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ABSTRACT

In this paper, we introduce the multiplicative Nirmala index and the multiplicative Banhatti-Nirmala index of a graph.
Also we determine these newly defined multiplicative Nirmala indices for some standard graphs. Furthermore, we
compute the multiplicative Nirmala and multiplicative Banhatti-Nirmala indices of certain important nanostar
dendrimers such as NS;[n], NS,[n], NSs[n], D;[n] and Ds[n] nanostar dendrimers.
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1. INTRODUCTION

Let G be a finite, simple, connected graph with vertex set V(G) and edge set E(G). The degree dg(u) of a vertex u is the
number of vertices adjacent to u. The edge connecting the vertices u and v will be denoted by uv. We refer the book [1]
for undefined term and notation.

Chemical Graph Theory is a branch of Mathematical Chemistry. It has an important effect on the development of the
Chemical Sciences. A chemical graph is a simple graph related to the structure of a chemical compound. Each vertex of
this graph represents an atom of the molecule and its edges to the bonds between atoms. Numerous topological indices
are useful for establishing correlations between the structure of a molecular compound and its physicochemical
properties, see [2].

In [3], Kulli introduced the Nirmala index of a graph G and defined it as

N(G)= > Jds(u)+dg (v).

uveE(G)
Recently, some Nirmala indices were studied, for example, in [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

The Banhatti-Nirmala index of a graph was introduced by Kulli in [16] and defined it as

BN (G)=>"/ds (u)+d; (e).

In [17], the multiplicative Nirmala index of a graph G is defined as

NIG)= ] a/de(u)ﬁth(v).

uveE(G)
Inspired by work on Nirmala indices, we introduce the multiplicative Banhatti-Nirmala index of a graph as follows:

The multiplicative Banhatti-Nirmala index of a graph G is defined as

BNII (G):]‘[ﬂ/dG (u)+dg (e).
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We can express the multiplicative Banhatti-Nirmala index as
BNING) = [T [de @+ (de (W +dg (V) =2) +Jds W)+ (dg (W) +d, (W -2) |
ueE(G)
Recently, some multiplicative indices were studied in [18].

In this paper, we compute the multiplicative Nirmala index and the multiplicative Banhatti-Nirmala index of certain
nanostar dendrimers.

2. RESULTS FOR SOME STANDARD GRAPHS

Proposition 1: Let K, s be a complete bipartite graph with 1 <r <'s, and s > 2 vertices. Then

NI (K, o) =(VT+s)

Proof: Let G = K;s be a complete bipartite graph with r+s vertices and rs edges such that |Vi|= r, |Vo|= s,
V(Kis) = ViU V, for 1 <r <s; s> 2. Every vertex of V is incident with s edges and every vertex of V, is incident with r
edges.

NH(K, )= T de@W+dg(v) =(«/r+s)rs

uveE(G)

Corollary 1.1: Let K, be a complete bipartite graph with r>2. Then
r.2
NI (K, ) =(v2r)
Corollary 1.2: Let K, ; be a star with r>1. Then
NIT(Ky, ) = (VLT ) .

Proposition 2: If G is an r-regular graph with n vertices and r > 2, then
nr

NIl (G)=(2r)4

. . nr
Proof: Let G be an r-regular graph with n vertices, r>2 and ? edges.

NIG)= ] a/de(u)+d6(v).

uweE(G)
nr

=(Jr+r)? ~(2r)s.

Corollary 2.1: Let C, be a cycle with n > 3 vertices. Then NII(C,)=2".

Corollary 2.2: Let K, be a complete graph with n>3 vertices. Then

(-0
NI (K, )=[2(n- D] v
Proposition 3: If P, is a path with n vertices and n > 3, then NII (P, )=3x 2"3,

Proposition 4: Let K, s be a complete bipartite graph with 1 <r <s, and s > 2 vertices. Then
BNII (K, ¢ )= —[Vorrs—2+Jrv2s-2].

Proof: Let G = K be a complete bipartite graph with r+s vertices and rs edges such that |Vi|=r, [Vo|=s, V(K;s) = ViU
V, for 1 <r <s; s > 2. Every vertex of V; is incident with s edges and every vertex of V, is incident with r edges.

BNING) =[] [\fde (W) +(dg () +dg (V) -2) +\/dG (V) +(dg (u)+dg (v)—2)}

uveE(G)

[Jrires—2+\s+(rrs-2) |

—[Vorys—2+rr2s—2].
Corollary 4.1: Let K, , be a complete bipartite graph with r>2. Then

BNII (K, , )= (2J3w_—)
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Corollary 4.2: Let K, , be a star with r>1. Then
BNII(Ky, ) =(Vr +2r-1) .

Proposition 5: If G is an r-regular graph with n vertices and r > 2, then
nr
BNII(G)=(2\3r-2)2.

nr
Proof: Let G be an r-regular graph with n vertices, r>2 and ? edges.

BNING) =[] [\fde (W) +(dg () +dg (V) -2) +\/dG (V) +(dg (u) +dg (v)—Z)}

uveE(G)
=[\/r+(r+r—2)+\/r+(r+r—2)]%_
~(2432)7,

Corollary 5.1: Let C, be a cycle with n > 3 vertices. Then BNII (C,)=4".

Corollary 5.2: Let K, be a complete graph with n>3 vertices. Then
n(n-1)

BNII (K, )=[2\3n—=5] ¢ .

2
Proposition 6: If P, is a path with n vertices and n > 3, then BII (P, )= (\/§+ ﬁ) x4"3,

3. RESULTS FOR NS,[n] DENDRIMER NANOSTARS

In this section, we focus on the polypropylenimine octaamine dendrimer, denoted by NS;[n], where n is the steps of
growth in this type of dendrimer. The graph of NS;[n] nanostar dendrimer is presented in Figure 1.

L
p]i, n

Figure-1: The molecular graph of NS;[n]
Let G be the graph of polypropylenimine octaamine dendrimer NS;[n]. By calculation, we obtain that G has
32 x 2" 29 edges. Also by calculation, we obtain that the edge set E(NS;[n]) can be divided into four partitions based
on the degree of end vertices of each edge as follows:

E, = {uv € E(G) | dg(u) =1, dg(v) = 2}, |Ep| =2 x 2"

Eis = {uv € E(G) | dg(u) =1, dg(v) = 3}, |Eqs) =4 x 2" — 4,
E,, = {UV € E(G) | dG(U) = dg(V) = 2}, |E22| =12 x2"-11.
E23 = {UV € E(G) | dG(U) =2, dg(V) = 3}, |E23| =14 x 2" - 14,

In the following theorem, we compute the multiplicative Nirmala index of NS;[n].

Theorem 1: Let G be the graph of a dendrimer NS;[n]. Then
N“ (G) :(3) 2" >((2)16>< 2"-15 >((5)7>< 2"-7 )
Proof: From the definition and by cardinalities of the partition of NS;[n], we obtain

NIG)= ] Jdg (W) +dg (v)

ueE(G)

= (M)szn X(M)“zn“lx(\/m)ﬁﬂ"—llx(\/m)uxzn_14.

After simplification, we obtain the desired result.
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In the following theorem, we compute the multiplicative Banhatti-Nirmala index of NS;[n].

Theorem 2: Let G be the graph of a dendrimer NS;[n]. Then

BNII (G) =(ﬁ+x/§) 22" x(\/§+\/§) x4 ><(4) 12x2"-11 X(J§+%)l4x2”—l4.

Proof: From the definition and by cardinalities of the partition of NS;[n], we obtain

BNING)= T | oo (W+(de (W +dy V) —2) +fdg (W) +(dg () +dg (v)-2) |

uveE(G)

(22 +\2+2-2)]  x[r @3-+ \Br@ss-2]

12x2" 11
212122 +\2+(212-2)]  x[J2+(2+3-2)+31(2+3-2) |
gives the desired result after simplification.

14x2" 14

4. RESULTS FOR NS,[n] DENDRIMER NANOSTARS

In this section, we focus on the polypropylenimine octaamine dendrimer, denoted by NS,[n], where n is the steps of
growth in this type of dendrimer. The graph of NS,[n] dendrimer nanostar is presented in Figure 2.

V2 N N
k|

[ "..I N
MoK N

Figure-2: The structure of NS,[n]

Let G be the graph of polypropylenimine octaamine dendrimer NS,[n]. By calculation, we obtain that G has 16 x 2" —
11 edges. Also by calculation, we obtain that the edge set E(NS,[n]) can be divided into three partitions based on the
degree of end vertices of each edge as follows:

Ei, ={uv € E(G) | dg(u) = 1, da(v) = 2}, [Exol =2 % 2".
Ez = {uv € E(G) | dg(u) = ds(v) = 23}, |[Ezo| =8 x 2" - 5.
Ezs = {uv € E(G) | de(u) = 2, dg(v) = 3}, [Ezs| = 6 x 2" - 6.

In the following theorem, we compute the multiplicative Nirmala index of NS,[n].
Theorem 3: Let G be the graph of a dendrimer NS,[n]. Then
NH(G)=(3) % x(2)°"* °x(5)" 7.

Proof: From the definition and by cardinalities of the partition of NS,[n], we get

NIG)= ] «/dG(u)+dG (v)

ueE(G)

:(M)UTX(M)BXZMSX(\/ZT?:)GMLG

gives the desired result after simplification.
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In the following theorem, we compute the multiplicative Banhatti-Nirmala index of NS,[n].

Theorem 4: Let G be the graph of a dendrimer NS,[n]. Then

BN“(G):(\EJ—%)ZXZ“X(4)8X2nisx(\/§+\/g)6xzn_6,

Proof: From the definition and by cardinalities of the partition of NS,[n], we obtain

BNING)= T | oo (W+(de (W +dy V) —2) +fdg (W) +(dg () +dg (v)-2) |

uveE(G)

8x2" -5

[F@r2—2+2r2-2 | x[\2r2r2-2+2+2+2-2) |

6x2" -6

2+(2+13-2)+\B3+(2+3-2)| .

After simplification, we obtain the desired result.
5. RESULTS FOR NS;3;[n] DENDRIMER NANOSTARS
In this section, we focus on the molecular graph structure of the first class of dendrimer nanostars. This family of

dendrimer nanostars is denoted by NSs[n], where n is the steps of growth in this type of dendrimer nanostars. The
molecular graph structure of NS;[3] dendrimer nanostar is presented in Figure 3.
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Figure-3: The structure of NS;[3]

Let G be the molecular graph of a dendrimer nanostar NS3[n]. By calculation, we obtain that G has 27 x 2"— 5 edges.
Also by calculation, we obtain that the edge set E(NS3[n]) can be divided into four partitions based on the degree of end
vertices of each edge as follows:

E1s={uv € E(G) | dg(u) = 1, dg(v) = 4}, [Ewl=1

Ez ={uv € E(G) | dg(u) = ds(v) = 2}, [Ex| =9 x2"+3.
Ex ={uv € E(G) | dg(u) = 2, dg(v) = 3}, |Eos| =18 x 2" — 12.
Bz = {uv € E(G) | dg(u) = 3, dg(v) = 4}, [Esd| = 3.

In the following theorem, we compute the multiplicative Nirmala index of NSz[n].
Theorem 5: Let G be the graph of a dendrimer NSz[n]. Then

N“(G)=(£)1X(2)9x2n+3x(5)9x2"76X(ﬁ)3.

Proof: From the definition and by cardinalities of the partition of NS3[n], we have

NIG)= ] «/dG(u)+dG (v)

ueE(G)

:(M)lx(\mrxz”sX(\/2T3)18X2n712x(\/3+_4)3.

After simplification, we obtain the desired result.

© 2022, IIMA. All Rights Reserved 12
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In the following theorem, we compute the multiplicative Banhatti-Nirmala index of NSs[n].

Theorem 6: Let G be the graph of a dendrimer NS;[n]. Then

BNIH(G) =(2++7) x(4)"7 7 x(VB+B) " x(242+3)"

Proof: From the definition and by cardinalities of the partition of NS3[n], we obtain

BNING) =[] [\fde (u)+(dg (u) +dg (v)-2) +\/dG (v)+(dg (u)+dg (v)—Z)}

uveE(G)

[+ @5 4-2) 2+ @+4-2) | x[\2+2+2-2) +2+(2+2-2)]
(25253 +B1@2+3-2) | X [Br@Er4-2) +a+(G14-2) |

9x2"+3

gives the desired result after simplification.
6. RESULTS FOR D;[n] DENDRIMER NANOSTARS

In this section, we consider a family of dendrimer nanostars with n growth stages, denoted by D,[n]. The graph of D4[n]
with 4 growth stages is depicted in Figure 4.

Figure-4: The molecular graph of Dy[4]

Let G be the graph of a dendrimer nanostar D,[n]. By calculation, we obtain that G has 18 x 2"— 11 edges. Also by
calculation, we obtain that the edge set E(D1[n]) can be divided into three partitions based on the degree of end vertices
of each edge as follows:

Ei3={uv € E(G) | dg(u) = 1, dg(v) = 3}, [Eisl =1
Ez = {uv € E(G) | dg(u) = de(v) = 2}, 2| =6 x 2" —
Ex ={uv € E(G) | dg(u) = 2, dg(v) = 3}, |Ess| = 12 x 2" — 10.

In the following theorem, we compute the multiplicative Nirmala index of D4[n].
Theorem 7: Let G be the graph of a dendrimer D4[n]. Then
NH(G) =(2)°" F*x(5) * .

Proof: From the definition and by cardinalities of the partition of D;[n], we obtain

NIHG)= ] Jde (W) +dg(v)

uweE(G)

_ (ﬁ)lx(m)GXZ"—ZX(ﬁ)ﬁxZ”—lO

gives the desired result after simplification.

© 2022, IIMA. All Rights Reserved 13
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In the following theorem, we compute the multiplicative Banhatti-Nirmala index of D,[n].

Theorem 8: Let G be the graph of a dendrimer D;[n]. Then

BN“(G)Z(\jg+x/§)l><(4)6xzn72X(\/g‘i‘\/g)lzxzn_lo.

Proof: From the definition and by cardinalities of the partition of D;[n], we obtain

BNING) =[] [\fde (u)+(dg (u) +dg (v)-2) +\/dG (v)+(dg (u)+dg (v)—Z)}

uveE(G)

6x2" -2

[+ @43-2)+\3+113-2) | x[2+2+2-2) +2+(2+2-2) ]

12x2"-10

«2+(2+3-2)+\3+(2+3-2)| .
After simplification, we obtain the desired result.

7. RESULTS FOR D3[n] DENDRIMER NANOSTARS

In this section, we consider the dendrimer nanostar with n growth stages, where n=0, denoted by Ds[n]. The graph of
D3[n] with 4 growth stages is shown in Figure 5.
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Figure-5: The molecular graph of D3[3]

Let G be the graph of a dendrimer nanostar Ds[n]. By calculation, we obtain that G has 24 x 2" — 20 vertices and
24(2"— 1) edges. Also by calculation, we obtain that the edge set E(D;[n]) can be divided into four partitions based on
the degree of end vertices of each edge as follows:

Ei3 ={uv € E(G) | dg(u) = 1, dg(v) = 3}, [Esl =3 x 2"

Ez = {uv € E(G) | dg(u) = de(v) = 2}, [Ex| =12 x 2" 6.
Ey; = {uv € E(G) | dg(u) = 2, dg(v) = 3}, |Es| =24 x 2" - 12.
Eas = {uv € E(G) | dg(u) = dg(v) = 3}, |Essl =9 x 2" - 6.

In the following theorem, we compute the multiplicative Nirmala index of Ds[n].

Theorem 9: Let G be the graph of a dendrimer Ds[n]. Then

N“ (G):(2)15>< 2"-6 ><(5)12>< 2"-6 X(\/g)

9x 2"-6

Proof: From the definition and by cardinalities of the partition of D3[n], we obtain

NH(G) = [T /de W +dg (V)

uveE(G)

- (M)?»x 2" X(M)ﬂxzn_ex(m)ﬂ x2"—12x(\/m)9 x2"-6

gives the desired result after simplification.

© 2022, IIMA. All Rights Reserved 14
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In the following theorem, we compute the multiplicative Banhatti-Nirmala index of D3[n].

Theorem 10: Let G be the graph of a dendrimer Ds[n]. Then

BNII(G) =(\/§+«/§) e x(4) 12:2"-6 x(%+%)24x2"—12 X(Zﬁ)gxz"—e.

Proof: From the definition and by cardinalities of the partition of Ds[n], we obtain

BNING)= T | oo (W+(de (W +dy V) —2) +fdg (W) +(dg () +dg (v)-2) |

uveE(G)

12x2" -6

L[5 173-2 +\3+(+3-2 | x[J2+@+2-D +2+(2+2-2) |

9x2" -6

(V252432 +B1@53-2) | x[3r(B+3-2) +3+(3+3-2) |

After simplification, we obtain the desired result.

8. CONLUSION

In this study, we have introduced the multiplicative Banhatti-Nirmala index of a graph. We have computed the
multiplicative Nirmala index and the multiplicative Banhatti-Nirmala index for some standard graphs. Also we have
determined these multiplicative Nirmala indices for some important chemical structures such as nanostar dendrimers.
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