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ABSTRACT

In this paper, we are using a q - derivative operator of quantum calculus. By using this operator, we define Fekete —
Szeg0 Inequality for a new class of analytic functions.
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INTRODUCTION

Here, we are dealing with q — calculus and as we know, it has many applications on various branches of mathematics,
so till now many researchers have worked on it. First of all, the concept of q — derivative and q — integral was
developed , which was given by Jackson [9,10]. After that, Aral and Gupta proved an operator based on g- analogue
[2, 3]. Recently, the concept of g- derivative operator was defined by Abdullah Alsoboh and Maslina Darus [1] which
was based on q — operator and the concept of q — operator was studied by Mohammed and Darus[16].
A be the family of analytic functions of the type

f@=2+X7, a 2
with the normalization f(0)=0, f (0) =1.

S be the family of functions of the type
f@=2+X7, a 2
with the normalization f(0)=0, f (0) =1 and univalent in the open disk E = { ze C:|z|]<1}.

S*(¢p) be the class of functions in f S, for which

zf(2)
——=<¢(z
o <9 @)

which was introduced by Ma and Minda [15].

In this equation, “< ” denotes subordination [which states that if f(z) and g(z) are two analytic functions , then there
exists a Schwarzian function w(z) (which is analytic in E) in such a way that |w(z)| <1, w(0) = 0 and f (z) = g(wW(2));
z € E, then the function f(z) is subordinate to g(z) and we write it as f(z) < g(2)].

The concept of subordination was given by Lindelof [13]. Here, ¢(z) is an analytic function with positive real part on
E; which maps the unit disk E onto a region starlike with respect to 1 as well as symmetric with respect to real axis,

satisfying conditions ¢ (0) = 0 and ¢'(0) > 0.
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Miller et.al [14] proved the conditions
lcal <1, [cof < 1-cyf?
for Schwarzian function, which is a function of the type w(z)= Y_; ¢, z", with the conditions w(0) = 0 and |w(z)| < 1.
Forj e N,
J—1

the quantum number, ||, = qu :0<q<1,2z20
and the quantum derivative, D, f (z) = %; q=0,z=0.

Here |j|,—~jand D, f () > f (z) ,asq—> 1.

Now, a new class of g- starlike of order g for 0<f<1,0<qg<1andn e N, is defined by
SinB)={fensRe (2LELON) 5 g o]

Mg f(2)
And a new q — differential operator denoted by M7 f (z), defined as
MY E@=f(@) Mif@=2D,f(2)=2+X7,ljl, q 2

My @) =2D (M} f (D)} =2+ 7, ljl" @ 2

The terms S7,, (B) and Mg f (z) were defined by Abdullah Alsoboh and Maslina Darus [1].
It is to be noticed here that

SqoB)=57(B);a—~1
And this concept was introduced by Seoudy and Aouf [21].

Now by using all the above defined terms, we are proving this inequality for the class TS, , (@, §) defined below

MZf(z) z Dy {MT f (2)}
1) M1 4 o (AT g
(ta) ==+ a (et =) < 6 @)

< ¢ (2); proved by Abdullah Alsoboh and Maslina Darus [1].

2Dq {(M§ f (2)}

As —
Mg f(2)

MAIN RESULTS

Theorem 1: Let f(2) € TS, (a, B) and ¢(z) = Lwiz) : W(z) is a Schwarzian function, then
qn 1-w(z)
2{(1-2a + a |2lg)?+2a (12l 1)} 4y ) al2lZ" (1214 -1)
| (1-2a+al3lg)(1—2a +« [2]4)?317 (120 +a [2]¢)2 12|27’ T (A-2a+al3ly)Bl]’
lan — ual| < { 2 al213r(121, -1) 202" {(1-2a + o [2]g) 2 +a(]2]g —1)} |
3 T HA I = (1-2a+al3lBR " (1-2a+al3lBIE = 7 = (1—-2a+al3|I37 ’
| 4u _2{a-2a+al2lp)®+2a(l2lg ~1)} 12127 {(1-20 + a 12| )2 +a (1214 1)}
k(l—Za +al2l? 1212 (1-2a+al3l)(1-2a +a 212313 "5 — (A—2a+al3ly)I31F
The result is sharp.
Proof: By definition of TS, (a, ),
N\ Mif@) zDg {M} f (z)}) _14w(2)
(1-a) PR a( MIf(2) T 1-w(2) (1.1)

By putting all the values in (1.1), we get
1+ 120+ al2],) 1217 ayz + [(1 — 2a + al3],)I3[7 a3 — a [212" (12], —1)a} ] 22+ ...
=1+2c2+2(c, +c?)z? + ...

By comparing the coefficients, we get

_ 2c1 _ 2c2 [212127{(1—-2a + « 121 )2 +2a (2] —1)}]c?
% = Caralpizy 9% T T ara Bl BE T (zaraBly)(-2a + a2l 2ZE B
(1-2a +a2lg) 121G (1-2a +a [3lg) 1315 (1-2a+al3lg)(1-2a + a [2]g) q q
So, we get
9 _ 2¢, [212127{(1—2a + « 121 )2 +2a (121 —1)}]c? 4c?
az-pa; = _ n+ _ _ 2101201210 _ 2 1912n"
(1-2a+al3l) 317 (1-2a+al3ly)(A-2a +a [21)2[2(2" 31} (1-2a +« [2])? [2]2

Applying mode on both sides and using |c,| < 1 — |¢;|?, we get
— a2 -z
laz —naz| < (1—2a +« 31¢) 1312
+ [21212M{(1—20 + « [21g) 2 +2a (1214 —1)}] 4u 2 2
- |c1]

(1—2a+al3l)(1-2a +a [2]¢)2[213" 32 (120 +a [2]¢)? 2127 T (1-2a+a 131¢) 1312
© 2021, IIMA. All Rights Reserved 2
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[212M{A-2a + « [2]g)%+2a(]2]4 —1)}
-1: <
Case-1: When p < 20—zat a3y 13

2 4al21g" (121 -1) 4u 2
leq ]

(1—20+a3l) 13} ((A-2a+al3l)(A-20 +a [21g)2[2127 31 (12« +a [2]4)? [2]27

Then, |a; —pa3 | <

2n _
Subcase-1 (a): If p <22l 1)
(1—20l+0l|3|q)|3|3

By using |¢;| < 1, we get
2{(-2a +a 2]’ +2a(l2lg ~1)} 4u

— 2| <
la; —pas | < (1-2a+al3lg)A-2a +a 212132 (1-2a +a[2]4)? [212" (1.2)
2127 (121, -1
Subcase-1 (b): Tf p > —12"(2lg =)
(1-2a+al3lg)I31g
— a2 <;
Then, |a; —pas| < RES PR EIRIET (1.3)
212 {(1-2 2l)%+2a (121, -1
Case-2: When > 2 (-2 +a Ply) +2a(2ly 1))
2(1-2a +a [3]g) 1317
2n 2
R 2 4y 4120 + o j21g)? +a (21 —1)} } 2
Then, |az — pas | < (1-2a +a [3lg) 1312 { (120 + o [2]¢)? 2127 (1—2a+al3lg)(1-2a + o [21¢)%12|27|3]7 le]”
212 {(1-2 2% +a(l2ly -1
Subcase-2 (a): If p> 215" {(1-2a + o [2lg) MS ly 1)
(1-2a+al3lI31G
By using |¢;| < 1, we get
2
a2 < 4p _ 2{0-2a +al2lg)?+2a(l2lg 1)}
las — paz | < A-2a+a 21?227 (1-2a+al3lo)(1-2a +a [214)231} (1.4)
212 {(1-2 2% +a(l2ly -1
Subcase-2 (b): If < 2 0-2e el reliely )
(1-2a+al3lI315
— a2 <;
Then, |a; —pas| < RES PR EIRIET (1.5)
Combining (1.2), (1.3), (1.4) and (1.5) we get the required result.
g g q
Extremal: For first and third equations, extremal is
f(@=z[1+az]"
where a= 2(1—2a+al31y)1312 —21212"{al2l4 (a|2lg—4a+4)+(1+4a —6a)}
(1-2a+al3lg)(1-2a+al2] I3[R (217
_ (1-2a+al3|I317
andn = (1-2a+al31)1312 —1212*{al2lq(a|2]g—4a+4)+(1+4a2—6a)} *
For second equation, extremal is
1
f(2) =z [1+ 222072 Bloklg
Corollary 2: TS, (1, 8) =TS, , (B) ; as by substituting a. = 1, the result becomes
2(121g—1)+4 _ 4p . (I12lg-1)1213" .
| BIE(Bl-1)2lg-1)  (12lg-D21213"’ = 5r0s,-)
2n 2n+1
—uall| < 2 . (I12lg-1)1213 < (I121g-1)1213 .
las —uaz | < { B30 BB, —* S B,
au o 2(2lg-1)+4 (12lg-1)I213"*+*
k(IZIq—l)ZIZICZ,” 1315 (13lg-1)2lg-1)" 7 = 131Z(1314-1)
which is the required result given by Abdullah Alsoboh and Maslina Darus [1].
s
Theorem 3: Let f (2) € TS;, (e, 8, 6) and ¢(z) = (118) :W(z) isa Schwarzian function, then
laz — paj| < 2
( 28%{1-2a+al2)?+2a (1214 —1)} B 462 ] |z|gn{(52_5)(1_2a +al2lg)" +2a8% (1214 —1)}_
i (1-2a+al3lg)(1—2a + « [2]4)?(3]% (120 +a [2]g)2 212 - 282 (1-2a+al3ly)I3[% !
{ 25 _ 213"{(62-6)(1-2a + « 1214)°+ 2252121, -1)} - < 2127 {(6%+8) (120 + « 1214)? +2a8% (121 —1)}
| A—2a+al3lI31E ° 262 (1-2a+al3ly)I31% SH= 282 (1-2a+al31)I317 !
462 _28*{a-2a+al2lg)®+2a(l2lg ~1)} | N [2127{(62+8) (1—2a + « 121 g) % +2a 82 (|21 —1)}
k (120 +a [2]¢)? 2127 (1-2a+al3lg)A—2a +a 21?1317 5 — 282 (1—2a+al3lg)I31] ’

The result is sharp.
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Proof: By definition of TS/, (a, B, &),

N 2D, {Mg;f(z)}) _ (14w(@))°
(1-a) z +a( MIf(2) - (1—w(z)) (3.1)

By putting all the values in (3.1), we get
1+ 120+ al2],) 1217 ayz + [(1 — 2a + al3],)I3[7 a3 — a [212" (12], —1)a} ] 22+ ...
=1+25c;z2+2(8cy +6%ct) z% + ...

By comparing the coefficients, we get

@ = 28¢cq and a. = 28¢cy + [2621212 {(1-2a + a [2]g)?+2a(|2]4 —1)}|c?
27 @-2a+al2ly) 21} 37 (1—2a+al3ly) BIE (1-2a+al3lg)(1-2« +a [21g)2[2[2" 312
So, we get
9 _ 28¢cy [2621212 {(1—2a + a [2]g)?+2a (|24 —1)}|c? 452c}
a3-ua2_ _ n+ _ _ 219 12n 2|0 -l _ 2 2n *
(1-2a + o [3]¢) 317 (1-2a+al3lg)(1-2a +a [21g)2 (212" 1312 (-2« +a [21¢)? |21

Applying mode on both sides and usingzlc22| <1-|ql? \éve get
26 28412150 (1-2a + o [2]5)*+2a(]2], -1 4n52
| as — a2 | < + [ i a) z( 4 M- u —
(1-2a +« [3l¢) 1317 (1-2a+al3lg)A-2a +a [21)2 12120317 (1-2a +a [2]4)? [2]2"

26 2
- n |Cll .
(1-2a + o [31) 1315

< [212M{A-2a + « [2]g)%+2a(]2]4 —1)}

Case-1: When
H= 2(1-2a +al3lg) 1312
2 2 2 21912
Then, |as — pa2 | < 26 + 2(8%-8)121g" (120 + a [2lg)" +4a 52 [215" (1214 —1) 462 lc |2
1193 212 @20 +al3ly B (1-2a+al3lg)(1-2« +a [21g)2[2[2" 312 (1—2a+al2l? 227§ 71

12127 {(62-8)(1-2a + 1214) + 2482 (121q ~1)}
282 (1-2a+al31y)I31%

Subcase-1 (a): If u<

By using |c;| < 1, we get
262 {(1-2a + a |2lg)*+2a(l2lg ~1)} 4u 82

— 2| <
la; —pas | < (1-2a+al3lp)A-2a +a [2[)2312  (1-2a+a[2]4)? [212 (3.2)
12127 {(52-8)(1-2a + a I21¢) + 2a62(121, ~1)}
- . >
Subcase-1 (b): If p > 207 (1—2a raBIg) BT
Cal < 26
Then, |a; —pas| < zaraBIgBE (3.3)
Case-2: When 1 > [212M{1—2a + a [2]g)2+2a (1214 —1)}
’ H= 2(1-2a +« [3g) 1313
—na?l < N
Then, |az — pas | < (1-2a+a3lp)I31}
{ 46% 2(82+8)1213 (1-2a + a [21)* +4ad 12127 (121, —1)} 5
(120 +a [2]¢)2 12127 (1—2a+al3l)(1-2a +a [2]¢)2 (213" 32 les]” -
[2127{(62+8)(1-2a + « 121 )% +2a 8% (1214 —1)}
- . >
Subcase-2 (a): If u = 270 —2atalI Bl
By using |c;| < 1, we get
2 2 2
—ua?l < 4us _28%{(1-2a +a[2lg)* +2a(l2lg —1)}
las — paz | < A-2a+a 21?227 (1-2a+al3lo)(1-2a + a [214)231} (3.4)
[2127{(62+8) (1—2a + o 121 )2 +2a 8% (1214 1)}
- - <
Subcase-2 (b): If u < 270 —2aralI Rl
26
Then, |a; —ua3| < (3.5)

(1-2a+al3ly)I312
Combining (3.2), (3.3), (3.4) and (3.5), we get the required result.

Extremal: For first and third equations, extremal is
f(@=z[1+az]"
26(1-2a+al3lq)1312 —281212"{a2]4(al2l;—4a+4)+(1+4a—6a)}
(1—2a+al3lg)(A-2a+al2lq)I31}12[2
(1-2a+a(3|g)I3(2
(1-2a+al3ly)I31} —I212"{al2ly (a2]lq—4a+4)+(1+4a?—6a)}

where a=

andn=
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For second equation, extremal is
1

f(2) =2 [1 + 2622] 02+ aBlRl;

Corollary 4: TSy, (a, 8,1) = TS, , (a, B), as by putting & = 1, the result becomes
laz — paj| <

( 2{1-2a + a l2lg)?+2a(12lg -1)} 4y - al2lZ* (121, -1)
| (1-2a+al3lg)(1—2a +« |21¢)?1317 (1-2a+al2]g)? 22"’ T (1-2a+al3lp)3l7’
2 al2ld (121, -1) <y < 1212 {(1 =20 + o 121g) +a (121 —1)}
(1-2a+al3l)I31Z " A—2a+al3l)I3l] — - (1-2a+al3ly)I31F !
4y _ 2{(1-2« +a [2]g)*+2a (121, —1)} 12127 {(1-20 + « [2]) 2+ (121 g 1)}
k(l—Z(x +al2lg)? 212 (1-2a+al3l)A—2a +a 21?1317 * 5 — (1-2a+al3ly)I31

which is same as TS, ,, (a, ).

Corollary 5: TS, (1,8,1) =TS, (B) , as by putting o=1 and & = 1, the result becomes
2(1214—1)+4 ap ] (I121g-1)I213"
[ Bz (13lg-1)(12lg-1)  (2lg-D2122" e 1312 (1314-1) ’
2 (12l-1)1212" (12lg-1)l2ig"+!
| as — ezl = { B0L-1) BB~ * = TR
4y 2(12g-1)+4 (12lg-1) 1213+
k(IZIq—l)ZIZICZ,” CBE(Bl-1)2l-1) H= 1312 (131g—1)

which is same as that of TS;,, (8) given by Abdullah Alsoboh and Maslina Darus (1).

1+Aw (2),

Theorem 6: Let f(z) € TS, (a, 8,4, B) and ¢(2) = oW () w(z) is a Schwarzian function, then
lag —pai| <
{{—B(A—B)(l—Za +al2lg)*+a(4-B)*(12lg ~1)} 1w(A-B)? Ly < 212" {a(4-B)(12]; —1)=(B+1)(1-2a +a 12])?}
| (1-2a+al3lg)(1—2a + « [2]4)? (3]} (1-2a +al2]g)? 212"’ - (A-B)(1—=2a +a I3]4) 1317 !
(A-B) 1212 {a(A-B)(12]g —1)=(B+1)(1—2a + « 12])?} < < 1212 {(1-B)(1 -2 + « 12])?+a(4-B)(12]g —1)}
A—2a+al3|I317 ’ (A-B)(1—=2a +a I314) 1317 SH= (A-B)(1—2a+al3|p)I31} !
| 1 (A—B)? {B(A—B)(1—2a +a Izlq)z—a(A—B)z(Izlq —1)} > 1212M{(1-B)(1—2a + o 121 ) +a (A-B)(12]q —1)}
k(l—Z(x +al2lg)? 212 (1-2a+al3lg)(A—2a +a [2]4)? (3]} = (A-B)(1—2a+al3]y) 31} ’
The result is sharp.
Proof: By definition of TS, ,, (a, 8,4, B) ,
_\MIf@) zDg {M} f (z)}) _ 14+Aw(2)
(1-0) PR a( MIf(2) T 1+Bw(z) (6.1)

By putting all the values in (6.1), we get
1+ 120+ al2],) 1217 ayz + [(1 — 2a + al3],)I3[7 a3 — a [212" (12], —1)a} ]| 22+ ...
=1+ (A—-B)qz+ [B(B—A)ci—(B — A)c,]z* + ...

By comparing the coefficients, we get

(A=B)eq (A-B)cy L LAa-Bleca-p)(i2lg —1)-B(-20a +« 121)2}]c?

a, =——————anda, =
27 @-2a+al2ly) 21} 37 (1—2a+al3ly) BIE (1-2a+al3l) (-2« + o« [214)2[312
So, we get
a o= (A—B)c3 . [(A-B){a(4-B)(I2lq ~1)-B(1-2a + o 2]4)?}]c? (A—B)2c?
3 Haz (1-2a +a |314) 312 (1-2a+al3l)(L-2a + o [214)2[312 (1-2a +« 212 212"

Applying mode on both sides and using |c,|< 1 — |c¢;|?, we get

D _ 4B
|as; —pas| < (1-2a +a [3lg) 1317
+ { [(A-B){a(A-B)(I2lg —1)-B1-2a +«2]¢)*}] h(4-B)" - So T }lc ¥
(1-2a+al3lg)(1-2a + a [2[g)2[3[ (A-2a+a21p? 22" A-2a+a Bl BT

212" {a(A-B) (1214 —1)-B(1—2a + « [2]5)?}

(A-B)(1—2a + o« 3]g) 132

(A-B) +{a(A—B)Z(|2|q —1)-(A-B)(B+1)(1—2a + a [2]4)? _ w(A=B)? } Ic |2
(1=2a +a |3lg) 1317 (1-2a+al3lg)(1—2a + « [2]4)?(3]% (120 +a [2]¢)? 2127 1

Case-1: When p <

Then, |a; —pa3 | <

© 2021, IIMA. All Rights Reserved 5
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212" {a(A-B)(12l, —1)-(B+1)(1-2 2]4)2
Subcase-1 (a): If usl " (A=) (12l 1)~ (B 1) iﬂl 1))
(A-B)(1—2a +« [3]¢) [312

By using |¢;| < 1, we get

o — uaz| < CBA=BA ~2a + al2l)? +a(4—BY(12l, ~1)} A - By’
3T Hazl s (- 2a+alBl,)(1 - 2« + al2],)213] (1 -2« + al2])? [2[2
(6.2)
Subcase-1 (b): If p > 213" fa (A-B)(12lg —1)—(B+1)(1 -2 +a [2I¢)*}
= (A-B)(1-2a +a [31¢) 1313
_ 2 <L
Then, |a; —pas| < T 2araBlBE (6.3)
Case-2: When p > 121" {a(A-B)(I2lg —1)-B(1-2a +« |2]4)*}
: H= (A-B)(1-2a +« [314) 1317
9 (4-B)
Then, laz — pa3 | < (1—2a +a 3]¢) 1312
1(A-B)>? _ a(A—B)Z(I2|q -1)+(A-B)(1-B)(1-2a +«a |2|q)Z 2
(120 + a [2]¢)? 12127 (1-2a+al3lg)(1—2a + « [2]4)? (3]} leal™
Subcase-2 (a): If p > 218" {(1-B)(1—-2a + « [21g)*+a(A-B)(12lg ~1)}
TR = (A-B)Y(A—2a+al3|)I31}
By using |c;| < 1, we get
las — pa?| < (A—B)>? {Ba-m(1-2a +a 21,)" —e4-BY2 (12l -1)} 6.4
a3 =L 1S e a2 (1-2a+al3lg)(1-2a +« 1212131} ¢4
Subcase-2 (b): If < 212" {1-B)(1—2a + a [2|g)2 +a(4-B)(12]4 —1)}
- p= (A—B)(1—2a+al3])3I
Then, |a; — pa}| < —2=2 (6.5)

(1—20l+0l|3|q)|3|3
Combining (6.2), (6.3), (6.4) and (6.5) we get the required result.

Extremal: For first and third equations, extremal is
f(2=z[1+ az]"
(A-B)(1-2a+a(314)I31} —21212"{-Ba|2l4(al2lg—4a+3)-B(1+4a2—5a)+ad (1214—1)}
(1-2a+al3lg)(A-2a+al2lg)I31}12[2
(A-B)(1—2a+al31y)I3[2
(A-B)(1-2a+al31q)1317 —2I2|2*{-Ba 2]y (al2]q—4a+3)-B(1+4a?2-5a)+aA (12]g-1)}

where a=

andn=

For second equation, extremal is
1

f@=z[1+ (A—B)Zz]m .

Corollary 7: TSy, (a, 8,1,—1) = TS;, (a, B) , as by putting A=1 and B = -1, the result becomes

2{(1-2a +a 21)?+2a(12], —1)} 4u . al2lg" (2l -1)
| (1—2a+al3lp(-2a +a 2I2BRE  (1-2a+a 22 212" H= (1-2a+al3]p)I312
2 2 __al2lg(12lg -1) 213" {120 + a|2]g)? +a(l2lg ~1)} |
las —paj| < (1-2a+al31)BIE " A-2a+aBlOBIE — & (1-2a+al3lg)I3lg '
| 4 _ 2az2ataizipi2ae(zl -0} o 1213020 +a2lg)?a(i2ly ~1))
(G 2ara k2 27~ (-2araBlya-2atal2lg?Bl H = (-2a+al3lyl3lg

which is same as TS, ,, (a, ).

Corollary 8: TS, ,(1,5,1,—1) =TS, ,,(B) , as by putting a = 1,A=1and B = -1, the result becomes

2(12lg—1)+4 _ 4p . (I12lg-1)1213" .
| 181G (13lg-1)2lg-1)  (2lg-D2 215" e 1312 (131,-1) ’
2|g-1)12123” 2|g-1)|2|2n+1
|a3_#a%|s{ N e [ (a1 i
1313 (131=1) * 1313 (1314—1) 1317 (1314 1)
4 o 2(R2lgm1)+4 (121g-1)1212"*1
k(IZIq—l)ZIZICZ,” BIZ(1Blg-1)2lg-1 " & = 1312 (1314-1)

which is same as given by Abdullah Alsoboh and Maslina Darus [1].
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)
Theorem 9: Let f(z) e TS, (a, B, A, B,5) and ¢(z) = (ig—”‘;g) ; W(z) is a Schwarzian function, then
2
s(A-B){2U-B)-2A+B)}(1-20 + 0 [21¢) +a82(A-B)2(I2]4 1) us2(A-B?
(1-2a+al3ly)(1-20+a [2]4) 1312 (1-20+al2ly)” 12120

- 1213 [6 (A-B)(12l, —1)+{3(A—B)—5(4+B)-1}(1-2a+ al214)?]

S(A-B)(1-2a+al3lg) 1312 ’
sa—p)  123"[as Ca-m)(i2ly —1)+{5a-B)—F(a+B)-1}(1-20 + « 121,)’] -

(2aral3l B0 5(A-B) (120 + o B31)31] =

las —pa3| <
3 2 - IZI‘%”[{%(A—B)—%(A+B)+1}(1—2a+a|2|q)z+a6(A—B)(|2|q —1)]_

8(A-B)(1—2a+al3lg)I31F !

2
152(A—B)? 8(-B){FUA-B) 5 (a+B)}(1-20+ a [21,) +a8?(4-B)?(12lg 1)

’

(1-20+a214)” 12127 (1-2a+al314)(1-20 + o 214) 1312
- |2|3n [{%(A—B)—%(A+B)+1}(1—2a +al21g)2+as (A-B)(12l4 —1)]
= 8(A-B)(1—2a+al3|)I3I}

The result is sharp.

Proof: By definition of TS/, (a,8,4,B, &)

M) 2D, {Mg;f(z)}) _ (1+Aw(2)\®
(1-a) z +a( MIf(2) - (1+Bw(z)) (9-1)

By putting all the values in (9.1), we get
1+ 120+ al2],) 1217 ayz + [(1 — 2a + al3],)I3[7 a3 — a [212" (12], —1)a} ] 22+ ...

=1+06 (AB)c; 2+[6 (AB)c, +3{8( A — B)?- (42 — BA)}c} |22 + ...

By comparing the coefficients, we get
§(A-B)cq

Q= et 121¢) 1212 and
. 5(A=B)cy N [{as2(a-B)2(121 ~1)+2(5 (A-B)2~ (42-B2)}(1-20 +a 1214)2}]c?
37 1-2a+«a 131¢) 131 (1-2a+al3lg)(A—2a + « [2]4)? 1317 ’
So, we get
o __ 8(A-B)y

a3~ pa (1-2a +a |314) 312
) 2
[3(6(a-B)2— (42-B2)}(1-2a +a 1214)“+as? (4-B)?(12Ig —1)]c? _ §2(A—B)2c2

(1-2a+al3lg)(1—2a +« |21¢)?317 H (120 +a [2]¢)? 212"

Applying mode on both sides and using |c,| < 1 — |¢;|?, we get

a2l < 5§(A-B)
las —paz | < (1-2a +a |3]4) 312
() 2
. [Z{d(A—B)Z—(AZ—BZ)}(1—2a+a 121¢)" +as2 (A-B)%(I2l4 —1)] w62 A—B)? 5(A—B) c |2
(1-2a+al3lg)(1-2a +« |21¢)?1317 (120 + a [2]¢)? 12127 (1=2a+a|3lg) 131% -

212" {62 (A-B)?(I2, —1)+§{5(A—B)2— (4% -B2))(1-2a + « |21¢)?}

=1+ <
Case-1: When p < 52 (A=6) (1—2a 4 a By 13T

—pal| < 6(A-B)
Then, lag — paz | < (1-2a +a l3]y) 13
. as2(A-B)2(12lq —1)+6(A—B){%(A—B)—%(A+B)—1}(1—2a+a [214) 462 (A—BY? ,
(1-2a+al3lg)(1—-20 + o [2])23[2 (1—2a +a 21y)? 212 leq |“.

12127 [a6 (A-B)(12lq ~1)+{E(4-B)-L(a+B)-1}(1-2a + « 1214)?]

- : <
Subcase-1 (a): If p < 5(A-B) 12+ a Bl BT,

By using |c;| <1, we get
5 (A-B)2UA-B) 24 +B)}(1-20 + a 121)2+a 62 (A-B)2(12]q -1) u62(A—B)>

2
az; —pas | < - 9.2
lag — pas | (1—2a+al3lg) (A2« +a [2]4) 21317 (1-2a +a [2])? 212" (9.2)

1213 [a6 (4-B)(12l, —1)+{FA-B) (A +B)-1}(1-2a +a 1214)?]
S(A-B)(1—2a +a [3]g) 317

Subcase-1 (b): If p=

5(A-B)

—yal| <« —277) 0
Then, las —paj | < (A-2a+al3|p)31}

(9.3)
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12127 {a62 (A-B)2(12]q ~1)+3(5 (A-B)2~ (A2—B2)}(1-2a + a |2]¢)?}

-2 >
Case-2: When = 82(A-B)2(1-2a +a I131¢) 1317

| < 8@A-B)
Then, |a; —paj | < (120 +« [3]¢) 312
462 (A—BY? B ad2(A-B)2(12l, —1)+6(A—B){%(A—B)—%(A+B)+1}(1—20( +a|2]g)? o]
(120 +a [2]¢)? 12127 (1-2a+al3lg)(1-2a +« |21¢)?1317 i

|2|§,”[{%(A—B)—%(A+B)+1}(1—2a +a [2]¢)2+as (A-B)(12, —1)]

- - >
Subcase-2 (a): If p = 5G-B)1—zZa Bl

By using |c;| < 1, we get
152 (A-B)? 5(A—B){%(A—B)—%(A+B)}(1—2a +o|21g)2+as2(A-B)2(1214 —1)

2
az —pas | < - 9.4
lag —paj | < (1—2a + a [21)2 212" (1-2a+al3lp)A-2a +a [21¢)21315 G4

|2|§,”[{%(A—B)—%(A+B)+1}(1—2a +a [2])2+as (A-B)(12, —1)]

Subcase-2 (b): If p < 5 (A—B)(1—2a a3l 1]

5(A-B)

—yal| <« —277) 0
Then, las —paz | < (1-2a+al3|p)31}

(9.5)

Combining (9.2), (9.3), (9.4) and (9.5) we get the required result.

Extremal: For first and third equations, extremal is
f(2=z[1+ az]"
82(A-B)2(1-2a+al3lq) 131} —2|2|§,"[{%(A—B)—%(Aw)}(l—m +a[21g)2+as (121g —1)(A—B)]
8(A-B)(1-2a+al3ly)(1—2a+al2|)I3IE 2]}
§2(A-B) (1-2a+al3lq)I31%
andn= < T .
82(A-B)2(1-2a+al3lq) 131} —ZIZI‘%”[{Z(A—B)—E(A+B)}(1—2a +a (212 +as (121, —1)(A—B)]

where a=

For second equation, extremal is
1

f(2) =z [1+ 8(A — B)z?] -2 +aBBlaBli,

Corollary 10: TS, ,, (a,8,4,B,1) =TS, (a, B, A, B) , as by putting & =1, the result becomes
la; —uaj| <

{-B(A-B)(1—2a + a [2]¢)2 +a (4—B)2(I2lq 1)} _ 1w(A-B)? ] < 1212"{a (A-B)(12]q —1)-(B+1)(1—20 + |2|q)2}_
| (1-2a+al3lg)(A—2a + « [2]4)? (3]} (120 +a 2]g)? 212"’ - (A-B)(1-2a +« [31¢) 1317 !
{ (A-B) 2130 a(A-B)(121g —1)=(B+1)(1-2a +« 12]5)?} <us< 1212 {(1-B)(1 -2 + o [2]¢) 2 +a(4-B)(I2]g —1)}

(1-2a+al3|I3IE ° (A-B)(1-2a +« [31¢) 1317 - - (A-B)(1—2a+al3lg)I31} !
| 4 (A—B)? {B(A—B)(l—Za +a Izlq)z—a(A—B)z(Izlq —1)} s 1212M{(1-B)(1—2a + o 12]¢)? +a (4-B)(12]q 1)}
k(l—Z(x +al2lg)? 212 (1-2a+al3lg)(A—2a +a [214)? (317 = (A-B)(1—2a+al3|p)I31} '

same as TS, , (a, B, A, B).

Corollary 11: TS/, (a, 8,1, —-1,1) = TS/, (a, B) , as by putting A=1, B= -1 and =1, the result becomes
2{1-2a +al2lg)’+2a(l2lg ~1)} 4u ] al2lZ" (1214 1)
(1-2a+al3lg)(1—2a +« [2]4)?317 (120 +a [2]¢)2 12|27’ (1-2a+al3|I31E’

I
lay — pa? | < { 2 . al212" (121, —1)n << 212" {(1-20a + « |2|q)2+a£|2|q —1)};
(1=2a+al3lI317 " (A—2a+al3ly)I317 (1-2a+al3lg)I3lg
| 4u _ 2{a-2a+a2lp)’+2a(l2lg ~1)} 12127 {(1-20 + a 12| )2 +a (1214 1)}
k(l—Za +al2l? 1212 (1-2a+al3l)(A1-2a +« [2l)231F "5 — (A—2a+al3ly)I31;
Sameas TS, (a, B) .
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