y[ Y

dy 0xdy 0xdy’ dy 0x’ 0xdy oxdy ox 9y’ ox” | oxdy

gt OW Y Oy 0y Y Oy 0y Y Y 0y Y Iy
ox 0xdy 0x°0dy dy 0xdy 0xdy’ ax ox’ 0xay ox 0xdy 0x°dy

2 3 2 3 2 2 3
g WY Y du Y Sy (P vy O
ox dy” dx“dy ox dy” dxdy dy ox 0x* dx’dy

+7,[26°

© 2011, IJMA. All Rights Reserved 1931



“M. Sreedhar Babu, *’M. V. Subba Reddy and °N. Bhaskar Reddy/ Peristaltic flow of a third order fluid through a porous
medium in a symmetric channel/ IJMA- 2(10), Oct.-2011, Page: 1926-1942

2 3 2\ 2 2. \? 2 2
5 VIV IV | s ayz’ 1452 YOV | o5 | Y oy
ox ay ox’

ox 0x* dxdy’ dy” | oxdy
o’y
ot —— 2.4
[axay]] @24

2 ’ 5 )
+2| —— a +253 a l// +4§ a a +65 a a
» ox® ax’ | oxdy NS
2 2 2 2 2 \2
S,vﬁfﬂ[ 25 WY 5 ¥ OV 45{—8‘”} —25289”3'/’+2£3 I/IU

2
+4§4a W[a Wj +4
dy 0x’dy ox 0xdy’ 0xdy ox> 9y’ ox’

ox* | 0xdy
2 2, 2 2.\
EYLIAYP —"2’ 45| 2V 2528—Vja—’” Iy
oxdy 0xdy ox~ dy \ dy
4 2 3 4
7267 aw agw L5V oY 82@// L5t 0V oY 82
dy ) 0x’dy dy 0xdy dxdy ox dy 0x’9y’
gt OV OY Oy oy Ay Oy _53(891/} Y 5 0¥ Iy Oy
ox 9y’ ox’dy dy ox* oxdy’ ox axay dy ox* oxoy’
2 3 3 2 2
s Y oY 8w+1258w8w8w _45 ¥ oY Iy

ox 0xdy 0xdy’ 0xdy dy 0x°dy ox 0xdy 0x°dy
2 2 3 2 3 2 3
25381//8w81// 658_1//8_;12/81/3/ (Say/ay/ay/%aza_y/a;zyawz
ox ox> oy’ ox dy” dy dy dy> ox’ dy dy” dxdy

AL AU
-86° -850 | =
(axayJ oy’ 0xdy ]

2 3 2
+,[- 8638‘”8‘”89” 8548—"’—8"’—8‘”“65[8‘”] 45489”[8'/’]

oxdy 0x 0x°0y dy 0xdy 0x’dy oxdy oxdy | ox’
2 2 2 3 2 3 2 3
o[ TU) DY WDy Dy dw iy By 50wy By
dxdy ) dy dy 9y’ oxdy’ dy dx° dxdy dox dy” dy
2 3 3 2 3 2 3
OV IV IV 50U 0y OV W0y OV 50y 0y Y
ox~ dy ox ox dx° ox ay ox dy” ox ay ox dx° dy’
2 3 2 2
25481”81/18;// 5281/2/ Oy ) | 47,-165° aw
dy dy’ ox’ dy” | oxdy 0xdy
2 2 2 2 2
+853a'/21892”89”—45al//2 ay2/ 45581// aw ] (2.25)
0x~ dy”~ dxdy oxdy~ \ dy oxady | ox’
where, 0= 27a is the wave number, Re=% the Reynolds number, Da =£2 is the Darcy
U a

O
number, M = Boa ’— is the Hartman number M and the material coefficients ﬂl (i=12), 7,G=123), are given

by
A =Ge g & pe’ Byc’ B’

wa’ P " g T pa

(2.26)

© 2011, IJMA. All Rights Reserved 1932



“M. Sreedhar Babu, *’M. V. Subba Reddy and °N. Bhaskar Reddy/ Peristaltic flow of a third order fluid through a porous
medium in a symmetric channel/ IJMA- 2(10), Oct.-2011, Page: 1926-1942
Eliminating p from Equations (2.21) and (2.22), we have the following vorticity transport equation

oy 0 oW 9 \o» ° L 0 5| o9° 821//
Red|| +——-——"——|V -0 —|S — S. =S, )|-— —+§2 2.27
© K dy dx ox ayj l//} { (ay ox* ) ® +€ 8xay( * ”) Dal oy’ 227

Equation (2.27) is non-linear and thus the closed form solution for arbitrary values of all parameters is not possible.
Here, we carryout the analysis for the case of long wavelength. This is a valid assumption especially for the flow of
chyme in the small intestine. For long wavelength approximation, Equations (2.21) - (2.25) and Equation (2.27) takes
the form

4 2 2 \? 2
OV _ o [V, €9V (2.28)
dy oy’ ay Da dy
P _ l_any -— ay/ +1], (2.29)
ox & dy dy
dp
P _p, 2.30
oy (2.30)
_ oy yWS
S +2I° , 231
T o
Syy=Syy =0,
(2.32)

where I'=y, + 7, is the Deborah number.

op dp
The Equation (2.30) indicates that p # p(y) and so — =—.
ox dx
In the wave frame the non-dimensional boundary conditions are
9’ d
v =0, sz=0, at y=0 —l//=0, V=q,
dy dy
at y=h (2.33)
where ¢ is the non-dimensional mean flow and non-dimensional surface of the peristaltic wave 4 becomes
h(x)=1+¢@sinx (2.34)

b
where ¢(= —j is the amplitude ratioand 0 < @ < 1.
a

3. SOLUTION

The Equations (2.28) and (2.33) are non-linear and it is difficult to get a closed form solution. However for vanishing
Deborah number I, the boundary value problem is amenable to an easy analytical solution. In this case the equations
become linear and can be solved. Accordingly the stream function, volume flow rate and pressure are assumed in the
following form

=y, +Ty, +T°W, +........,
q=q,+Ig +1“2c]2 Foen , 3.1

p=py+Ip +17p, 4.,y
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Upon making use of Equation (3.1) into Equations (2.28), (2.29), (2.33) and equating the coefficients of like powers of
" and then solving the resulting systems upto O(I"?), we have the following expressions upto second order of the
Deborah number

_q0a+tanhah[ __sinhay }_ sinhay

" ha—tanh ah acoshah | acoshah
3 3
+T [y(acosh ath h - (g%j H, |+ (3%] {M
ahcosh aoh —sinh ah dx dx 16" cosh” ah

. 3
~ 3 Shsinhah ) Gonay h _( %) H,
4o coshah 4o’ cosh’ ah ahcosh ah —sinh ah dx

_(Sdpof{ sinh3ay 3ycosh0(y}

dx 16a’ cosh’ ah  4a’ cosh® ah
2
+I{[ ¢, cosh O{h —acoshah 8% aH, .
ahcosh ah —sinh ah dx ) ahcosh ah—sinh ah

5

3
—(sﬂj H,H, —acosh ah(g%j H,]
dx dx

[ e “f 9cosh3ah  9coshah  9hsinhah
dx ) |16acosh® ah 4acosh® ah  4cosh® ath

3
X 4 . - 8% H, |l
ahcosh ah —sinh ah dx

_(8%)5 45coshS5ah 3 54 cosh3ah 225cosh ah 261hsinh ah
dx ) 256a°cosh® ah  128a’cosh’ ah  64a’ cosh’ ah  64a cosh’® ah

B 27hsinh 3ah 9h* cosh ah
64’ cosh® ah  32a* cosh’ ah

. 2 . 3
3 q, smha.y —(8%) q, smha.y _[8%j H, |H,
ah cosh ah —sinh ach dx ahcosh ah —sinh ach dx

d 5
—sinh ay(s%j H,]

X
dp,Y [ 3sinh3ay  9ycoshay 4, dp,\’
+| e— > = > X - -le—| H,
dx 16a” cosh” ah 4o cosh” ah ahcosh ah —sinh ah dx
[8 dp, jS 9sinh5ay  12sinh3ay 225coshary _ 9ycosh3ay 9 y*sinhary
dx ) 256’ cosh’ ah 128’ cosh’ ah  64a’cosh’ ah 640’ cosh’® ah  32a’ cosh’® ah
3.2)
4= q,0 +tanh oh {1_ cosh ay} _coshay
ha —tanh arh coshah | coshah
3 3
+I" [@cosh ah 4, - —(s%j H, +(€%j {—330511 azh
ahcosh ah —sinh ah dx dx 16" cosh” ah

. 3
-—— & — 3!31s1nh(3){h }—acoshay h —[g%j H,
4o cosh“ ah 4o’ cosh’ ah ahcosh aoh —sinh ah dx
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_(edp()f{ 3cosh3ay _3(coshay+a’ysinhay)}]

dx 16¢* cosh® ath 40’ cosh® ath
2
+I7 [ g,0cosh 0,”’ —acoshah (8%J 9H, .
othcosh och —sinh oth dx ) ohcoshah—sinhah

5

dp, d
—(eﬁJ H,H,)—acosh ah(eﬁj H,]
dx dx

_(S%T{ 9cosh3ah _ 9coshah _9hsinhom}>< 7 _[8%}*}1
dx 16acosh’> ah  4acosh’> ah  4cosh® ah ahcosh ah —sinh ah 0

_(8 dp, js 45coshSah _ 54cosh3ah  225coshah
dx 256a° cosh’ ah 128’ cosh’ ah 64’ cosh’ ah
261hsinh ah B 27hsinh 3ah 9h* cosh ath
64’ cosh® ah 64’ cosh® ah 32’ cosh® ah
2
. gyocoshary %j q,H,
ahcosh aoh —sinh ah dx ahcosh aoh —sinh ah

— o cosh O{y(s
3 5
(8%j H H)— o cosh Oty(S%J H,]
dx dx

2 . 3
+(8%j { 9cosh3ay 9coshay _9ysmh0(y}x[ q, (g%j Ho]

dx ) |16acosh’ah 4acosh®ah 4cosh’ah| | ahcoshah—sinhah | dx

J{g dp, jS 45coshSary  Sdcosh3ay  225coshay
dx ) 256a°cosh® ah 128a°cosh’ ah  64a° cosh’ ath
26lysinh3ay  27ysinh3ay N 9y”sinh vy
64a’ cosh’ ah  64a’ cosh’ ah  32¢" cosh’ ath

2 3
d_p:—a_ W+l +£[_a3 COShO{h ql - _ 8% H()
dx e \ ha—tanhah £ ahcosh ach —sinh ah dx

dp, Y’ 3 3hsin ah 3cos 3ath
T E—— 2 2 + 3 - 2 3
dx 4" cosh“ah  4acosh’ ah  16a” cosh” ah

2 3 2
P [ coshah coshah(g%) ( l

(3.3)

& ohcoshah—sinhah ahcosh ah—sinh oh
5

3
—(g%j H)H, —of cosha’h(e‘%j H,}
dx dx

.( dp * [ 9cosh3ah 9coshah  9hsinh ah
+a| e—2 - -
dx l6acosh’> ah  4acosh> ah  4cosh® ah

3
X 4 - - 6‘% H,
ahcosh ah —sinh ah dx

"{‘9%)5 45cosh5ah 3 54 cosh3ah N 225cosh ah
dx 256" cosh’ ah  128a”* cosh’ ah  64a* cosh® ah
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N 261hsinh 3ah 3 27hsinh3ah N 947 sinh ah
64’ cosh® ah 640’ cosh’ ah  32a* cosh® ah

3.4)

where

0 3.5)

_ 1 3hcosh3ah 3 sinh 3ath 3 3h* sinh ath
ahcosh ah—sinhah | 16" cosh® ah  16a° cosh® ah  4a° cosh® ah

_ 1 3hsinh3ah  9hcosh3ah 9h* sinh ath
" ahcoshah—sinhah |16a* cosh® ah  16acosh> @h  4cosh® ah

_ 1 9sinh 5ah 12sinh 3ah 45hcosh5ah
>~ ghcoshah—sinharh 256a’ cosh® e 128a cosh® ah 256a° cosh® arh

36hcosh3ah 3 243h2sinhah  27h* sinh 3ah 3 9h° cosh ah
128’ cosh® ah 64’ cosh® ah 6407 cosh’ aoh 32a* cosh® ah

(3.6)

3.7)

The result of our analysis can be expressed to second order by defining
2
q9=4q,+Iq,+T"q, 3.8)

sing Equation (3.8) into Equation (3.4) and neglecting the terms greater than , we Tind that
Using Equation (3.8) into Equation (3.4) and neglecting th h O(Fz) find th

B 4o 4 16

dp _ a’(q+h)cosh ah +£ a’(g+h)’ {_SCoshO{y_?)hsinh (Zy+3cosh (Zy}
dx &(ahcosah—-sinhah) & (ahcoshah—sinhah)’

a”(g+h)’ cosh®* ah
(ath cosh ah —sinh ath)*

H]

+F_2 (g+h)’ o' cosh® ah HH - (g+h)’ o' cosh® ath
£ (ahcoshah—sinhah)® ° "' (ahcoshah—sinh ah)®

g+ h)’ &' H, cosh® ah {9 cosh3ah _9hsinhah  225cosh ah}
(athcosh ath —sinh ah)’ 16c 4o 64a’

3 a’(qg+h)y 45cosh5ah 3 54hcosh3ah N 225cosh ah
(ahcosh ah—sinhah)’ = 256a° 128a° 640’

3 27hsinh3ah N 9h* cosh ath N 261hsinh ah
64 32 64

H,]

)} 3.9

h
The volume flow rate q in the wave frame is given by g = .[0 udy

The dimensionless time averaged flux 0 over one period in the fixed frame of reference is given by

— 1 7 pn 1 p27 ¢h
Q:ﬂo jo UdetzEJ.O jo (u+D)dydx=q+1. (3.10)

The pressure rise Ap and friction force I (on the wall) per one wavelength of the wave in their non dimensional
forms are given by

B 27rdp

Ap=| e (3.11)
(¥ dp

F—.[O h(_d_szZ (3.12)
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4. RESULTS AND DISCUSSION

In order to get a the physical insight of the problem, axial pressure gradient, pumping and friction force are computed
numerically for different values of the various parameters, viz., Darcy number Da , porosity € , Deborah number I’
and amplitude ratio ¢ and are presented in figures 2-12.

Fig. 2 shows the profiles of axial pressure gradientdp / dx for different values of Darcy number Da with
¢ =0.3,£=0.7and I'=0.01. Itis observed that dp / dx decreases with an increase in the Darcy number.

The variation of dp / dx with x for various values of ¢ with @ =0.3,Da =0.1and I' =0.01 is shown in Fig. 3.

It is found that the dp / dx first increases and then decreases with an increase in &.

In order to see the effect of Deborah number " on dp / dx we have plotted Fig 4. It is observed that the dp / dx

increase with an increases in 1 .

The variation of pressure rise Ap with time averaged flux () for different values of the Darcy number Da with
¢ =0.3,£=0.7andI" = 0.01 is depicted in Fig. 5. It is observed that as the Darcy number Da increases, the 0
decreases in the pumping region(Ap > 0), and it decreases in both free-pumping (Ap = 0) and co- pumping

(Ap < 0) regions.

Fig. 6 shows the variation of pressure rise Ap with time averaged flux é for different values of porosity € with
¢ =0.3,Da=0.1andI’ =0.01. Itis found that, the time averaged flux é decreases with an increase in g, in
both the pumping and free-pumping regions. Further, it is observed that the é increases with an increase in ¢ for
appropriately chosen Ap (< 0).

The variation of pressure rise Ap with time averaged flux é for different values of Deborah number I with
¢ =0.3,£=0.7and Da = 0.1 is represented in Fig. 7. It is observed that the é increases with an increase in I,

in both the pumping and free-pumping regions. Further, the (0 decreases with an increase in I" for appropriately

chosen Ap (< O) .

In order to see the effect of amplitude of the peristaltic wave on the pumping characteristics we have plotted Fig. 8, by

fixing Da=0.1, €=0.7and]" =0.01. It is found that, as the amplitude ratio ¢ increases, the Q increases in
the pumping, free-pumping and co-pumping regions.

The variation of friction force with time averaged flux () for different values of Darcy number Da with
¢ =0.3,£=0.7andI" = 0.01 is represented in Fig. 9. It is observed that the friction force F' decreases with an

increase in Da .

Fig. 10 represents the variation of friction force F with Q for different values of porosity &£ with

¢ =0.3,Da=0.1andI" =0.01. 1t is observed that, as the Da increases friction force F first increases and then
decreases.

In order to see the effect of Deborah number I on friction force F' with O , we have plotted Fig. 11. It is found that

the friction force I initially decreases and then increases with an increase in Deborah number 1" .

Fig. 12 is plotted to see the effect of amplitude ratio on friction force I . It is observed that the friction force decreases
with an increase in ¢
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5. CONCLUSIONS

The peristaltic pumping of third order fluid through a porous medium in a symmetric channel under the assumptions of
long wavelength and low Reynolds number is studied. The effects of various emerging parameters on the pressure
gradient, pressure rise and frictional force over one wavelength are discussed. It is observed that, the pressure gradient
increases as the Darcy number or Deborah number increases. It is found that, as the Deborah number increases the
pumping and magnitude of the friction force both increase. Both the pumping and friction force decrease with an

increase in the Darcy number. Further, the pumping is less for Newtonian fluid (F - 0) than that of third order
fluid(0< ' <1).
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Fig. 2: Profiles of axial pressure gradient dp [ dx for different values of Darcy number Da with ¢ =0.3,6=0.7
and I"'=0.01.
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Fig. 3: Profiles of axial pressure gradient dp /dx for different values of porosity £ with ¢ =0.3,Da =0.1and
['=0.01.
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Fig. 4: Profiles of axial pressure gradient dp / dx for different values of Deborah number I" with ¢ =0.3,€ =0.7
and Da =0.1.
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Fig. 5: The variation of pressure rise Ap with time averaged flux Q for different values of Darcy number Da with

9=03,£=0.7 andI"=0.01.
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Fig. 6: The variation of pressure rise Ap with time averaged flux () for different values of porosity £ with

$=0.3, Da=0.1 and]"=0.01.
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Fig. 7: The variation of pressure rise Ap with time averaged flux Q for different values of Deborah number I" with

9=03,£=0.7 and Da=0.1.
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Fig. 8: The variation of pressure rise Ap with time averaged flux Q for different values of @ with Da =0.1,
£=0.7 andI"=0.01.
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Fig. 9: The variation of friction force F with time averaged flux Q for different values of Darcy number Da with

$=03,6=0.7 and[=0.01.
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Fig. 10: The variation of friction force F with time averaged flux (Q for different values of porosity £ with

9=0.3, Da=0.1and["'=0.01.
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Fig. 11: The variation of friction force F' with time averaged flux (0 for different values of Deborah number I

with @ =0.3,€ =0.7 and Da =0.1.
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Fig. 12: The variation of friction force F' with time averaged flux @  for different values of ¢ with
Da=0.1,6=0.7 and '=0.01.
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