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ABSTRACT 

We  have applied Fourier’s  variables  el iminat ion  method for  solving the  QPP. The K-T 

condit ions  are used to  transform the QPP into  l inear inequali t i es  and complementary slackness  

condit ions  play  an important  role  to  minimize  the  Lagrangian mul t ipl iers .   

________________________________________________________________________________ 

 

INTRODUCTION: 

 
A Quadrat ic  Programming Problem (QPP) i s  both  a  special  case of  non-l inear programming 

problem and an  extended case  of  l inear  programming problem, in  which the  object ive  funct ion 

is  a  sum of  a  l inear  and a  quadrat ic form and the  const raints  are  l inear.  

 

The general  mathematical  model  of  a  QPP may be  wri t ten  as:  

 

0
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≥

≤

′+′=

X

bAXtoSubject

DXXXCXQMaximize

 

where D is  an  nn ×  symmetric  mat rix  and al l  o ther  symbols  are   usual  notat ions .  

 

Methods for  solv ing a  QPP are  developed under  the  assumption that  the quadrat ic  form DXX ′  

i s  concave for  maximizat ion  and convex for minimizat ion .  Wolfe  (1959) ,  using the  Kuhn-

Tucker (K-T) condi t ions ,  developed the original  approach to  QPP.  The K-T condit ions  form a  

large  l inear program, with  addi t ional  non-l inear  complementary  slackness  condi t ions .  Wolfe  

then ut i l ized  a  variant  of  the simplex algori thm which,  incorporated  provisions  to  enforce  the 

complementary  slackness  condi t ions .  Many avai lable  algori thms fol low these  principles .  In  this  

paper,  we apply  Fourier’s  Method to  obtain  the opt imal  solut ion  to  the  QPP after  deriv ing the 

problem into  l inear inequal i t ies  by using the  Kuhn-Tucker  (K-T) necessary  condit ions .  Fourier  

(1826)  d iscovered a  method for  solving the l inear inequal i t ies .  Later  Wil l iams (1986)  showed 

that  the Fourier’s  method could  be  extended to  solve the l inear programming problems.  In  his  

method,  the Fourier  Variable  El iminat ion Method generates  a  new set  of  const raints  in  which 

some const ra ints  are  redundant .  Then Kanniappan and Thangavel  (1998) modified  this  method 

by giving a technique to  f ind  that  which variable  should  be  el iminated  f i rs t .  This  technique 

reduces  the  number  of  const raints  generated . 

 

DERIVATION OF K-T CONDITIONS: 

 
The K-T necessary  condit ions  are  derived for  ident ifying stat ionary  points  of  a  QPP subject  to  

inequal i ty  const raint s .  This  derivat ion  is  based on the  Lagrangian method.  These  condit ions  are   
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a lso  sufficient  fo r  global  opt imum if  the object ive funct ion is  concave (convex)  for  

maximizat ion  (minimizat ion)  and the  solut ion  space is  convex set .  

Let  QPP is  def ined as 

 

0)(

)(

≤

′+′=

XgtoSubject

DXXXCXfMaximize
 

 

The problem may be  wri t ten  as  

 

0)(

)(

2 =+

′+′=

SXgtoSubject

DXXXCXfMaximize
 

 

where 
2

S  i s  the  slack variable  to  the const raints  0)( ≤Xg .  

 

Let  λ  be  the  Lagrangian mul t ipl iers  corresponding to  the  const raints  0)( ≤Xg   

 

The Lagrangian funct ion is  thus  given by:  

 

])([)(),,( 2
SXgXfSXL +−= λλ  

 

A necessary condit ion  for  opt imali ty  i s  that ,  λ  be  non-negat ive for  maximizat ion problems.  

This  resul t  is  jus t i f ied as  fol lows.  The vector λ  measures the  rate  of  variat ion  of  f  with 

respect  to  g ,  i .e . ,  
g

f

∂

∂
=λ ,  as  the r ight  hand side  of  the const raint  0)( ≤Xg  changes  f rom 0 to  

)0( >∂ g ,  the  solut ion  space  becomes less  const rained and hence f  cannot  decrease,  which 

implies  that  0≥λ .  The remaining condit ions  wi l l  now be derived as  the part ia l  der ivat ives  of  

L  with  respect  to  λ,X and S .  
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The condi t ions  reduce to   

 

2 .........................................................................................................................( )
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The condit ions )(,)( iii  and )(iii  are  respect ively referred to  as  dual  feasibi l i ty ,  primal  

feasibi l i ty  and complementary  slackness  (CS) feasibi l i ty  condit ions .     

 

The equat ion miSii ,....,2,1,0 ==λ  reveals  the  fol lowing resul ts :  

(1)   I f  0≠iλ ,  then 0=iS .  This  means  that  the  corresponding resource is  scarce and,  hence,  i t  

is  consumed completely.  
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(2)  I f  0>iS ,  then 0=iλ .  This  means resource  i  i s  not  scarce and,  consequent ly,  i t  has no 

effect  on  the  value of  )(Xf .  

 

The i terat ive procedure for  the  solut ion of  a  QPP by Modified  Fourier’s  Method may be 

summarized as  fol lows:  

 

Step: 1  Convert  the  inequal i ty  const raints  into  equat ions by int roducing slack var iables  
2

iS in  

the 
th

i const raint  mi ,,2,1 �= ,  and s lack var iables 
2

jY  in  the  
th

j  non-negat ivi ty  const raint  

nj ,,2,1 �= .  

 

Step: 2  Const ruct  the  Lagrangian funct ion 
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where λ  and µ  are  Lagrangian mul t ipl iers .  

 

Step: 3  The Kuhn-Tucker  (K-T) condit ions  may be  derived as   
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 Step:  4  Arrange the above equat ions  into  a  canonical  form with  slack variables  )0( >S  
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Step: 5  In  s tep  4 ,  i f  0>S ,  then to  sat isfy the complementary  s lackness  condit ions  )0( =Sλ ,  

minimize  λ ,  the  problem becomes as 

0,
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Step: 6  Arrange the  inequal i t ies  into  an  equivalent  system of  l inear  const raints .  
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Step: 7  Const ruct  the  fol lowing pai rwise dis joint  sets  for  a l l  variables  i .e . ,   

 

1

1

0

1

{ : 0 }
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Step: 8  If  any of  the set s  
+

jI  or  
−

jI  i s  empty  for  a  var iable ,  then the  given problem is  

unbounded.  

 

Step: 9  Otherwise ,  f ind the  }{
1

−+

≤≤
× jj

nj
IIMinimum ,  where C  denotes  the  number of  const raints  

in  the  set  C .  

 

Step: 10  Choose  the index j  corresponding to  the  minimum in  the  above Step .  Let  i t  be jX .  

Now we choose thi s  variable  to  be  el iminated  f i rs t .   

 

Step: 11  Apply the  Fourier  variable  el iminat ion  method (1827)  for  el iminat ing  the  var iable jX  

as  fol lows:  

 

For  each 
−+ ∈∈ jj IIk 1,  we add 1tA  t imes the  inequal i ty  kk bXA ≤  to  ktA−  t ime 11 bXA ≤ .  

In  these new inequal i t ies ,  the  coefficient  jX  i s  e l iminated .  

 

Repeat  the  above procedures  unt i l  a l l  the variables  are  el iminated  except  the variable Z .  The 

least  upper bound for Z  wil l  be  considered as  the  opt imal  value of Z .    

 

NUMERICAL ILLUSTRATION: 

 
Consider  the fol lowing QPP 
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We convert  the  inequal i ty  const raints  into  equat ions  by int roducing slack variables  
2

1S  and 

2
2S respect ively.  Considering 01 ≥X  and 02 ≥X  a lso  as  the inequal i ty const raints ,  we 

convert  them also  into  equat ions  by using s lack variable  
2

3S  and
2

4S .  The problem thus  

becomes:   
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const ruct ing  the  Lagrangian funct ion  
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To derive the necessary  and suff icient  condit ions  for  maxima of  L  we equate the f i rs t -order  

part ia l  derivat ives  of  L  equal  to  zero .  Thus we have  
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In  the above equal i t ies ,  i f  we assume the slack variables 01 >S  and 02 >S ,  then  by 

complementary slackness  cri teria  1λ  and 2λ  must  be  equal  to  zero .  Problem may thus be 

rewri t ten  as fo l lows:   
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Arrange the above problem into  an  equivalent  system of  l inear inequal i t ies  
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Now we apply  the Fourier  Variable  El iminat ion Method. 
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El iminat ing f i rs t  3λ  and 4λ  s imultaneously  because ,  these  are  at  independent  posi t ions .  
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Simi larly ,  e l iminat ing 1λ ,  we get  
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El iminat ing 2λ ,  we get  
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El iminat ing 1X ,  we get  
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Inequal i t i es  64 , EE  and 9E  a re  redundant .  

 

El iminat ing 2X ,  we get  
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From the above inequal i t ies ,  we f ind  that  the  least  upper bound for the  var iable  Z  i s 5/14− .  

This  value  involves  the  inequal i t ies  1E  and 7E ,  and f rom these  inequal i t ies  we can get  the  

variable 5/62 =X .  In  the same way,  we wil l  obtain  the variable  5/14,5/4 11 == λX  

and 02 =λ .  Now the  resul t s  may be  summarized as :  

 

5/65/4,5/36)( *
2

*
1

* === XandXXQ    
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