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ABSTRACT

In this paper, we investigate, explain and enlarged existential and universal quantifier operators on Boolean Algebras.
Boolean algebra essentially introduced by George Boole in 1850's to express statement logic in algebraic. The
existential and universal quantifier operators are introduced by Halmos, when he developed Monadic and Polyadic
Algebra from Boolean Algebra.
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1. INTRODUCTIONAND PRELIMINARIES

The purpose of this paper is to presents, explain and enlarge existential and universal quantifier operators on Boolean
algebras. Boolean algebra essentially introduced George Boole in 1850's to express statement logic in algebraic form to
making algebra out of logic. The existential and universal quantifier operators are introduced by Halmos [4, 5, 6] when
he developed Monadic and Polyadic Algebra from Boolean Algebra. This paper divided into three sections. Section one
contains the basic concepts about definitions and some theorems for properties of Boolean Algebras and emphasis on
functional Boolean Algebra as the basic algebraic background of sections 2 and section 3.

Definition 1.1: A Boolean Algebra is an algebraic structure B = (B,V,A,’,0,1) consists of a set B, two binary
operations Vv (join) and A (meet), one unary operation ‘(complementation) and tow nullary operation 0 and 1 (fixed
element) which satisfies the following axioms:

BA;.avb=bVvaandaAb=bAaVab € B(commutative axiom ).

BA,.(avb)Vc=a v(bvc)and(@aAb)Ac=a A(bAc),¥Ya,b,c € B((associative axiom).

BA;s.av(bAc) =(avb)A(ave)andaA(bVve) =(a Ab)V(aAc), Va,b,c € B(distributive axiom).
BA,. aVa=aanda Aa = a(idempotent axiom).

BAs. av(aAb) =aandaA(aVvb) =a,Va,b € B(absorption axiom).

BAg;. anl=aandaVv0=a,Va € B(existence of zero and unit elements axioms)and

BA,.Va EB=3ad €B 3aVa =1anda A a = 0(existence of complment axiom).

The following theorem give us the main properties of elements of Boolean Algebras.

Theorem 1.2: Let B be a Boolean Algebraand a € B, Then:
1. avli=1and an0=0.
2. The complete element a’ € B is a unique element. i.e.if a vV b=1anda A b =0,thenb =a.
3. a =a.
4. (avb) =a Ab and (aAb) =a v b (DeMorgan's Law).
5. 00=1and 1 =0.

Definition 1.3: Let B be a Boolean Algebraand S + @ < B. Then S is called a Boolean sub algebra of B, if S is
called itself is a Boolean algebra under the same operation of B.
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Theorem 1.4: Let B be a Boolean Algebraand S = @ < B. Then S is called sub algebra of B, if forany a andb € S,
thenavhb € S,anb€Sanda €S.

Remark: It is sufficient to shoe that S is closed either under A and ' or under v and ', since (avb) = (¢ Ab) and
(anb)=(a' vb) foralla andb € S.

Definition 1.5: On A Boolean Algebra B. We define an ordering relation < on set B asfollowsia<bh < aAb=a
(or equivalently a v b = b. < is reflexive, antisymmetric and transitive.

Note thata vV b = l.u. b{a, b} = sub{a,b}and a A b = g.l.b{a, b} = inf{a, b}.

Lemma 1.6:
1.1f a; £ bjanda, < b,, thena, Va, < by Vb, anda; Aa, < by Ab,.
2.1f a<b,then b <a.

Definition 1.7: For any a, b € B. Define:
1. Differencea—b =aAb’;
2. Thesum a+b=(a—-b)V(b—a)=(aAb)V(bAa);
3. Logical implicationa — b = a' v b and
4. Conditional a«<=b=(@—bAb —a)=(@ Vh)AD Va).

Now, letB be a Boolean algebra, then for any statement A in B, the dual formula A* obtained from A by exchange 0
and 1, and exchange A and v will be true if and only if A is true. For infinite operation we assume the existence of
infima and suprema, ¥ a; = sup;{a;} and } a; = inf;{a;}.

Lemma 1.8:
1.If {a;} is a family of elements in a Boolean algebra, then:(¥ a;) = %a’; and (}aq;) = Va';.
2.1f {b;} is a family of elements in a Boolean algebra, then:a A (¥ b;)) =Y (aA b;) andaVv (}b;) =% (aV b).

Theorem 1.9: (Stone's Representation theorem) [8]: Every Boolean algebra is isomorphic to a field of sets.
The functional Boolean Algebra defined by the following definition

Definition 1.10: Let X be a nonempty set, B a Boolean Algebra. The set of all function from set X into set of B, given
by BX = {p|p:X —B s a function} for any p,q € B¥.Define ,p V q,pAq,p,0 and 1 respectively in BX as
follows:

@Vl =px)Vvqkx),VxeEX;

(@ A =p)Aq(x),VxEX;

p(x)=@x) VxeX;

0(x)=0,vxeX and

1(x) =1,Vvx €X.

SAE N A

Theorem 1.11: Consider p,q and r € BX, Then: (B¥,v,A,, 0,1) is a Boolean algebra.

Proof: Consider p,q andr € B*, Then:
BA;.(p V )(x) =p(x)vg(x) =qx) vV p(x) =(q Vp)(x), Yx € X and
P AQX)=px)Aqglx) =qx) A plx) =(q Ap)(x),Vx EX;
BA,.(p Vv QVr)) =@ VvV @)(x) Vr(x)
(P Vq@)V rx)
p() V (g(x) v r(x))

=px) V(g Vv r(x)
=@v(Vvr)kx),YyxeXand

(@ADAT)@) = A Q) AT(x)
= (p) A q()) A T(2)
=p() A (q() A T(x))
=p(x) A(g A r)(x)
= (pA (g A r))(x),Vx € X.
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BAs.(p A(qvr)(x) =p ) A (qVr)()
=p () A(@q &) vrx))
=(p@Aq@)V (p) AT ()
=P Aq)x)V (p AT )(x),Vx € Xand

(pv(gAn)@) =p @V (gAT)x)
=p )V (@) Ar@)
=(pVvqg))A(vVvr)x),VxeX.

BA,.(p Ap)x) =p () A p(x)=pkx),VxeEXand
@PVvp)E) =p@Vpx =pkx),VxeX

BAs.(p A(eV@)@) =p @) Al V() =p) Alp () V g (1))
=pkx),Vx e Xand

GVEAD)@D=p@VE A =p@) V(p @) A q X))
=pkx),Vxe€eX.

BAg.(p AD)xX)=p () A1(x) =p(x)Al=p(x),Vx€Xand

(> VOI®) = p () VO) = p(x) V0 = p(x), ¥ x € X.

BA,. (;? Ap)x)=p (x’) Ap (x) =p(x) /\’p(x) =0,vx € Xand

@PVvp)X)=px)Vvp ) =px)Vvplx) =1LVxeEX.

Example 1.12: Let X = {a, b, c} and B = {0,1 }, Then: B¥ = {f|f: X — B,is a function} = {f;, f5, -

Since |BX| = |B|!¥!
= 23 = 8. The following table illustrate all probability of functions.

Ll b f i f5 e 7 | fs

a 0 0 0 0 1 1 1 1

b 0 0 1 1 0 0 1 1

~ n 1 n 1 n 1 n 1
Table - 1.1.

The operations join, meet, and complementation given by the following tables respectively.

Table - 1.3.
Complement: h f fz fa fs fe f7 fe
fe f7 fe fs fa fz f fi

Table - 1.4.
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Definition 1.13: Let B = (B,V,A,,0,1) be a Boolean Algebra. A closure operator C on B is a mappingC: B — B such
that the following axioms are satisfied:

1.€(0) = 0; " normalized'
2.a<(C(a),Yya€eB and " increasing"
3.C?=Cor(C(C(a))=C(a),Ya €B. "idempotent"
4.Cavb)=C(a)vC(),VYab €B. "additive".

2. EXISTENTIAL QUANTIFIER OPERATOR ON BOOLEAN ALGEBRAS

Definition 2.1: Let B = (B,V,A, , 0,1) be a Boolean Algebra. An existential operator 3 on B is a mapping 3: B — B
such that the following axioms are satisfied:

1.3(0) = 0; " normalized'
2.a<3(a),Ya€B and " increasing"
3.3(an3b)) =3(@)A3Ib),Vab €B. "quasi-multiplicative".

Example 2.2: Consider 3: B — B such that 3(a) = a,V a € B. Then 3 is an existential quantifier operator on B called
discrete. Because:

1.3(0) = 0;

2.3(a) =a,Va € B. And

3.3(anIB))=anIBb)=3(a) AI(b),Yab €B.

0, ifa=0

Example 2.3: Let 3: B — B such that 3(a) ={1 ifa%0

operator on B called simple. Suppose that a, b € B.

for all a € B. Then 3 is an existential quantifier

Case (1): Ifa = 0 and b = 0, then:

1.1fa=0=3(0) =0;

2.1fa=0=0<0=13(0); and

3.Ifa=0andb =0,then:3(anI(h)) =3(0AF0))=3(O0A0)=3(0)=0=0A0=3(a) AI(b).

Case (2): Ifa # 0 and b # 0, then:

lLlifaz0= 1<1=13(a);

2.Ifa#0=a<1=13(a). and

3.3(anab)=3@Ar1l)=3(a)=1=1A1=3(a) AI(Db).

Case (3): Ifa=0and b # 0, then: 3(aAI (b)) =3(0A1) =3(0) =0A1==3(a) A= 3(b).

Theorem 2.4: Let 3: B — B be an existential quantifier operator on a Boolean Algebra B. Then:

1. 3() =1;

2. 3?=73;

3. ae3(B)ifandonlyifi(a) =a;
4. Ifa <3(),then3(a) < 3(b) and
5. Ifa < b, then3(a) < 3(b).

1. 1<3(1) (Byaxiom-2), since 3(1) <1, therefore 3(1) = 1.
2. 3 A3(B)=3()A3D)
3@EMm) =1A3(b)
3(3(b)) = 3(b) = 3%=1.
3. Let a € 3(B),then there exists b € B such that a = 3(b) = 3I(a) = 33(b) = 3(b) = a.
Conversely, Let 3(a) = a,a € B.Hence a € 3(B).
4. Supposethata <3(b) =a A 3(b) =a= 3(a) =3(a A (b))
= 3(a) = 3(a) A A(b)
= 3(a) < 3(b).
5. Supposethata<b andb < 3I(h) = a < 3(b) = 3I(a) < 3(b).

Theorem 2.5: Let 3: B — B be an existential quantifier operator on a Boolean Algebra B. Then:

1. 33(@) =(3W);

2. 3(B) is a Boolean Subalgebra of B;
3. d(avb)=3(a)va( b);

4. 3F(anb)<3(a) AI(b);
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5 3(a) —3() <3(a—b)and
6. 3(a) +3(b) <3(a+b).

Proof: , ,
0=(3(@) A 3Ia@)=3(0)=3(A@) A Ia)
=0= EI((EI(a)) A 3(a))
=0=13 (El(a)) A El(a)
= 3 (El(a)) =3 (a(a)) A (El(a))
= 3 (a(a)) < (a(a)) but (El(a)) <3 (El(a))
=3(30) =(3W).

2. Suppose thata and b € 3(B) = a = 3(a)and b = 3(b)
= aAb=3(a)A3)
=aArb=3(an3(h))
=aAb=3(aAb)
= aAbe3I(B).

Also Considera € 3(B) = a=3(a) = da = (El(a))’ =adad = EI(EI(a))’ =d =3(d)=ad €3(B).

Hence 3(B) is a Boolean Subalgebra of B.
3. Firsttoshowthat 3(a) va(b) < 3(avb)Sincea<avbandb<aVvb= 3I(a) <3(aVb)and
3(b) <3(avb)=3(a) va(b) <3(aVDb).

Now to show that 3(a v b) < 3(a) Vv 3(b).Since I(a)and 3(b) € A(B).Therefore (a) v I(b) € A(B)
= 3(3(a) v3I(b)) = 3(a) v I(b),Since a < I(a)and b < 3A(b)
Therefore,
aV b < 3(a) vI(b)implie that 3(a v b) < 3(3(a) v3I(b)) = 3(a) v I(b).Henced(a v b) = A(a) v 3(b).
4, SinceaAb<aandaAb<b = 3(aAb) <3I(a)andI(aAb) <3(h) = I(aAb) < 3(a) AI(Db).
5. Sinceavb=(a—b)vb=3(avb)=3(a—b)Vh)
= 3(a@)v3(b) = 3(a—b) vI(h)
= 3@ vam)A@E®) =@A- b)vI(B) A3 (b))
(EI(a)A(EI(b))) E®A E®)) = (EI(a—b)/\(El(b)) v (3(0)) A (3B))).
= (EI(a)A (3m) ) 0=@>a-hb)A (a(b)) V0.

= (3@AE®) ) = @A@-bAED)).

= 3(a)—3I(B)=3(a—->b)—3(h) < 3(a—b) = I(a) —3I(b) < 3(a—Db).
6. Sinced(a) —3(b) <3I(a—b)alsoA(h)—3A(a) <3(b—a)

= (3(@-3W)v(@®»)-3(a) <3(a-b)vI(b-a)

= 3@ -3W)v@E®) -3@)<3(a-b)V (b-a)

= 3(a) + 3(b) <3(a + b).

Theorem 2.6: Let 3:B — B be an existential quantifier operator on a Boolean Algebra B. Then 3 is ac closure
operator.

Proof: Up to definition (1.13) we have,

1. 3(0) =0;

2. a < 3(a);also;

3. 3?=3and

4. 3(aVvb)=3(a)vI(b).Therefore, 3 is ac closure operator.

Theorem 2.7: If 3 is a closure operator on a Boolean algebra B. Then the following condition are equivalents:
1. 3 isaquantifier;
2. 3(B) is a Boolean subalgebra of B and

3 (El(a)) = (3(a)) foralla € B.
Proof: Let 3: B — B be a closure operator on a Boolean Algebra B. Frist to prove (1) implies (2).

Suppose that 3 is a quantifier, therefore 3(B) is a Boolean subalgebra of B " by theorem (3.6)". Suppose that 3(B) is a
Boolean subalgebra of B.
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Since 3(a) = a whenrvera € 3(B) = (Elga))' =da', whenever ' € 3(B)
= (3(a)) €3(B) = 3(3(a)) = (3(a)) . Finally, to prove (3) implies (1).

Suppose that EI(EI(a))' = (El(a))' for all a € B.Since a A3(h) <a=3(a AI(b)) <3I(a)Also a AI(b) <
A(b) = 3(a A3(DB)) <3(ADB)) = 3(a A3(B)) <3() = 3(a A3(b)) < 3(a) AI(D).

On the other hand, a = (@ A3(b)) v (a A (El(b))’) <(an3a)v (El(b))'

= 3(a) <3((@an3(b))V (a(b))' <3(a A 3(b))V a(a(b))' <3(a A 3(b))V (a(b))'.
Therefore, ’
A(a)A I(B) <3F(@n3B)v(@ED) A3b) = 3(a)A 3(B) <3(@AI(B))VO
= 3(a)A 3(b) <3(an3(b)) = 3(aVb)=13(a) vI(h).

Definition 2.8: Let S be a Boolean subalgerbra of a Boolean algebra B. S is called relatively complete, if for any
a € B, the set S(a) defined by S(a) = {b € S: a < b} has a least element.

Theorem 2.9: Let 3: B — B be an existential quantifier operator on a Boolean Algebra B. And S = 3(B). Then S is
relatively complete Subalgebra of B and 3(a) = infS(a).

Proof: Let 3: B — B be an existential quantifier operator on a Boolean Algebra B.

Therefore, S = 3(B) = {3(b): b € B} is a Boolean subalgebra.

Let b € S(a)then a < b. Therefore 3(a) < 3(b). Since A(a) € S(a),therefore S(a) has a least element 3(a). Thus
3(a) = infS(a).

Definition 2.10: If S a relatively complete Subalgebra of a Boolean Algebra B, Then there exists a unique existential
quantifier operator on B such that 3(B) = S.

Proof: Let S be a relatively complete Subalgebra of a Boolean algebra B. Define 3: B — B as follows:3(a) = inf S(a)

for all a € B. To prove 3 is an existential quantifier operator on B and 3(B) = S.

1. 3(0) =infS(0) = inf{b € S:0 < b} = infS = 0.

2. Let beSthen a<b for all b €S, hence S(a) has a least element a. Therefore, a < infS(a)and implies
a < 3(a).

3. Assumethata € S = a € S(a) = 3(a) = infS(a) < a,since 3(a) < a and a < 3(a), we deduce that
3(a) = a=3(a) € S,a € B, hence EI(EI(a)) = 3(a), a € B. Assumethata, b € B,then 3(a),3(b) €S,
implies that 3(a) v 3(b) € S. Sincea Vv b < 3(a) v 3(b),then 3(a) v I(b) € S(a Vv b), therefore
3(avb) =infS(av b) < 3I(a)vA(b). From the other hand, 3(a Vv b) € S(aV b),a Vv b < 3(aV b). Therefore,
a<3(avb)and b < 3(aVb). Hence I(a) <3I(aVb)and 3(b) <3I(aVhb)Soa(a)VvI(b) <3(aVb),implies
that 3(a v b) = 3(a) v 3(b). Hence 3 is a closure operator. Now, since 3(B) € S and S < 3(B)also 3(a) = q,
whenever a € B. Therefore 3(B) = S, and consequently 3(B) is a Boolean Subalgebra of B, this mean3 is a
quantifier. Finally, to prove that 3 is a unique. Suppose that 3; and 3, are two quantifies on B. Therefore
3,(a) = inf S(a),a € B and 3,(a) =infS(a),a € B. Since inf S(a) is a unique. We get 3,= 3,.

3. UNIVERSAL QUANTIFIER OPERATOR ON BOOLEAN ALGEBRAS

Definition 3.1: A universal quantifier Operator v on a Boolean algebra B is a mapping
v:B — B given by: V(a) = (3(a’)) foralla € B.

Example 3.2: v: B — B given by V(a) = a for any a € B, Then V is universal quantifier operator on B.
Because V(a) = (3(a)) = (a) = a.

Theorem 3.3: Let V: B — B be a universal quantifier operator on a Boolean Algebra B. Then:
1. v(0)=0andv(1l) =1;

V(a) < a, for all a € B; "decreasing"

vi=v;

V(aAb)=V(a) AV(b) and

V(a) vV(b) < V(aVb).

agrwn
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Since, 3(1) = 1 and ago') =0 = (EI(O'))' =(0) =0 = Vv(0) = 0.Also, 3(0) = 0 and
1) =1 = (3Q1)) = (1’)’ =1=v(Q) =1
Since,a <3(a) = (3(@)) < (@) =V(a) < a.
We have Vv (V(a)) =V ((a(a')) ) = (a(a(a')) ) =(3(a)) =Vv(a).
Sinced(avb)=3(@) va®) = 3(@ vb)=3(@)vak)
= 3(aAb) =3(@)vak) ’
= (3(anb)) = (EI(a’)\y/ El(b')) ’
=(3@)) A(3®))
= V(aAb)=V(a)A V(D).
Since 3(a’' Ab) <3(a)A3(B) = 3A(avb) <3(@)AI(D)
= (3(@)A3®B)) <@(avb))
= (3(@)) v (3®)) <@EGvh))
=V(a)Vv V(b) <V(aVb).

Theorem 3.4: Let V: B — B be a universal quantifier operator on a Boolean Algebra B. Then:

1.

ok wb

If a <b,thenv(a) <V(b);
IfaeBifandonlyifv(a) = q;
If v(a) <b,thenV(a) < V(b);

v(v(@) = (V(@);
V(B) is a Boolean Subalgebra of B.

Leta <b = b <d =3(})<3@)= A@)) < (3®)) = V@) < VD).
Assume that a € B, then there exist b € B such that a = V(b). Therefore V(a ) = V(V(b)). Hencev(a ) = a.
Conversely, Let V(a ) = a,a € B, therefore a € V(B).
Suppose that V(a) < b = v(v(a)) < v(b) = V(a) < V(b).
Since v(¥(a)) < (V(@)),
We have 0 = (3(a)) A3(a).
= 3(0) =3 ((a(a')) A a(a')).
=0=13 ((El(a')) A El(a')).
=0=13 (El(a'))’ A 3(a). ’
=3(a) —El(a)A(EI E@)) -
(V(a))’ (v(a)) Av(v(a))
= (V(a )) V(V(a)) ’
= v(v(a) = (v(a)).
Suppose that a,b € V(B) = V(a) =aandVv(b) =b
=aAb=V(a AD).
=aAbe€e V(B) Also consider ¢ € V(B) = V(c) =c.
= c = (V(c ) = v (v(c ))
= ¢ =V(c) = c € V(B).V(B) isa Boolean Subalgebra of B.
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