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ABSTRACT
Algebraic description of triadic logic in terms of Boolean algebras of ternary relations is presented.

INTRODUCTION

Algebraization of logic was originated with G. Boole who introduced Boolean Algebra to represent classical
propositional logic.

There are mainly two approaches to algebraize first order logic. They are done by Tarski [4] and Halmos [2]. Algebraic
descriptions of monadic and dyadic logics are given in terms of Boolean algebras of unary and binary relations [1].

In this paper the algebraic description of triadic logic is presented in terms of Boolean algebra of ternary relations. The
quantifiers are described by operators in terms of infimum and supremum.

1. TRIADIC LOGIC

Consider the complete Boolean algebra(B,A,v, ,0,1). Assume that X is a nonempty set. A ternary relation on X is a
subset of X3. The set of all ternary relations is R3(X) = {a: @ € X3}. Then R3(X) = BX® = {a|a: X3 > B}. Define the
operations AV, ,0,1 on R;(X) pointwise. The order on R;(X) is also defined pointwise by a <p if
a(x,y,z) < B(x,y,z) forany (x,y,z) € X3, where a, § € R;(X).

Theorem 1[3]: (R3(X),AV, ,0,1) is a complete Boolean algebra.
The quantifier operators v and 3 are defined on R;(X) in terms of infimum and supremum. They exist by theorem 1.

The triple (nested) operators on R;(X) are defined by iteration on three variables x,yand z. For example

(v2)(3y)(¥2) is given by (vx) @) (VA (x,y,2) = (v0)[EN[(vVDa(x,y, 2)]] = inf, [sup, [inf,a(x,y, 2)]].
By [1, theorem 3.2] we have

Theorem 2:

i) 3;v,< v, 3,.

Corollary 3: For quantifiers Q4, @5, .., Q,, We get
Q1 0Qz..Q, S V4Vy... V33, . 3,

There are 8 x 3! = 48 closed formulas of the form Q; Q,Q;a(x,y, z) of which one may form 18 equivalences and 12
implications.
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2. EQUIVALENCES

By theorem 2 the equivalences are organized as follows
E-) 3x)@y)32)a(x,y,z) = (32)@A0)@y)a(x,y,z) & @y)(32)(@Ax)a(x,y,2) = (3Ax)3F2)@Ey)a(x,y,2) <
(32)@y)Ea(x,y,z) = Fy)(@Ex)@E2)a(x,y, 2)

E-11)
V) (Vy)(V2)a(x,y,z) = (Vz)(VX)(Vy)a(x,y,z) & (Vy)(Vz)(VX)a(x,y, z) & (Vx)(V2)(Vy)a(x,y,z) &
Vz)(Vy)(Vx)a(x,y,z) = (Yy)(Vx)(Vz)a(x,y, z)

E-111)
) (V) (vy)E2)a(x,y,z) = (Vy)(Vx)(32)a(x,y, z)
i) (vV2)(Vx) (@) a(x,y,z) = (V) (V2)(Iy)a(x,y, z)
i) (vy)(v2)@Ex)a(x,y,z) = (V2)(Vy)(@Ex)a(x,y, z)

E-1V)
) (v0)@y)32)a(xy, z) = (Vx)(32)3Fy)a(x,y, z)
i) (V2)@Ex)@y)a(x,y,z) © (V2)3Fy)3x)a(x,y, z)
i) (Vy)@x)(32)a(x,y,z) < (Vy)(3x)(3Iz)a(x,y, z)

We prove the following equivalences
E-l) @G0 (@y)@E2)a(x,y,z) = (3x)32)@Ey)a(x,y,2)

Proof:

a(x,y,z) < supya(x,y,z) < sup,sup,a(x,y,z) < sup,sup,sup,a(x,y,z)
sup,a(x,y,z) < sup,sup,sup,a(x,y,z) then

supy sup,a(x,y,z) < sup,sup,sup,a(x,y, z) therefore

SUp, Sup, sup,a (x,y,2) < sup,sup, sup,a (x,y,2)

Similarly sup, sup,sup,a(x,y, z) < sup,sup,sup,a(x,y,z)
SquSUstuPya(x, y,z) = SUPx SUPy SUp, a(x,y,z).

Then (Ax)3y)(A2)a(x,y,z) & (3FAx)3z)Ay)a(x,y, z).
E-I1) Apply (E-I) to a'(x,y,z). Then(Ax)Ay)(32)a'(x,y,z) & (3x)(3z)(3y)a’(x,y,z). By using DeMorgan we
get: (Vx)(Vy)(V2)a(x,y,z)  (Vx)(Vz)(Vy)a(x,Vy,2).

By theorem 2 we have the following two equivalences.

E-1IN) i) (VX)) (Vy)@2)a(x,y,z) & (Vy)(Vx)(3z)a(x,y,z) and
E-IV) i) (vx)@y)(32a(x,y,z) = (VX)3E2)@Ey)a(x,y, 2).
The rest are similar.

3. IMPLICATIONS

By corollary 3 the implications are arranged as follows:

1-1)
) (V)@Y (V2)a(x,y,z) = (Vx)(V2)3y)a(x,y,z)
i) (V2)(Ay)(vVx)a(x,y,z) = (V2)(Vx)(Iy)a(x,y,2)
i) (Vz)@x)(Vy)a(x,y,z) = (Vz)(Vy)(@Ex)a(x,y,z)
iv) (Vx)(3z)(Vy)a(x,y,z) = (Vx)(Vy) F2)a(x,y, 2)
v) (V¥)@Ez2)(VxX)a(x,y,z) = (Vy)(Vx)(3z)a(x,y,z)
vi) (Vy)@Ex)(V2)a(x,y,z) = (V¥)(Vz)(@Ex)a(x,y,z).

I-11)
) @0(vy)E2)alxy,z) = (V¥)Ex)(32)a(x,y,2)
i) (@2)(vy)@Ex)a(xy,z) = (V¥)3E2)@Ex)a(x,y,2)
i) 30 (v2)@y)a(x,y,z) = (V2)(3x)3y)a(x,y,2)
iv) @)(v2)@Ex)a(x,y,z) = (Vz2)3y)@Ex)a(x,y,z)
V) @n(x)(32a(xy,z) = (Vx)@y)@E2)a(x,y, z)
vi) 32)(vx)@Ey)a(x,y,z) = (Vx)(32)@y)a(x,y,z)
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We prove the following implications
I-) 1) (V) @y)(VD)a(x,y, 2) = (VX)(V2)(3y)a(x,y, 2)

Proof:
a(x,y,z) < sup,a(x,y, z) then inf,a(x,y, z) < inf,sup,a(x,y, z) then sup, inf,a(x,y,z) < inf,sup,a(x,y,z).

Therefore inf, sup, inf,a(x,y,z) < inf inf;sup,a(x,y,z). Then
(V) (3Fy)(V2)a(x,y,2) = (Vx)(V2)3y)a(x,y, 2).
I-11) ) @) (Vy)32)a(x,y,2) = (Vy)(@Ex)(@2)a(x,y,2)

Proof:

a(x,y,z) < sup,a(x,y, z) then sup,a(x,y,z) < sup,a(x,y, z) then sup,a(x,y,z) < sup,sup,a(x,y,z)
then inf, sup,a(x,y,z) < inf,sup,sup,a(x,y,z). Thus sup,inf, sup,a(x,y, z) < inf, sup,sup,a(x,y, z).
Then Ax)(Vy)(Az)a(x,y,z) = (Vy)3x)3z)a(x,y, z).

The rest are similar.

4. COUNTER EXAMPLES

The following examples show that the reverse of the implications do not hold in general.
-0 1) (V) @Ey)(VD)a(x,y, z) = (V) (V2)3Fy)a(x,y, 2)

Suppose that a(x,y,z) =0ify # z,a(x,y,z) = 1ify = z.

(Vx)(V2)3y)a(x,y,z) = (V2)@y)a(a,y, 2)A(V2) y)a(b,y,2)AN(Vz) Fy)a(c,y, 2)
= [@)ala,y, dNEy)a(a,y, b)A(Fy)a(a,y, c)]IA

[@)ab,y, a)A@Fy)a(b,y, )AEy)a(b,y, )IA@Ey)alc,y, ) A@y)a(c,y, b)A@Y)a(c,y, c)]
= [(a(a, a,a)Va(a,b,a)Va(a,c, a))/\(a(a, a,b)Va(a,b,b)Va(a,c, b))/\
(a(a,a,c)Va(a, b, c)Vala,c,c)A[(a(b, a a)Va(b,b,a)Va(b,c,a))A
(a(b,a,b)Va(b,b,b)Va(b,c,b))\(a(b,a,c)Va(b,b,c)Va(b,c,c))IA

[(a(c, a,a)Va(c,b,a)Va(c,c, a))/\(a(c, a,b)Va(c,b,b)Va(c,c, b))/\

(a(c, a,c)Va(c, b, c)Va(c,c, C))] =1

(Vx)3y)(V2)a(x,y,z) = Qy)(V2)a(a,y, 2)AN(Fy)(Vz)a(b,y, 2) ATy)(Vz)a(c, y, z)
= [(V2)a(a, a,z2)V(V2)a(a, b, 2)V(VZ)a(a,c,z)[N[(VZ)a(b,a,z)V(VZ)a(b, b, z)V
(V2)a(b,c,2)]A[(VZ2)a(c,a,2)V(Vz)a(c, b, z2)V(V2)a(c,c, z)] = [(a(a, a, a)
a(a,a,b)Aa(a,a,c))V(a(a,b,a)\a(a, b, b)Aa(a,b,c))V(a(a,c, a)A\a(a,c, b)A
a(a,c, )N a(b,a,a)Na(b,a, b)Aa(b,a,c))V(a(b,b,a)\a(b,b,b)A\a(b,b,c))V
(a(b,c,a)Aa(b,c,b)Aa(b,c,c))]A[(a(c, a, a)Aa(c,a, b)Aa(c,a, c))V(a(c, b, a)\
a(c,b,b)Na(c, b, c))V(alc,c,a)A\a(c,c,b)Aa(c,c,c))] = 0.

I-1) i) @) (Vy)32)a(x,y,z) = (Vy)(@Ex)@2)a(x,y, 2)

Suppose that a(x,y,z) = 1ifx =y = z,a(x,y,z) = 0 otherwise.
WVy)@Ex)@A2)a(x,y,z) = Ax)3z)a(x, a, 2)A(Ax)Az)a(x, b, z2)A(Fx)(3F2)a(x, ¢, z)
=[32)a(a,a,z)V@z)a(b,a,z)V@E2)al(c,a,z)]N[(32)a(a, b,z2)V(3Az)a(b, b, z)
V(@2)a(c, b, 2)IN[(3z)a(a, c,z2)V(Az)a(b, c,z2)V(3z)a(c,c, 2)]

= [(a(a,a,a)Va(a,a,b)Val(a,a,c))V(a(b,a a)Va(b,a, b)Va(b,a,c))V
a(c,a,a)Va(c,a,b)Va(c, a,c))]A[(a(a, b,a)Va(a, b, b)Va(a,b,c))V(a(b,b,a)V
a(b,b,b)Va(b,b,c))V(a(c,b,a)Va(c,b,b)Va(c,b,c))A[(a(a,c,a)Va(a,c,b)V
a(a,c,c))V(a(b,c,a)Va(b,c,b)Va(b,c,c))V(a(c c,a)Val(c,c, b)Val(c,c,c))] =1
@) (vy)32)a(x,y,z) = (Vy)32)a(a, y, 2)V(Vy)(32)a(b,y, 2)V(Vy)(32)a(c,y, z)
= [32)a(a,a,z2)A(@2)a(a, b, z)A(F2)a(a,c, z)]V[(Az)a(b, a,z)A(Az)a(b, b, z) A
(Az)a(b,c,z)IVI@2)a(c,a,z2)A@@2)a(c, b, z2)AQz)a(c, ¢, z)] = [(a(a, a,a)V
a(a,a,b)Va(a,a,c))A(a(a,b,a)Va(a,b,b)Va(a,b,c))A(a(a,c,a)Va(a,c,b)V
a(a,c,c)]V[(a(b,a,a)Na(b,a, b)Aa(b, a,c))V(a(b,b,a)Aa(b, b, b)Aa(b,b,c))V
(a(b,c,a)Aa(b,c,b)Aa(b,c,c))]V[(a(c,a, a)Aa(c,a, b)Aa(c,a,c))V
(a(c,b,a)Aa(c,b,b)N\a(c, b, c))]V[(alc, c,a)Aa(c, c,b)Na(c,c,c))] = 0.
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