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ABSTRACT
The paper contains an investigation of winding numbers of paths of zeros of analytic theta functions. We have considered
briefly an analytic representation of finite quantum systems Z,, . The analytic functions on a torus have exactly N

zeros. The brief introduction to the zeros of analytic functions and there time evolution is given. We have discussed the
periodic finite quantum systems. We have introduced the winding numbers in general. We consider the winding numbers
of the zeros of analytic theta functions.

1. INTRODUCTION

This Paper is devoted to the study winding numbers of paths of zeros in analytic representation of finite quantum systems
on a torus. Analytic functions are very important tool in several branches of physic sciences. [1, 2, 3] has been studied
analytic functions and used them Widely in quantum mechanics. The analytic Bargmann function [4, 5, 6, 7, 8, 9, 10] is
the important to study the overcompleteness of the coherent states. Ref [11, 12] has studied analytic representations of

finite quantum systems on a torus. The analytic function representing a quantum state has exactly N zeros which define

uniquely the quantum state. Ref [13] has been studied the motion of the N zeros on the torus. In present paper we
introduce the winding numbers of the zeros of analytic functions. The path of zeros are functions of time. The path of this
motion is curve as long as functions x(t) and y(t) are continuous. We define the winding numbers of real part and
imaginary part of the zero. We demonstrate these general ideas with various concrete examples.

2. ANALYTIC REPRESENTATION OF FINITE QUANTUM SYSTEMS

Let H be a d -dimensional Hilbert space. Let | X ),| P,), where m the integers modulo n, be an orthonormal
basis in this Hilbert space (position states and momentum states Respectively). where

|Pm>:F|Xm>=N1/22(exp{1’27;va|Xm>, (1)
and F the Fourier operator:
F=N'l/ZZ[exp{iZ;leXm><XH | (2
Let X, P be the position and momentum operators and they given by
N-1
X=>n[X XX, | ®)
n=0
" N-1
p=FxF' = n|RXP,| (4)
n=0
We study an arbitrary normalized state |F)
IF)=> F. I X D IR 1P=1, (5)
m m
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By reference to ref[13] we represent the state |F) of Eq.(5), with the analytic function

f(z)=7z’1’4§F s[mel—,/Z—”-l] (6)
me3 2NN

m=0
which obeys quasi-periodic relations

tlz++22N |= £ (2)
tlz+iv2aN |=  (2)exp|aN —iv2NzZ) (7)

where @, is Theta function defined as

9, (u,7) = i exp(izm? +i2nu). (8)

n=-—owo

The analytic function f (z) is defined onacell [a,a+ \/ﬁ) x[b,b+ \/ﬁ) (defined on a torus). We consider
the case where N =3 and the state |F(0)) at t =0 is described through the coefficients

F,(0) = 0.08-0.24i, F,(0) = 0.52 + 0.45i,

F,(0) =0.55+0.37i. )

In Fig.1 we plot the real part of the function f (z)in Eq.(6)

10

Figure-1

3. ZEROS OF THE FUNCTIONS f (2)

Ref.[12] has proved that the sum of the zeros g, of f(z),is

N

1/2
>4ty = @) N2 (1 +ir) +(9 N2 (1+1) (10)

n=1

By reference to ref.[12, 13] we construct the function f (z) from its zeros g, which satisfy the relation of Eq.(10) as
following

f(z)=q exp{—i(%{j IZ}IEIL%[Wn(z); i]

@)= | @+ 2D

where | is the integer relation of Eq.10; and (| is a fixed calculated from the normalization condition.

(11)

Ref.[13] has calculated the coefficients F from f (z) as following.
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4. PATHS OF THE ZEROS

Following ref.[13] we consider the state | F(0)) = sz (0)| X;m) at t =0. Using the Hamiltonian H , the state
|F(0)) evolves at time t

|F(t)) = exp(ith) [F(0)) = NZ_me O1X5) (12)

We consider the case where N =3 and the state |F(0)) at t =0 is described through the coefficients
F,(0) = 0.9-0.008i, F, (0)=0.3+0.004i,
F,(0) = 0.3+0.003i. (13)

We have calculated the coefficients | F(t)) for the two cases of the Hamiltonians
2 2

H1 :X_+p_1

2 2

2 H]
H,=-i In{exp(%} exp[%ﬂ. (14)

Using MATLAB we calculated numerically the zeros g, of f(z). In Fig.2 we present the three curves ¢, for the
Hamiltonian H, (dotted line ), and the Hamiltonian H, (sold line) of Eq.14.

Figure-2

5. PERIODICITY OF THE ZEROS

Ref.[13] has discussed the Periodic finite quantum systems. In some cases 0 of the zeros follow the same path. We say
that this path has multiplicity d (see Ref.[13]). Let

14,(0) =1.37 +2.29i; 1,(0) = 2.17 + 2.34i,

1,(0) =3.02+1.94i (15)
be the zerosat t =0 and let
110
110
=10 0 1 .

be the Hamiltonian with eigenvalues 0,1,2 with period a = 27. Numerically we get that
wa+1) =1, (t), w(a+1t)=g(1), 17)
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In this case after period the 4, 1, follow the same path and after a period they exchange position while £, follows a
closed path as following

(@) = 14,(0), () = 14(0), py(a) = 1,(0), (18)

In Fig.3 we plot the paths of this zeros.

o 1 .22 3 4
R
Figure-3
Let
4,(0) =0.7+2.6i, 14(0) = 2.1+ 4.3i,
14,(0) =3.7+1.1, 15(0) = 3.7+ 2.2i, (19)
be the zerosat t =0 and let
1 -i 00
i 1 0 0
H=|0 0 2 O (20)
0 0 0 2

be the Hamiltonian with_eigenvalues 0,2_,2,2. Using Matlab we calculate the paths of the zeros and found that
Hola+1) = (1), gy (e +1) = 14, (1),
(e +1) = 415 (0), sy +1) = 11y (1) (21)

In this example all the zeros follow the same path and after period & = 7z we get that
Ho(a) = 14,(0), () = 11,(0),
(@) = 115 (0), 15 (a) = 14,(0). (22)

In Fig.4 we plot the paths of this zeros.

Figure-4
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Hence by definition the zeros 44, 4, in example.5 have multiplicity d = 2 and the four zeros in example.3 have
multiplicity d = 4.

6. WINDING NUMBERS OF PATHS OF THE ZEROS

The analytic function f (z) in Eq.(6) obeys quasi-periodic relations of Eq.(10). In some cases the paths of the zeros are
closed curves.

In this section we study the winding number of the paths of the zeros of analytic function f (z).

In general the winding number of the closed curve C about a point Z, is the number of times C surrounds Z,. In
our case the analytic function f (z) is defined on a cell

[a,a++/27N) x[b,b++/27N),
and each cell is labeled by a two of integers (I,r) with area 27N and period /27N .

The paths of zeros are functions of time, so we can write each zero as following
u(t) =x(t)+iy(t), 0<t<T, (23)

The path of this motion is curve as long as functions X(t) and y(t) are continuous.
Our goal is to calculate winding number of the paths 1z, .

We say that X have completed one period at t =T , if it obeys the relation
X(T) = x(0)+~/22N ,
and we say that X have completed x periodsat t =T , if it obeys the relation

X(T) = x(0) + x+/27N .
Here x isthe winding number of X.

We will denote a winding number of real part of the path of the zeros £, by x and we will denote a winding number
of imaginary part of the path of the zeros 1, by 7). Therefore
(2 XD-XxO _yM-y©)
2N V2N
We present the following examples. Let
1,(0) = 2.8+1.8i, 11,(0) = 0.3+0.9, 1,(0) =1.6+3i,
1;(0) =3.93+4.8i, 11,(0) =5.3+3.5i (25)

be the zerosat t = 0.

(24)

We consider the Hamiltonian H, in Eq.(??) for the case N =5 which has the -eigenvalues
12.82,8.15,5.17,2.87,0.96.

We consider the zero z4,(0) =1.6 + 3i.

When the system evolves in time, the zeros move in paths on the torus.

In this case we found numerically that
14,(1.7) = —4.006 +0.66i = (1.6 —5.605) + 0.66i

= (1.6 + (=1)v/22N ) +0.66i (26)
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This show that at the time t =1.7 the winding number of the real part of the zero g, is kK =—1. Therefore at the
time t=1.7 the winding number of the of the zero g, are (x,77) = (-1,0).

Attime t = 3.5 we found that
1,(3.5) =-5.205-2.605i = —5.205 - (3—5.605)i

= -5.205—-(3+ (—1)v/22Ni) @7)
It is seen that at the time t = 3.5 the winding number of the of the zero x, are (x,77) = (—1,-1).
In Fig.5 we present the path of the zero g,.

B

ZI 0
-2
]
-6 4 2 [i] 2 4 [
Zq
Figure-5
Let
4,(0) =0.5+3.8i, 14(0) = 0.9+ 2.5i,
14,(0)=0.93+0.3i, (28)
be the zerosat t =0,
and let
1 0 3
0 20
H = (29)
3 01
be the Hamiltonian with eigenvalues —2,2,4.
We consider the zero £4,(0) = 0.44 + 3.76i
In this case found numerically that
14,(0.08) =0.7082+ /27N +3.698i,
14,(0.17) = 0.7082 + 2+/27N +4.003i,
14,(0.25) = 0.7082 + 322N +4.003i. (30)

This show that at the times t =0.23,0.4,0.56 the winding number (x,77) of the path of the zero s, are
(1,0), (2,0), (3.0) respectively
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In Fig.6 we present the path of the zero z4,.

4.5
15 .-WW
3
2.5
Z,
1.5
0.5
o
Lt ] 10 15
Zr
Figure-6
Also we consider the zero
14,(0) = 0.90+ 2.51i, (31)
this zero comes to its original position at time t = 0.5 and we found that
£4(0.5) =0.90+0~+27N +2.51i + 04/ 22N (32)

Here we say that at the time t = 0.5 the winding number of the of the zero 44, are (x,7) = (0,0).

In Fig.7 we present the path of the zero z,.

i

25t R At Ll

Figure-7
7. CONCLUSION

We have studied the analytic representation of finite quantum systems. The zeros of analytic theta function and there time
evolution have been considered. We have derived some examples to calculate the paths of various zeros for various
Hamiltonians. A brief discussion to the Periodicity of the zeros has been given. In some cases some of the zeros travel in
one path.

In general the winding number of the closed curve C about a point Z, is the number of times C surrounds z,. We
have introduced the definition of winding number of the zeros of the analytic representation in finite quantum systems.

The winding number of the zeros of analytic function f (z) are expressed in integer pairs Eq.(24).

We gave several examples to calculate winding number of the paths £, (t) of various zeros.

© 2021, IIMA. All Rights Reserved 19



Muna Tubani* and khadiga Ben mussa / Muna Tubani* and khadiga Ben mussa / IIMA- 12(10), Oct.-2021.
REFERENCES

A.M. Perelomov, ‘Generalized coherent states and their applications’ (Springer, Berlin, 1986)
A. Vourdas, J. Phys. A39, R65 (2006)
A. Vourdas, R.F. Bishop, Phys. Rev. A50, 3331 (1994)
V. Bargmann, Commun. Pure Appl. Math. 14, 187 (1961)
V. Bargmann, Commun. Pure Appl. Math. 20, 1 (1967)
5. S. Schweber, J. Math. Phys. 3, 861 (1962)
S. Schweber, Ann. Phys.(NY) 41, 205 (1967)
6. J. Kurchan, P. Leboeuf, M. Saraceno, Phys. Rev. A40, 6800 (1989)
A. Voros, Phys. Rev. A40, 6814 (1989)
7. J.H. Hannay, J. Phys. A 29, L101 (1996)
J.H. Hannay, J. Phys. A 31, L755 (1998)
8. N.L. Balazs, A. Voros, Phys. Rep. C143, 109 (1986)
9. P. Leboeuf, A. Voros, J. Phys. A23, 1765 (1990)
P. Leboeuf, J. Phys. A24, 4575 (1991)
M.B. Cibils, Y. Cuche, P. Leboeuf, W.F. Wreszinski, Phys. Rev A46, 4560 (1992)
J.M. Tualle, A. Voros, Chaos, Solitons and Fractals, 5, 1085 (1995)
S. Nonnenmacher, A. VVoros, J. Phys. A30, L677 (1997)
10. H.J. Korsch, C. Mdller, H. Wiescher, J. Phys. A30, L677 (1997)
F. Toscano, A.M.O. de Almeida, J. Phys. A32, 6321 (1999)
D. Biswas, S. Sinha, Phys. Rev. E60, 408 (1999)
11. A. Vourdas, Rep. Prog. Phys. 67, 267 (2004)
12. S. Zhang, A. Vourdas, J. Phys. A37, 8349 (2004)
S. Zhang, A. Vourdas, J. Phys. A38, 1197 (2005) (corrigendum)
13. M. Tabuni, A. Vourdas and S. Zhang, ’Zer os in analytic representations of fnite quantum systems on a
torus’(Physica Scripta, 2010)

i NS =

Source of support: Nil, Conflict of interest: None Declared.
[Copy right © 2021. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2021, IIMA. All Rights Reserved 20




	THE ROOTS OF THE ANALYTICTHETA FUNCTIONS
	FROM GENERALIZED THE WINDING NUMBERS
	1. INTRODUCTION
	2. ANALYTIC REPRESENTATION OF FINITE QUANTUM SYSTEMS
	3. ZEROS OF THE FUNCTIONS
	4. PATHS OF THE ZEROS
	5. PERIODICITY OF THE ZEROS
	6. WINDING NUMBERS OF PATHS OF THE ZEROS
	7. CONCLUSION

