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ABSTRACT

In this paper, we study magnetic biharmonic curves with respect to closed 2-forms in the 3-dimensional Heisenberg
group Hs. For any given biharmonic curve y € Hjs, we characterize locally the closed 2-forms F for which y is a

magnetic curve and we give an example of such closed 2-forms.
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1. INTRODUCTION

The notions of harmonic and biharmonic maps between Riemannian manifolds have been introduced by J. Eells and
J.H. Sampson (cf. [6]).

For a map ¢: (M, g) = (N, h) between Riemannian manifolds the energy functional E; is defined by

1
@) =5 [ 1Py,
M

Critical points of E; are called harmonic maps and are then solutions of the corresponding Euler-Lagrange equation
7,(¢p) = trace V¥ d¢. (1)

Here V? denotes the induced connection on the pull-back bundle ¢ ~1(TN) and t, (¢) is called the tension field of ¢.
Biharmonic maps are the critical points of the bienergy functional

1
@) =3 [ @y,
M

whose Euler-Lagrange equation is given by the vanishing of the bitension field (cf. [10]) defined by

75(¢) = —A?7,(¢) — trace RV (dg, 71 (9))d¢p, @
where A? = — trace  ,(V¢V? —v?) is the Laplacian on the sections of ¢~'(TN), and RV is the Riemannian
curvature operator of (N, h). Note that

7,(¢) = ]¢ (T1 (¢)): (3)
where ] is the Jacobi operator along ¢ defined by

Jo(X) = —=A?X —trace RV (d¢, X) d¢, VX € p~1(TN). (4)

Harmonic maps are obviously biharmonic and are absolute minimum of the bienergy. Nonminimal biharmonic
submanifolds of the pseudo-euclidean spaces and of the spheres have been studied in [4] and [2].

Biharmonic curves have been investgated on many special Riemannian manifolds like Heisenberg groups [3], [7],
invariant surfaces [11], Damek-Ricci spaces [5], Sasakian manifolds [8], etc.
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When a solution ¢ of the equation (1) is a curve, one says that it is a geodesic. Magnetic curves generalize geodesics.
In Physics, such a curve represents a trajectory of a charged particle moving on the manifold under the action of a
magnetic field. Let (M, g) be an n-dimensional Riemannian manifold. A magnetic field is a closed 2-form F on M and
the Lorentz force of a magnetic field F on (M, g) is a (1,1)-tensor field @ given by

g@X),Y) =F(X,Y), VX,YETM, (5)
where TM is the tangent bundle of M.

The magnetic trajectories of F are curves y on M that satisfy the Lorentz equation (sometimes called the Newton
equation)

V¥ =0@), (6)
where V is the Levi-Civita connection of (M, g).

The Lorentz equation generalizes the equation satisfied by the geodesics of (M, g),
V. y =0. )
Y

Therefore, from the point of view of the dynamical systems, a geodesic corresponds to a trajectory of a particle without
an action of a magnetic field, while a magnetic trajectory is a flow line of the dynamical system, associated to the
magnetic field. In contrast to geodesics, magnetic curves are not reversible and they cannot be rescaled, that is the
trajectories depend on the energy |y| The Lorentz force is skew symmetric and therefore the magnetic curves have
constant speed (and hence energy)

v(®) = |y'| = ve. (8)

When they are parametrized by arc lenght (v, = 1), we use to call them normal magnetic curves. See for example, [1],
[9] or the original papers of Novikov, e.g. [12]. Then it is interesting to know if a non-geodesic biharmonic curve could
be a magnetic curve.

In the following section 2, we present some preliminaries on the 3-dimensional Heisenberg group H; and on the
biharmonic curves in Hjs. In the section 3, for a closed 2-form F on H, we determine the corresponding Lorentz force.
And for a non-geodesic biharmonic curve in Hs, we characterize locally the closed 2-forms for which this curve is a
magnetic curve. Finally, we determine, for each non-geodesic biharmonic curve in Hjs, an example of closed 2-forms
for which it is a magnetic curve.

2. PRELIMINARIES

The Heisenberg group H can be seen as the Euclidean space R3 endowed with the Riemannian metric g given by

2 2 Yy x 2
g =dx? +dy? +(dz +%dx - Zdy)’, 9)
for all (x,y,z) € R3.
The vector fields
a 1 9 a 10 a
el_a_gya; 62_54_55' 63_51 (10)
for all (x,y,z) € R?; define an orthonormal basis of Hj.
Furthermore, the Levi-Civita connection of Hj is defined by:
1 1
Jvelel = 0, Velez = 563, Vele?, = —Eez,
1 1
Ve, 01 = €3 Ve,e, =0, Ve,e3 = Jen (11)
1 1
Ve,e1 = —z€ Ve,e0 = e Ve,e3 =0.

Explicit formulas for biharmonic non-geodesic curves in the 3-dimensional Heisenberg group Hs; have been given in
the following result.

Theorem 2.1: [3] The parametric equations of all non-geodesic biharmonic curves
y:1 — Hj

s = (x(5),y(s),2(s))

Are
(x(s) = %sin apsin(4s +a) +b
y(s) = —%sin agcos(As+a)+c
sin 2 ag b (12)
z(s) = (cos Qg +T)S —asin @y cos(4s + a)

—isin ay sin(4s + a) +d,
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for all s € I, where I is a nonempty open interval,

cos agty/5cos? ag—4
A= RRLme f0

ag € (0, arccos (+ %)] U [arccos (— %) ,n) (13)

and a,b,c,d € R.
3. MAGNETIC BIHARMONIC CURVES IN Hj

Let F be a closed 2-form on H; defined by:
F =Pdy Adz + Qdz Adx + Rdx A dy, (14)

where P, Q and R are C* functions defined on R? with values in R, and satisfied
aP  9Q , OR _
F ot = 0, (15)

since F is a closed 2-form.
Then according to (5) and (10) the Lorentz force @ of the magnetic field F on Hj is given by:

®(er) = (R+3¥P—35%Q)e; — Qes,
®(e;) =(-R—1yP+1xQ)es +Pes, (16)

®(e3) = Qe —Pey,
forall (x,y,z) € R3.

For a non-geodesic biharmonic curve y = (x, y, z) defined in (12) we have
y = A(=y(s) + c)e; + A(x(s) — b)e, + (cos ay)es, 7

o) = [AG(s) = b) (=R —3¥(IP +3x(5)Q) + (cos @)@ ey

+ [A(—y(s) +¢) (R + %y(s)P - %x(s)Q) — (cos aO)P] e, (18)
; +[-A(=y(s) + c)Q + A(x(s) — b)Ples
an
T1(y) = —A(x(s) — b)(A — cosay)e; + A(—y(s) + c)(A — cos ay)e,, (19)
forall s € I.

Thus we obtain the following result.

Proposition 3.1: A non-geodesic biharmonic curve y defined by (12) is a magnetic curve with respect to a closed
2 -form F defined by (14) if and only if

%A(x(s) —b)y(s)P + [—%A(x(s) —b)x(s) —cosay|Q
+A(x(s) — b)R = A(x(s) — b)(A — cos ay) (20)

—%A(—y(s) + ¢)y(s) + cos ao] P+ %A(—y(s) + 0)x(s)Q
—A(—=y(s) + c)R = —A(—y(s) + ¢)(A — cos ay) (21)
and

(x(s) =b)P = (=y(s) +c)@ =0 (22)
for all s € I; where the functions P, Q and R are evaluated at (x(s), y(s), z(s)).

Now for a non-geodesic biharmonic curve y in Hj;, we characterize locally the closed 2-forms F for which y is a
magnetic curve. In fact, we have the following Theorem.

Theorem 3.2: Let y be a non-geodesic biharmonic curve defined by (12) such as there exists s, € I and x(sy) # b.
Then there exists a neighborhood J < I of s, such that x(s) # b, Vs € J and then the curve
y: J — H;
s = (x(s),y(5),2(s))

is a magnetic curve with respect to a closed 2-form F defined by (14) if and only if

_ (—y(s)+c
P = (X}Es)—b ) Q and (23)
= A(x(i)_b) [%A(xz(s) +y? (s)) — %Abx(s) — %Acy(s) + cos aO] Q (24)
+(A — cos ayp),

for all s € J, where the functions P, Q and R are evaluated at (x(s), y(s), z(s)).
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Proof: Let y be a non-geodesic biharmonic curve defined in (12) such as there exists s, € I and x(sy) # b. Then
because of the continuity of x at s, there exists a neighborhood J of s, such as J c I and x(s) # b,Vs € J.
Furthermore, according to Proposition 3.1 and for s € J, we can consider (P, Q, R) like a solution of the system of
equations (20), (21) and (22) whose determinant is null. So, with the condition x(s) # b, the equation (22) gives the
solution (23). Then by considering the equation (20) we obtain the solution (24) and by direct computations we can
check easily that the equation (21) is satisfied by the solutions obtained in (23) and (24).

Remark 3.3: For a non-geodesic biharmonic curve y defined by (12), a parameter s, € I such as x(sy,) # b exists
necessarily since the function s +— x(s) can not be constant on the nonempty open interval 1.
Then we establish the following corollary.

Corollary3.4:
1. Lety be anon-geodesic biharmonic curve defined by (12). Let F be a closed 2-form defined by (14) such
as
P=(3)e (29)
= A(xl_b) %A(x2 +y2) - %Abx - %Acy + cos aO] Q + (A —cosay) (26)
forall (x,y,z) € S = {(x,y,2) € R3,x # b}.
Then
a a x—=b)[1 1 1 a
(x —b)(—y +0¢) f + (x — b)? £ + % [EA(x2 +y2) — 5Abx — 2 Acy + cos aO] i =0 27)

and y is a magnetic curve with respect to the closed 2-form F.

2. Any non-geodesic biharmonic curve y in H; defined by (12) is a magnetic curve with respect to the
closed 2-form F defined by:

P(x,y,z) = (—y+¢) Exz—bx+%y2—cy+k] (28)
Q(x,y,z) = (x —b) [%xz—bx+%y2—cy+k]and (29)
., o, 1 1 1, 1,
R(x,y,z) = Z[EA(x +y9) —EAbx —EAcy + cosao] [Ex — bx +Ey —cy+ k]
+(A — cosity), (30)
for all (x,y,z) € R3, where k is a constant real number.

Proof:
1. If we extend the formulas (23) and (24) to the set S = {(x,v,z) € R3,x # b} then we obtain closed 2-forms
defined by (25), (26) and (27), and for wich a given non-geodesic biharmonic curve in Hj is a magnetic curve.

2. According to the last point 1., if we suppose that % = 0 then the partial differential equation (27) reduces to
=Dy + )+ x=b T+ - =0, (31)

forall (x,y,2) €S.
In order to obtain some continuous extensions of the formulas (25) and (26) to x = b, we suppose that

Q(x,y,z) = (x — b)K(x,y), (32)

for all (x,y,z) € R, where K is a C* function on R?, then since Q is a solution of the partial differential
equation (31), the function K satisfies

(—y+c)g—:+(x—b)z—§=0, (33)
for all (x,y) € R?,x # b.

So if we take
Z(y)=x—band (34)
Sy =y-c (35)

for all (x,y) € R?, we obtain
1 1
K(x,y) = Exz — bx + Eyz —cy +k,#(36)
for all (x,y) € R?, where k is a constant real number. Finally, by using the formulas (25) and (26) we obtain
the formulas in (28), (29) and (30) as stated.

Remark 3.5: Any geodesic in the 3-dimensional Heisenberg group Hj, can be seen as a trivial magnetic curve with
respect to the null 2-form on H.

© 2023, IJMA. All Rights Reserved 4



S. Degla*1 and L. Todjihounde1 / Magnetic biharmonic curves in the Heisenberg group H / IJMA- 14(1), Jan.-2023.

REFERENCES

1.

N

9.

10.

11.

12.

Barros,M.,Cabrerizo, J. L., Fernandez,M., Romero, A.,Magnetic vortex filament flows, J. Math. Phys. 48 (8)
(2007) 082904.

Caddeo,R., Montaldo,S., Oniciuc, C.,Biharmonicsubmanifolds of spheres, IsraelJ. Math., 130 (2002),109-123.
Caddeo, R., ONICIUC, C., PIU, P., Explicit formulas for non-geodesic biharmonic curves of the Heisenberg
Group, arXiv: math.DG/0311221v1 13 Nov 2003.

Chen, B. Y., lIshiara, S., Biharmonic pseudo-Riemannian submanifolds in pseudo-Euclidean spaces, Kyushu, J.
Math. 52, (1998), 167-185.

Degla, S.,Todjihounde, L., Biharmonic curves in four-dimensional Damek-Ricci spaces, Journal of
Mathematical Sciences: Advances and Applications, VVol.5, No 1 (2010), 19-27.

Eells, J.,Sampson, J.H., Harmonic mappings of Riemannian manifolds, Amer. J. Math., 86(1964), 109-160.
Fetcu, D., Biharmonic curves in the generalized Heisenberg Group, Beitrdge zur Algebra und Geometrie,
Contributions to Algebra and Geometry, Vol. 46 (2005), No 2, 513-521.

Fetcu, D., Biharmonic Legendre curves in Sasakian space forms, Korean, J., Math. Soc. 45 (2008), No. 2,
393-404.

Inoguchi, J.,Munteanu, M.l., Magnetic maps, Int. J. Geom. Methods Mod. Phys. Vol 11, No. 6 (2014)
1450058(22 pages).

Jiang, G.Y, 2-harmonic maps and their first and second varaitionnal formulas, Chinese Ann. Math. Ser. A 7
(1986), no 4, 389-402.

Montaldo, S., Onnis I., Biharmonic curves on an invariant surface, Journal of Geometry and Physics, 59
(2009), 391-399.

Novikov, S. P., The Hamiltonian formalism and a many-valued analogue of Morse theory, Russian Math.
Surveys 37 (5) (1982) 1-56.

Source of support: Nil, Conflict of interest: None Declared.

[Copy right © 2023. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2023, IJMA. All Rights Reserved 5




