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ABSTRACT

In this paper, we investigate and extension of monadic and their properties were given by Halmos, we study the ideals,
filters, homomorphism, constant mapping, and simple monadic algebra. We also derive some results which associate
ideals and filters under mapping homomorphism.
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1. INTRODUCTION

The father of algebraic logic is George Bool who introduced Boolean algebras in the 1850's to express statement logic
in algebraic form [2]. The subsequent steps, Tarski and Thompson [3] were to present algebras capable of expressing
monadic and polyadic logics when introducing cylindrical algebras. The other approaches were developing monadic
and polyadic algebras from Boolean algebras with the inclusion of a certain operator to represent existential and
universal quantifiers. This is due to Halmos [7, 10], This approach is preferred, because it is a direct generalization of
Boolean algebra. In [1], we investigated, explained, and enlarged existential and universal quantifier operators on
Boolean algebras with their properties. The aim of this paper is the extension of monadic algebras and their property
were given in [7]. In this section we introduce the background of the next section.

Definition 1.1: [1,3,10] A Boolean Algebra is an algebraic structure B = (B,V,A, , 0,1) consists of a set B, two binary
operations Vv (join) and A (meet), one unary operation ‘(complementation) and two nullary operations 0 and 1(fixed
elements) which satisfies the following axioms:

BA;.avb=bVaandaAb=bAaVab € B(commutative axiom ).

BA,.(avb)Vc=a v(bvc)and(aAb)Ac=a A(bAc),¥Ya,b,c € B((associative axiom).

BA;s.av(bAc) =(avb)A(ave)andaA(bVve) =(a Ab)V(aAc), Va,b,c € B(distributive axiom).
BA,. aVva=aandaAa = a(idempotent axiom).

BAs.aV(aAb)=aandaA(aVb)=aVab € B(absorption axiom).

BAgs.anl=aand aVv0 =a,Va € B(existence of zero and unit elements axioms)and

BA,.Va EB=3ad €B 3aVa =1and a A a = 0(existence of complment axiom).

The following theorems gives us the main properties of elements of Boolean Algebras.

Theorem 1.2: [1, 7] Let B be a Boolean algebraand S # @ < B. Then S is called sub-algebra of B, if for any a and
beS,thenavbeS,anbeSanda €S.

Definition 1.3: [1, 7] LetX be a nonempty set, B a Boolean Algebra. The set of all functions from set X into set of B,
given by BX = {p|p: X —B is a function} for any p,q € BX. Define ,p V q,pAq,p,0 and 1 respectively in B¥
as follows:

1Lp Vv ¢)(x) =px)vqgkx),VxEX;

2.(;? A q)x) = p(x) Aqx),Vx EX;

3p (x) =(pXx),VxEX;

40(x)=0,vx€eX and

51(x) =1,Vx € X.
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Theorem 1.4: [1] Consider p,q and r € B¥, Then: (BX,v,A,, 0,1) is a Boolean algebra.

Definition 1.5: [3, 10] Let B be a Boolean algebra. A non-empty set subset I of B is called an ideal of B, if it is
satisfying the following conditions: 1. Ifa€ I and b € Ithenavb el and 2. If aeland b € B,thenaAb € 1. {0}
and B are two ideals.

Definition 1.6: [3, 10] Let B be a Boolean algebra. A non-empty set subset F of B is called a filter of B, if it is
satisfying the following conditions: 1. Ifa € F and b € FithenaAb€e Fand 2. If ae Fandb € B,thenav b € F.
{1} and B are two filters.

The following theorems give us the main properties of ideals and filters with a corroding to Halmos, see [9].

Theorem 1.7: [10] Let B be a Boolean algebra and I is an ideal of B, then 1. 0 €/, and, 2. If a € I and b € B such
thatb < a,thenb € 1.

Theorem 1.8: [10] Let B be a Boolean algebra and F is a filter of B, then 1. 1 € F,and, 2. If a € F and b € B such
thata < b, thenb € F.

Theorem 1.9: [10] Let B be a Boolean algebraand I, F € B, then
1.1f Iisan ideal, thenl = {a':a € I}, and,
2. If Fisafilter,then F' = {a':a € F}.

Remark: If B be a Boolean algebra, then
1. Anideal I is proper ifand onlyif 1 & I.
2.1fa # 0 € B, then there is a maximal ideal M not containing the element a.

Theorem 1.10: [10, 14] An ideal I in a Boolean algebra B is maximal if and only if either p € I or p' € I, but not
both, for each p € B.

Definition 1.11: [3, 10, 14] Let B; and B, be two Boolean algebras. A mapping f: B; — B, is called a Boolean
homomorphism if the following axioms are satisfying:

1. flavb)=f(a)Vf(b)

2. flanb)=f(a)Afb);

3. f(0)=0 and

4. f(1) =1,va,b € B,.

Proposition 1.12: [3, 10, 14] Let f: B; — B, be a Boolean homomorphism between two Boolean algebras B; and B,.
Then for any a € B, then f(a') = (f(a)) in B, .

Definition 1.13: [3, 10] Let f: B, — B, be a Boolean homomorphismbetween two Boolean algebras. The Kernel of f,
written Ker f, is defined to be the set ker (f) = {a € B;: f(a) = 0}.

Definition 1.14: [3, 10] Let I be a Boolean ideal of Boolean algebra B .Define a binary congruence relation between
the objects of B thus:a =b(modl) a+b=(@—-b)V(b—a) €I

Proposition 2.8: The congruence relation. =. ( mod I) is an equivalence relation onB.

Now, to construct quotient algebra via above congruence relation .=.(mod I) on B. Let B/I be denotes the quotient
set B/ = (mod I)’ Let I be a Boolean ideal of Boolean algebra B. Define operations v,A and ' on B/I as follows:

i. [a]lvI[b]=][aVb];
ii. [a]’A [b] =[aAb]and

iii. [a] =[a].

These operations are well-defined. Then (B/I VA, [0], [1]) is a Boolean algebra see [3]. This is called the quotient
Boolean Algebra.

2. MONADIC BOOLEAN ALGEBRAS
This section is an extension of monadic algebras and their properties given in [7]. Monadic algebra was introduced by

Halmos, see [7].
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Definition 2.1: A monadicalgebra is a pair M = (B, 3), where B is a Boolean algebra and 3 is a quantifier operators onB.

Definition 2.2: Let A be a sub set of monadic algebra M = (B, 3). Then A is called a monadic sub-algebra of B, if
i. Aisa Boolean sub algebra of B,and,
ii. Ifae€ A4, then3(a) € A.

Definition 2.3: Let I be a sub set of monadic algebra M = (B, 3). Then [ is called a monadic ideal of B, if
i. Iisanideal of B, and,
ii. Ifbel, then3(b)€l.

Definition 2.4: Let F be a sub set of monadic algebraM = (B, 3). Then F is called a monadic filter of B, if
i. Fisafilter of B,and,
ii. IfbeF,then3a(b) E€F.

Definition 2.5: Let M; = (B;,3) and M, = (B,,3) be two monadic algebras. A monadic homomorphism is a mapping
f:B; — B, such that:
i. f isa Boolean homomorphism, and

ii. Ifae B then f(3(a))=3(f(a)).ie fI=3f.

Theorem 2.6: Let f: B; — B, be a monadic homomorphism between two monadic algebras. Then the following are
true:

i. f(0)=0,

i. f(1) =1,

iii. If A isamonadic sub-algebra of B, then f(A) is a monadic sub-algebra of B,,

iv. If A isamonadic sub-algebra of B, then f~1(4) is a monadic sub-algebra of B,

v. If I'isamonadic ideal of B;, then f(I) is amonadic ideal of B,,

vi. If Iisamonadic ideal of f(B,) then f~1(I) is a monadic ideal of B;.

vii. If F isamonadic filter of B, then f(F) is a monadic filter of B, ,and,

viii. If F is a monadic filter of £(B,), then f~1(F) is a monadic filter of B;.

Proof: ,

i f(0) =fand)=f@Af@)=f@A(f@) =0.

i. f)=f(ava)=f@Vfla)=rf@Vv(fl@) =1

iii. Let A be a monadic sub-algebra of B,. Define f(4) = {f(a):a € A}. Assume that f(a) and f(b) € f(4),
therefore @ and b € A, hence (avb) € 4,50 f(aVv b) = f(a)V f(b) € f(A) therefore f(A) is a closed under
operator join V. Now Suppose that f(a) € f(A) for some a € A4, therefore a’ € A4, but
f@)=(f(@) € f(4) and f(3(a)) = 3(f(a)). Hence f(A) is a monadic sub-algebra of B,.

iv. Let A isamonadic sub-algebra of B,. Define f~1(4) = {a: f(a) € A}. Consider a and b € f~1(A),
implies that f(a) and f(b) € A, hence f(a) v f(b) € A, but f(a) vV f(b) = f(aV b) € A, s0
aV b € f~1(A), therefore f~1(A) is a closed under operator join v. Now let a € £~1(4), implies that
f(a) € A, therefore (f(a)) € A, but f(a) = (f(a)) € A,soa € f1(4). Hence f~1(4) is a Boolean sub-
algebra of B;. Finally, leta € f~1(A), therefore f(a) € 4,503 (f(a)) € A and
f(3(@) =3(f(a)) € A, hence3(a) € f~'(A). So that f~1(4) is a monadic sub-algebra of B;.

v. Let I be a monadic ideal of B,. Define f(I) = {f(a): a € I}. Suppose that f(a) and f(b) € f(I), therefore
a andb € I,hence (avb)€el,sof(avb)=f(a)Vf(b) € f(), therefore f(I) is a closed under operator join
V. Now Suppose that f(a) € f(I) and f(b) € f(B;) for some a €1 and b € B; therefore aAnb €I, but
f@ A fb)=f(aAb)eE f(l),therefore f(I) isamonadic ideal of f(B;)

vi. Let I isamonadic ideal of f(B,). Define f~1(I) = {a: f(a) € I}. Suppose that
abef (D)= f(a),fb)elI=>fla@)Vf()EI=flavb)=f(a)Vvf(b)EIl=>aVvbef ().
Letae f'(Dand,be f1(B))=>f(a)eland f(b)EB, > f(a)Af(b) €I
= flanb)=f@)Af(b)€EI=>anb)el= f~1(I) is an ideal of B, . Since f(a) €I and A(f(a)) € I, we
have f(3(a)) = 3(f(a)). Therefore 3(a) € f~1(I). Hence £~ (I) is a monadic ideal of B;.

vii. Let F be a monadic filter of B;. Define f(F) = {f(a):a € F}.
Suppose that f(a) and f(b) € f(F)=>aand b €F = aAb €F = f(aAb) € f(F).Therefore f(F) is a closed
under operator meet A. Let f(a) € Fand f(b) € f(B;) >a €F &b € B = aVb € F,implies that
flavb)=f(a)v f(b) € f(F). Hence f(F) is a Boolean filter of B,. Finally, suppose that f(a) € f(F), then
a € F,therefore 3(a) € F.Hence f(3(a) € f(F).But f(3(a)) =3 (f(a)) € f(F). So that f(F) is a monadic
filter of B,.
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viii. Consider F is a monadic Boolean filter of f(B,). Define f~1(F) = {a: f(a) € F}.
Suppose that a,b € f~1(F) = f(a),f(b) EF = f(a)Af(b) EF = f(avb) = f(a) Af(b) EF
= aAb € f1(F).Therefore f~1(F) is a closed under operator meet A. Let a € f~1(F) and
bef'B)=>f(a)eFandf(b)E€B; = fl(a)Vf(b)EF= f(avb)=f(a)Vf(b) EF
= (avb) €F = f~1(F) is a Boolean filter of B,.Now let b € f~1(F) = f(b) € F = 3(f(b)) € F. But
A(f(b)) = f(3(b)) = 3(b) € f~'(F). Hence f~'(F) is a monadic Boolean filter of B;.

Definition 2.7: Let f: B — B,be a monadic homomorphism between two monadic algebras. The Kernel of f, written
ker f, is defined to be the set ker(f) = {a € B;: f(a) = 0}.

Theorem 2.8: Letf: B; — B, be a monadic homomorphism between two monadic algebras B; and B,. Then
i. kerl{if) = {a € By: f(a) = 0} is a monadic sub-algebra of B;.
ii.ker (f) = {a € By: f(a) = 0} is a monadic ideal of B;. But ker (f) is not a monadic filter of B, .

Proof:

i. Since0 € kerf,Ker(f)+ @.Letaandb € ker f = f(a) =0and f(a) =0
= flavb)=f(a)vf(b)=0v0=0=aVb € ker(f). Now suppose thata € Ker (f) = f(a) = 0.
= f(a) = f(0) = f(@ A f(a) = f(O)Af(@) = f@) A(f(@) =f(O)Af(a) = 0=f(a). Hence
a € ker(f), consequently, ker( f) is a Boolean sub-algebra of B;. Now leta € ker f = f(a) = 0
= 3(f(a)) = 3(0) = f(3(a)) = 0 = 3(a) € ker(f). Hence Ker(f) is a monadic sub-algebra of B;.

ii. Let aandb € ker(f) = f(a)=0and f(b)=0=f(@)Vf(b)=0v0= f(avhb)=0
= a Vb € ker(f). Now, Assume that a € keriif) andb € B; = f(a) = 0and f(b) € B,. But
flanb)=f@ANfb)=0Afb)=fO)Af(b)=0=aAb €Kker(f).Henceker(f)isaBoolean
ideal of B; . Suppose thatb € ker(f) = f(b) =0 = 3(f (b)) =3(0) = f(3(b)) = 0. Hence
3A(b) € ker(f), So ker(f) is a monadic Boolean ideal of B;.

Let B be a monadic algebra and I be a monadic ideal of B. Let B/I = {[a]: a € B} be denotes the quotient set.

Definen:B — B/I such that n(a) = [a],V a € B.n is called canonical (natural) map and it is an epimorphism.

Consider b, and b, € B .suchthat n(b;) =n(b,). Therefore n(b;) +n(b;) = 0= n(b; + b,) = 0 = b, and
by+b, €1=3(b; +by) €1 =3(by) +3(by) €I = n(3(by) + 3 (b)) =n(3(b)) +n@A(by)) €1
= n(3(b,)) = n(3(b,)). According to above argument, define existential quantifier 3 on B/I as follows:
A([a]) = n(3(a)) = [3(a)]. 3 is well-defined and satisfies the following axioms,
1. 3[0] =n(3(0)) = [3(0)] = [0].
2. Since a < 3(a),thereforea Ad(a) = a = n(a A El(a)) =n(a) = n(a) An(EI(a)) =n(a)
= [a] A3 (a) = [a] = [a] < 3(a) and

3. 3([ah A3([bD =n@E(an3(B)) =nE(@) A3(D))
=1(3(@) An@E®).
= [F@IA[EOD)]
= 3[a] A 3[b]] and consequently B/I is a monadic quotient algebra.
Definition 2.9: Let M = (B,3) be a monadic algebra. A mapping c:M — M is called constant, if ¢ is a Boolean
endomorphism such that ¢3= 3 and 3¢ = c. The following theorems tells us about the main properties of constant
mapping on monadic algebra M = (B, 3).

Theorem 2.10: Consider c:M — M is a constant on monadic algebra M = (B, 3). Then:
1. ClEi(B) = id.

¢(B) € 3(B).

If cisa Boolean endomorphism satisfying 1 and 2, then c is constant.

c is idempotent function i.e., c? = c.

c(a) <3(a),va€B.

cV=V.

Ve =c.

If c is a Boolean endomorphism satisfying 6 and 7, then c is constant.

V(a) < c(a) foralla € B.
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Proof:

1. Let3(b) € 3(B), impliesthat c(3(b)) = (c3)(b) = 3(b). Hence 3z = id.

2. Suppose that c(b) € c(B) = c(b) = (3c)(b) = 3(c(b)) € 3(B).

3. (cD)(a) = C(El(a)) = 3(a). Hence c3=13
3c)(b) = 3(c(b)) = 3(3(a)), where c(b) = 3(a), since c(B) < 3(B).
=3(a) = c3(a) = c¢(b). Hence 3(c) = c.

4. c*(a) =c(c(@) = c(3c(@) = (cI)(c(@) = 3(c(a)) = c(a). Hence c? = c.

5. Sincea < 3(a),Va€ B. Thereforea nd(a) =a = c(a/\ El(a)) =c(a) = c(a) Aca(a) = c(a)
= c(a) A3(a) = c(a) = c(a) < 3(a) forall a € B.

6. (cV)(a) = c(v(a)) =c(@@a)) = (c(EI(a'))"= ((c)(a)) =@A(a)) = Vv(a). Hence cv=V.
Ve(a) = V(c(a)) = A(c(a))) = (El(c(a'))) = (c(a'))’ =c(a) = c(a). Therefore V¢ = c.
To prove that dc=c and c3=3.SinceVe =c¢ = (Vo)(@) =c(ad) = V(c(a')) =c(a)
= (El(c(a'))’) =c(a)=3(c(a) = (c(a'))’ = El(c(a)) =c(a) = (Ac)(a) = c(a). Hence Ac = c.
Also since cv= V= (cV¥)(a) = V(a) = C(V(a)) =V(a) = c((ﬂ(a'))’) = (El(a'))’
= (C(El(a'))’) = (El(a'))’ = c(3(a)) =3(a’) = (c3)(a’) = 3(a’). Hence c3= 3.

9. SinceV(a) < a for all a € B. Therefore, V(a) Aa = V(a) = c(¥(a) Aa) = c(V(a))
= (cV)(a) Ac(a) = (cV)(a) = V(a) Ac(a) =V (a) = V(a) < c(a) forall a € B.

3. SIMPLE MONADIC ALGEBRAS

Definition 3.1: A monadic algebra is called simple, if {0} is the only proper ideal in it.

Definition 3.2: Let M be a monadic ideal of monadic algebra M = (B, 3), then M is called maximal monadic ideal if
for any monadic ideal I with M €1 € B either M =1 orI = B.

Theorem 3.3: A monadic AlgebraM = (B, 3) is called simple if and only if its quantifier is simple.

Proof: Let M = (B, 3) be a simple monadic algebra. To show that the quantifier 3 on B is simple. If b = 0, then
3(b) = 3(0) = 0. Now, if b € Band b # 0. Define I = {a:a < 3(b)}. To prove that I is a monadic ideal of B.

Letb, b, € = b, <3(b)and b, <3(b) = b, Vb, <3(b) v3A(b) =3(b) = b, Vb, €.

Letael =a<3(), but b<3() forallb eB=anb<3()vI()=3(b)=aAb €B. Hence I is an
ideal in B. Suppose that a € I = a < 3(b) = 3(a) < 3(3(b)) = 3(b) = 3(a) € L. Therefore I is a monadic ideal
of B.

Since M = (B, 3) is simple monadic algebra, therefore I = B.

Conversely, let 3 be a simple quantifier, therefore 3(b) = 1, whenever b # 0. Suppose that I is a monadic ideal of B.
Ifb €l = 3(b) €l = 1 € 1. Hence I = B, consequently, B is a monadic simple algebra.

Definition 3.4: A Booleansub-algebra M of B¥which given by definition (1.10) and theorem (1.11) in [1]is called a B-
valued functional monadic algebra with domain X (or a functional monadic algebra) if (i). for any p € M,then sup R(p)
and inf R(p) exists in B, where R(p) = {p(x): x € X},and (ii). 3(p(x)) = supR(p) and ¥(p(x)) = infR(p) € M

Remark: The symbol O will be used to denote the 2-elments Boolean algebra{0,1}. O is a Boolean subalgebra of every
Boolean algebra, see example (1.11) in [1].

Theorem 3.5: A monadic algebra is simple if and only if it is isomorphic to an O-valued functional monadic algebra.

Proof: Let B an O-valued functional monadic algebra with domain X. To prove that B is simple monadic algebra. Let
p € B such that p # 0 = p(x,) =1 for some x, € X = 1 € R(p) = SupR(p) = 1= 3(b) =1 (by definition
3.4). Hence 3 is a simple monadic algebra on B. Therefore B is simple monadic (by theorem 3.3). Conversely, let B
be a simple monadic algebra. Since by Stone's theorem there exists:

i. AsetX,

ii. Boolean sub-algebra A of 0%, and

iii. A Boolean isomorphism f: B — A. Also 3 on B is simple, since 3 on A is simple (by first part of proof).

Therefore f(EI(a)) = 3(f(a)) for all a € B. Therefore f is an isomorphism. Hence B = A.
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Definition 3.6: A monadic algebra B is semisimple if the intersection of all maximal ideals in B is{0}.
Theorem 3.7: Every Monadic algebra is semisimple.

Proof: Let B a monadic algebra Assume that a # 0. To prove that there is a monadic maximal ideal I in B such that
a ¢ I. In particular, B is a Boolean algebra, then there is a maximal ideal I, in B such that a ¢ I,,. Define

1=371(U,) ={b €B:3(b) € I} Let band € I , therefore 3(b) € I, and 3(c) €€ I,. Therefore 3(b) v I(c) € I,
(since I, is maximal ideal), But 3(b v ¢) = 3(b) v 3(b),impliesthat b v ¢ € I. Likewise, letb € I andd € 371(B).

Therefore, 3(b) € [yand3(d ) € B = 3(b) A 3(d) € I, (Since I, is maximal ideal) But 3(b A d) < 3(b) A 3(d).
Hence b A d € . Therefore I isan ideal of B. Letb € I = 3(b) € I,, since 3(b) = 3(3(b)) = 3(b) € . Therefore
I is a monadic ideal of B. Finally, to prove that I is a maximal ideal. Suppose that J is a monadic ideal properly
including I (i.e. I < J). Therefore J contain an element b such that = 3(b) €& I,,, therefore = 3(b) €] (by assume)
and (3(b))' € 1) (Since I, is maximal ideal) ,but 3(3(b)) = (3(b)) = (A(b)) € I S]. Hence (3(h))" € J,
therefore 1 = 3(b) v (El(b)) € ] Hence] = B.
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